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The space-charge equations of a low-density gas discharge are 
derived and applied in the present report to the study of potential 
distributions in the cathode sheath. In order to facilitate mathe- 
matical computation, the contribution of secondary electrons and 
charge exchange to the potential distribution is neglected. The 
space charge is generated, consequently, by the primary electrons 
of the hot cathode and the ions resulting from volume ionization 
of the gas in the sheath. The effect of arbitrary positive-ion 
currents issuing from the positive column to the sheath is also 
examined. 

A self-consistent method of solution of the space-charge equa- 
tions is employed in the present investigation. The method 


INTRODUCTION 


N this report we consider a gaseous discharge 

between two plane parallel electrodes under the 
assumption that the electron current at the cathode is 
space-charge limited. We shall be particularly interested 
in studying the variation of the potential distribution 
with gas pressure. When the gas pressure is very low, 
little ionization is produced so that the potential 
distribution follows the Langmuir-Child law, that is 
the potential is proportional to x, where «x is the dis- 
tance measured from the cathode. As the gas pressure 
is increased, the positive-ion space charge reverses the 
curvature of the potential near the anode and eventually 
leads to the formation of a positive column. 

The present work is an extension of the classical 
paper published by Langmuir in 1929.' In Langmuir’s 
paper a rigorous solution is given for the cathode sheath 
potential under the assumption that all ions originate 
at a single plane in the discharge. Langmuir also 
treated the case in which the ion production in the 
cathode sheath is uniform but the space-charge contri- 
bution due to the primary electrons is neglected. In a 
subsequent paper,” Langmuir and Tonks treated the 
case of a sheath near an insulating wall in which the 


17. Langmuir, Phys. Rev. 33, 954 (1929). 
2 L. Tonks and I. Langmuir, Phys. Rev. 34, 876 (1929). 


essentially involves finding a cross section which corresponds to a 
particular potential distribution. A number of cross sections of 
physical significance can be obtained by this method. The results 
of our numerical calculations allow us to draw certain semi- 
quantitative conclusions about the mode of evolution of a cathode 
sheath and positive column with increasing gas pressure and 
applied voltage. An important conclusion of our calculations is 
that a positive column will begin to evolve when the number of 
ionization mean free paths in the discharge gap is of the same 
order as the square root of the ratio of electron to positive-ion 


mass. 


electron and ion energy distributions are related to the 
temperature of the positive column. 

In the present report we shall exhibit self-consistent 
solutions for the cathode-sheath potential distribution 
on the basis of a model in which the space charge 
results from the primary electrons and from ions 
generated within the cathode sheath region. We also 
consider a case in which the anode (which may be 
regarded as the boundary of the positive column) emits 
additional ions which contribute to the space charge. 

Our model is based on the assumption that the 
square root, u, of the ratio of ion to electron mass is 
large compared to unity. This allows us to neglect the 
space-charge contribution of the secondary electrons 
which is smaller than that of the ions by a factor 1/y. 
(Note that u is equal to approximately 40 for atomic 
hydrogen ions and 60 for molecular hydrogen ions, for 
example.) The smallness of 1/u does not allow us to 
neglect the primary electrons, since we simultaneously 
assume that the ionization cross section is low. Indeed, 
if & is a measure of the distance between electrodes in 
ionization mean free paths, the ratio of the space-charge 
contributions from the ions to that from primary 
electrons will be of order of magnitude ya. In our 
model we regard the quantity w& to be of order unity. 
The assumption that the interelectrode dimension is 
small compared to the ionization mean free path is 
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consistent with our further assumption that charge- 
exchange processes are small. 

If one starts with a vacuum in the discharge region 
and gradually increases the gas pressure, holding the 
potential constant, the parameter yé@ will increase until 
the electric field at the anode becomes zero. The value 
of u& where this occurs will depend on the manner in 
which the ionization cross section varies with electron 
energy. For “reasonable” variations of ionization cross 
section with electron energy, the critical value of ua& 
will be of order unity. We regard this critical value of 
ua as marking the beginning of the formation of a 
positive column. As the gas pressure is increased above 
the point at which the field at the anode becomes equal 
to zero, the positive column will expand toward the 
cathode. The potential in the positive column will 
assume a value slightly above the anode potential 
owing to the thermal energy of the electrons trapped 
in this region. We shall, however, regard the thermal 
energy in the positive column as being small compared 
to the total potential variation in the discharge so that 
the difference between positive-column and anode 
potentials may be neglected. 

If it were assumed that no ions escape from the 
positive column into the cathode sheath, the boundary 
of the positive column would with increasing gas 
pressure move toward the cathode in such a way that 
u& remains constant for the region of the discharge 
between the cathode and the positive column. Thus in 
this situation the thickness of the cathode sheath is 
inversely proportional to the gas pressure and the 
potential distribution corresponds to that which would 
exist with a virtual anode at the positive-column 
boundary. Since w& for the cathode sheath remains 
constant, the electric field at the positive column 
boundary remains zero. Note that in this situation the 
discharge current would be proportional to the square 
of the gas pressure. 

In practical situations, it is not correct to assume 
that only those ions which are generated in the cathode 
sheath itself reach the cathode. If one were to assume 
that most of the ions reaching the cathode come from 
the positive column, one would have the situation 
treated by Langmuir in which the positive column acts 
as a space-charge-limited source of ions. Langmuir has 
shown that for this case the cathode-sheath electron 
current is 1.82 times the Langmuir-Childs value for an 
electron space-charge-limited current between the cath- 
ode and a virtual anode at the positive-column bound- 
ary. Thus when most of the ions come from the positive 
column, the cathode-sheath thickness is inversely pro- 
portional to the square root of the current. 

The determination of the ion current from the 
positive column in an actual situation is a complex 
problem which involves the detailed physical and 
geometric properties of the column. It is possible 
(particularly for rather low gas pressures) that the ion 
current from the positive column is comparable to the 
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ion current resulting from ions produced in the cathode 
sheath. Accordingly, we have studied an example in 
which the ions in the cathode sheath come both from 
the positive column and from the sheath itself. Since 
we assume throughout this report that ions are produced 
with zero kinetic energy, a finite ion current from the 
positive column requires that the ion density in the 
cathode sheath becomes infinite near the boundary of 
the positive column. This is in contrast to the situation 
where the ions come solely from the cathode-sheath 
region (i.e., where the electric field is finite) and the 
ion density is not infinite. 

The basis of our mathematical treatment will be the 
system of equations developed in some detail in the 
Appendix to treat space-charge effects in a low-density 
gas discharge. The physical model upon which our 
derivation is based is as follows. We consider a low- 
density gas contained between plane parallel electrodes 
across which a constant voltage is impressed. It is 
assumed that the electric field and gas pressure are 
such that the ionization mean free path for electrons 
is large compared to the interelectrode spacing. In 
order to integrate the Boltzmann equation, the follow- 
ing restrictive assumptions are made. The interaction 
of charged particles with neutrals is neglected (long 
mean-free-path assumption). The only volume ioniza- 
tion considered is that due to primary electrons issuing 
from the cathode. Charge-exchange collisions of ions 
with neutrals are included, but it is assumed that in 
both ionization and charge-exchange processes the 
positive ions are created with zero kinetic energy. It is 
further assumed that primary electrons suffer negligible 
energy loss in ionization collisions. These assumptions 
become plausible if the energy gained by charged 
species from the field during a mean free path is large 
compared to ionization energies. 

It will be shown in the Appendix that with the above 
assumptions we can integrate the Boltzmann equation 
at steady state; the integration is made unique by 
specifying that the primary electrons issue from the 
cathode with essentially zero kinetic energy. Since the 
electron current at the cathode is finite, this requires 
the electric field to be zero at the cathode. We are then 
led to a set of nonlinear integro-differential equations 
which specify the space-charge potential distribution 
and the self-consistent interaction of the charged 
species with each other through the space-charge 
potential. For the purposes of mathematical tracta- 
bility, the body of this report is devoted to situations 
where the space charge due to secondaries and charge- 
exchange processes may be neglected. Furthermore, 
only a single species of positive ion of unit charge is 
treated; however, generalization of our results to 
multicomponent systems is straightforward. 

Even with the several simplifying assumptions 
mentioned above, it is not possible to obtain analytical 
solutions for arbitrary variations of ionization cross 
section with electron energy. A possible approach to 
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the problem would be to employ an iterative technique 
in which the potential distribution in the discharge is 
assumed and the resulting space-charge distribution is 
calculated. An alternate iterative procedure, which is 
more convenient because of the structure of the equa- 
tions, is to assume a functional form for the dependence 
on potential of the ratio of the ion production per unit 
length to the electric field. This ratio, which is propor- 
tional to the quantity g(n) introduced below, represents 
the ion production per unit variation in potential. If 
this ratio is inserted in the space-charge integral equa- 
tion [Eq. (3) below ], one obtains the electric field as a 
function of potential. For consistency, the product of 
the assumed ion production rate per unit potential 
times the calculated electric field must be proportional 
to the ionization cross section as a function of potential. 
(Note that in our model, all ionization is produced by 
primary electrons from the cathode which have an 
energy at each point equal to the electric potential at 
the point. Furthermore, since the interelectrode spacing 
is assumed small compared to an electron mean free 
path, the primary electron beam is not appreciably 
attenuated in going from cathode to anode.) In principle 
it should be possible, by repeated iterations, to find 
self-consistent solutions corresponding to initially speci- 
fied ionization cross sections. Unfortunately, the numer- 
ical work in iterating the space-charge integral equation 
is quite laborious. We have therefore adopted the 
expedient of regarding the variation of ionization cross 
section with electron energy as a function to be deter- 
mined a posteriori. From this standpoint, each trial 
function may be regarded as leading to a self-consistent 
solution corresponding to an ionization cross section 
which is determined by the method just described. 
Fortunately, it has been possible to find trial functions 
which lead to quite reasonable ionization cross sections, 
so that by examining various classes of trial functions 
one can obtain a semiquantitative understanding of the 
dependence of discharge properties on the ionization 
cross section. The necessity of determining the ion- 
ization cross section a posteriori is therefore not a 
serious disadvantage. 

In the next section, the results of the detailed analysis 
of the Appendix pertinent to the present investigation 
are summarized. The following sections are devoted to 
discussions of particular cases and comparisons with 
Langmuir’s results. 


THE INTEGRAL EQUATION 


Because of the assumed plane-parallel symmetry of 
the discharge, we must solve a one-dimensional problem 
in which the potential is a function of the distance x of 
a point in the discharge from the cathode. For con- 
venience we write the electron ionization cross section 
per gas molecule in the form poo(e), where po has the 
dimensions of cm? and o(e) is a dimensionless shape 
factor determining the variation of ionization cross 
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section with the electron energy «. We also make use 
of the additional dimensionless variables which are 


defined as follows: 


n=(x)/O(L), w= (M/m)}, 


z=x/L, &= NpoL, 


SAY Pe 
*=16rj(=) pes mgeng 5 
2e/ gi(L) 9 


where ¢ is the potential, V the gas density, M and m 
the mass of ions and electrons, respectively, e the 
electronic charge, L the electrode spacing, 7 the electron 
current from the cathode, and jo is the value of the 
Langmuir-Child’s space-charge limited vacuum current 
for electrons. The other symbols have been defined in 
the above text. 

A quantity F is related to the square of the electric 
field by the definition 


(dn/dz)?=7°F (n). (2) 


With the neglect of secondary-electron space charge 
and consideration of only singly-ionized positive ions, 
our analysis yields an integral equation in the form 


1 
F()=n'— f K(alndelnddne 
0 


K(n|no)=no!, 0<n; 


=no'—(no—n)!, no>n. 


The other quantities of interest are given by the 


relations 
1 
= f F-4dn, 
0 


9 
z= f F-4(no)dno, 
0 


uae (n) =7g(n)F*(n). 


The current densities are conveniently expressed in 
terms of g(n): 


9 
jit f e(ndan} 
0 


= dict J slo 


” 9 


r 1 
| At+pt f ECan: 
L 0 


where 7, is the electron current including secondaries, 
jp is the positive ion current, and J is the total current 
density in the cathode sheath. 








1020 AUER, 


The charge densities are given by the expressions 
A= j[2eb(L)/m}, 
no=An-}, 


2 q dno 
n= (/p) —_ g(no), 
0 (n—no)! 


8 ON 
p=r f is WT), 
» (no—n)! 


where » denotes the primary-electron, »; the secondary- 
electron, and p the positive-ion densities. The contri- 
bution of m is not included in the integral Eq. (3) for 
the field; consequently Eq. (3) may be considered as 
the zeroth-order term of a perturbation expansion in 
powers of (1/u). Correction terms can be readily 
computed but will not be done in the present treatment. 

It may be observed that Eqs. (3) and (4) provide a 
complete description of the potential distribution in 
the cathode sheath; and they also determine the value 
of the primary-electron current amplification factor, +. 
In the limit of zero ionization, y has the Langmuir- 
Child’s value of (4/3). Once the potential distribution 
has been determined, the current and space-charge 
densities can be computed from Eqs. (5) and (6). 

The potential distribution may be solved for specific 
gases of known density and ionization cross sections by 
treating Eq. (3) as a nonlinear integral equation for 
F(n). In general this procedure involves numerical 
techniques best suited to digital computing machines. 
A much simpler method of solution involves the use of 
trial functions. It is apparent that specification of a 
function g(n) reduces the calculation of all other 
quantities to simple quadrature. If g(m) is picked 
skillfully, the resulting cross sections will be physically 
plausible and the potential distribution corresponding 
to it will have physical significance. 

The present analysis adopts the second method of 
attack. Virtually all g() trial functions are chosen in 
such a way that we may employ the following property 
of the kernel: 


1 
f K(n|no)(1—n0)"dno=cml1— (1-0) "*4], 
0 


(7) 
1'(3/2)P'(m+1) 


T'(m+5/2) 


> —1. 


The formula given above is valid for any real number 
m greater than —1; the I'’s denote gamma functions, 
and ¢, is a beta function. 


LANGMUIR MODELS 


Within the scope of our analysis, Eq. (3) is exact 
for the particular case of all ions originating at the 
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Fic. 1. Anode generation of ions according to Eq. (8). (a) Potential 
distribution; (b) y variation with ion current. 


anode. The ionization cross section in this case has the 
form o(z)=6(1—z) and Eqs. (3) and (4) yield 
F(n)=n'—pal1—(1—n)*], 


Equation (8) has been derived previously by Lang- 
muir,! who has computed the resulting potential distri- 
bution and current amplification. Figure 1(a) shows the 


a= (j,/j). (8) 
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potential distribution for three values of ua&, and Fig. 
1(b) shows the variation of y with wa. Since F is 
required to be positive or zero everywhere, u@ is allowed 
to vary from zero to unity. The electron and ion 
currents are both space-charge limited. When yua& 
reaches the limiting value of unity, the field at the 
anode vanishes and this point may be considered as 
the onset of a positive column. The portion of the 
potential in the vicinity of the cathode follows the 
Langmuir-Child’s space-charge law with n proportional 
to z'. It should be noted that in this model, y has the 
value 1.33 for zero ion production and the limiting 
value of 1.82 for wa=1. The amplification of electron 
current is not appreciable. 

We expect that if ions can be produced throughout 
the gas volume, the amplification of the current can 
increase beyond the value given above. This conclusion 
can be inferred from Langmuir’s calculation of the 
case of constant positive-ion density in the cathode 
sheath region. The integral equation provides for 
constant positive-ion density when the particular choice 
of the cross section becomes 


: n} i 
pao (n)=2| ——]. (9) 
1+n} 


The variation of this cross section with energy is 
depicted in Fig. 2(a). 
The field and potential distribution corresponding 


to (9) are given by the expressions 
F(n)=n'- n, 
Y=", 
s=1—2r"'[arc cosn'+n?(1—n})!]. 
The potential distribution is depicted in Fig. 2(b): it 
starts off with a zt dependence at the cathod, where the 
field is zero, and becomes parabolic at the anode, where 
the field is also zero. The electron and positive-ion 
currents are still space-charge limited but the amplifi- 
cation factor has increased by about 75°% over the 
limiting value obtained with ions generated at a plane. 
The cross section given by Eq. (9) provides for a 
nearly constant rate of ion generation except near the 
cathode where the rate falls to zero. It is possible to 
construct a cross section which is also nearly constant 
throughout the gap but remains finite at the cathode. 
The cross section appropriate to this case is given by 
the expression 


17 
ua(n) = cme) = —| : 
1+! 


1 t } 
rn)= f ( ) r+ ana ‘dt, 
i—! 


c=I'(7/4)/T (1/2)0(5/4). 
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Fic. 2. Constant ion charge density according to Eq. (9). (a) 
Energy variation of cross section; (b) potential distribution. 


The trial function g(n) and field variable F(n) 
adjusted to give zero field at the anode are 
g(n)=cn*(1—n)73, 


' (10a) 
F (n)=ni—1+c¢(1—n)1(n). je, 


The current multiplication factor has the value 
y= 3.444. (10b) 
The two cross sections given by Eqs. (9) and (9a) 


along with the corresponding potential distribution are 
depicted in Figs. 2(a) and 2(b), respectively. 
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ZERO-ANODE-FIELD MODELS 

In this section we shall extend Langmuir’s constant- 
ion-density model to situations where the ion density 
can have a linear variation with the potential. There 
is a two-parameter family of ionization cross sections 
which will produce ion charge densities varying linearly 
with the potential. One of these parameters will be 
adjusted in the following examples so as to keep the 
anode field zero, in order to simulate extreme conditions 
marking the onset of a positive column at the anode. 

Consider cross sections of the form 


2y /1+28—48n\f 7} 8 ' 
ee me 
T 1—8s 1+n} Nae 


c 





| 
S 
6 
. 
a 
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where @ is an adjustable parameter. In the limit that 
8 approaches zero, the above model becomes equivalent 
to the constant ion density model. 

The quantities F(n) and g(n) corresponding to the 
above cross section are 


1—8n 
F(y)=1!-o(——), 
1—6 


) [=| 
@)=—j ——_— |; 
~~ An 


and the total current is 


4 3-28 
aes) 
3mu\1-—B 











Fic. 3. Space-charge model according to Eq. (11). (a) Energy 
variation of cross section; (b) potential distribution; (c) y 
variation. 
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In this model the parameter § is allowed to vary 
between zero and When 6=4 the field becomes 
imaginary. As 8 approaches 3 the integral for y becomes 
logarithmically divergent and the cross section begins 
to peak rapidly at some energy value, the peak height 
becoming infinite at 8=4. These divergent features are 
not physically interesting since only finite cross sections 
can resemble physical reality. 

Figure 3(a) gives a plot of the cross section as a 
function of energy for several 3 values; the case of 8=0 
treated in the previous section is included for —— 
The potential distributions are given in Fig. 3(b), and 
the variation of y with 8 up to 8=0.3 is dine in 
Fig. 3(c). We note that for 8=0.3 there is approximately 
a 1.77-fold increase in y over its value for the constant 
charge density case (8=0). This increase is achieved 
at the expense of an appreciable increase in the cross 
section. 


FINITE-ANODE-FIELD MODELS 


The model discussed in the previous section was 
chosen to produce potential distributions with vanishing 
electric fields at the anode. It was also noted that the 
one-parameter family of trial functions employed in 
the solution of the integral equation yielded divergent 
results as the parameter approached some critical value. 
It is possible to choose a large variety of trial functions 
which can produce cross sections of physical interest 
but which become divergent in such a fashion that the 
field at the anode always remains positive. Quite often 
these models produce potential distributions resulting 
in a vanishingly small field somewhere in the gap 
followed by a rapid positive increase in the field. It is 
questionable whether such potential distributions can 
represent true cathode sheath conditions. 

Some examples of cross-sectional forms resulting in 
positive anode fields are given below. In the few cases 


where a pronounced minimum occurs in the field some- 

where between the cathode and anode, the minimum is 

accompanied by a similar minimum in the cross section. 
Consider the family of cross sections 


pao (n) = $8y[n!—Bl1—(1—n)?]]}#, 0<B<0.978. (14) 
The critical value of 8 occurs at 0.978; as 8 approaches 
this value the model leads to divergent results. Figure 
4(a) shows the cross-sectional variation with energy 
for a few 8 values. The functions F and g corresponding 
to the above cross sections are 


F(n)=n'—6[1—(1—n)#], g(n)=38/2, (15) 


whereas the total current becomes 
= j(1+38/2y), (16) 


and the positive-ion density varies as (1—n)*. Figure 


4(b) depicts the potential distribution. 
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Fic. 4. Space-charge model according to Eq. (14). (a) Energy 
variation of cross section; (b) potential distribution. 


Another model illustrating the effect of nearly 
parabolic cross sections is given by the expression 


pata (n) = (35/ ‘4)Byn(1—n){n'—BL1— (1+ $n) 
X(1—n)*}}4, 0<8<0.919. (17) 


The above cross section is plotted in Fig. 5(a) for three 


different 8 values. The field variables corresponding to 
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Eq. (17) are 
F(n)=n'—6[1— (1+ $n) (1—n)*], 
g(n) = (35/4)6n(1—n), 
and the total current is 
J= j(1+358/24). (19) 


Figures 5(b) and 5(c) present the potential distribution 
and y variations with 8 for the above model. 


INFLUENCE OF THE POSITIVE COLUMN 


In the preceding discussion, we have tacitly assumed 
that the cathode sheath was isolated from the positive 
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Fic. 5. Space-charge model according to Eq. (17). (a) Energy 
variation of cross section; (b) potential distribution; (c) 4 
variation. 


column in the sense that no positive-ion current was 
allowed to flow from the anode. A completely self- 
consistent formulation of the cathode sheath, positive 
column, and anode sheath is beyond the scope of the 
present analysis. Nevertheless, we can study the effect 
of the positive column on the cathode sheath in a 
superficial manner by allowing an arbitrary positive-ion 
current to flow from the column to the sheath. 

The ion current external to the sheath is adjusted so 
that the field at the edge of the column vanishes, 
According to Eq. (8) the contribution of a constant 
ion current to F(n) is proportional to (1—7)*. For the 
volume generation we choose a cross section of the form 
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ByT' (9/4) 


= ———_| 1—6[1—(1—n)*] 
r'(3/2)r'(3/4) 


1—n?\?)3 
-(- ;) . 0<6<0.,98. 
1+n} 


The field variables are given by the expressions 
F (n) =n'—1+ (1—8) (1—n)!+8(1—n) 54, 
6T (9/4) 


uaa (n) 


(n)= (1—»)-}, 


ee 
T' (3/2) (3/4) 
and the external ion current is 


j= (1-8) j/u. 
Figures 6(a) and 6(b) show, respectively, the cross- 
section and potential-distribution variation with the 
parameter 8. For the sake of comparison we have 
included the case of no external ion current derived 
from Eq. (9). 


DISCUSSION 


On the basis of the models presented in the preceding 
sections, the following schematic steady-state evolution 
of a cathode sheath may be visualized. We start with a 
discharge tube fully evacuated and apply a fixed 
potential across the tube. Assuming that linear geom- 
etry applies and the cathode is ideally behaved, the 
vacuum current will follow the simple Langmuir-Child 
relationship. As we start to add gas to the tube, volume 
ionization will begin and the current will slowly increase. 
Additional amounts of gas serve to increase the current 
until the field at the anode drops sharply. The positive 
column begins to evolve at the anode once the field 
there has become vanishingly small; meanwhile the 
field in the vicinity of the cathode is greatly enhanced 
but remains zero at the cathode proper. 

As soon as the critical condition of zero field at the 
anode proper is reached, further addition of gas can be 
achieved only in such a way that the quantity pao(n) 
remains essentially unchanged in the sheath. This 
requires the sheath to move towards the cathode and 
the positive column begins to extend into the tube. 
Since & varies as NZ and j varies as L~*, the cathode 
sheath current will vary as .V? once the positive column 
appears. In the event that ion current can emerge 
from the positive column, the foregoing ideal picture 
must be modified somewhat. 

In Fig. 7 we have collected some of the results of the 
previous sections; Fig. 7(a) shows the variation of cross 
section with energy for several cases studied and Fig. 
7(b) presents the corresponding potential distributions. 
The important thing to note is that only the top curve 
labelled y=3.14 leads to vanishing field at the anode. 
Examination of the cross sections in Fig. 7(a) leads us 
to conclude that the onset of a positive column may be 
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Fic. 6. Effect of external ion current according to Eq. (20). 
(a) Energy variation of cross section; (b) potential distribution. 


expected whenever the quantity uao(n) is of the order 
of unity throughout most of the gap. The average 
value of &c(n) measures the number of ionization mean 
free paths in the discharge gap. Since yu is roughly 50 
in a hydrogen discharge, we may conclude that a 
hydrogen discharge, for example, will begin to form a 
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¥=2.32 


y 72,032 














(b) 


Fic. 7. Evolution of cross sections leading to a positive column. 
(a) Energy variation of cross section; (b) potential distribution. 


positive column when the discharge gap contains 
roughly 0.02 ionization mean free paths. 

The shape of the o vs 7 curve has some influence on 
the current and potential distribution in the sheath. 
Figure 8(a) contains a number of cross sections all of 
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_Fic. 8. Influence of cross-section shape on current and potential 
distribution in cathode sheath. (a) Energy variation of cross 
section; (b) potential distribution. 


which lead to zero anode fields except for the curve 
labelled y=4.52. The corresponding potential distri- 
butions are given in Fig. 8(b). The y=3.14 curve from 
Fig. 7 is drawn in for comparison. It will be noted that 
the electron current amplification factor y increases 
with increasing production rate. All of the cross sections 
correspond to conditions where the average of pao(n) 
is greater than unity. Nevertheless, the y=4.52 cross 





CATHODE SHEATH IN 
section does not lead to zero anode fields. This is due 
largely to the fact that the production rate of ions in 
the anode half of the gap is dropping rapidly. 

The two cross sections illustrated in Fig. 2 demon- 
strate an interesting point. The two cross sections have 
comparable average uao(n) values of the order of unity. 
The resulting y values and potential distributions are 
very similar. Nevertheless, there is a marked difference 
between the two in that one has a high ion production 
rate in the close proximity of the cathode while the 
production rate of the other drops to zero rapidly in 
the vicinity of the cathode. The two production rates 
cross at an energy point which on the z scale lies 
roughly three-fourths of the gap distance from the 
cathode. Consequently the ion densities resulting from 
the y=3.44 cross section will be higher toward the 
cathode end of the discharge than the densities resulting 
from the other curve; and this difference remains until 
one reaches about three-fourths of the gap length. 
(Note that these conclusions depend on the fact that 
the two potential distributions are nearly equal.) 

We are tempted to reason that the difference between 
the two cross sections discussed may be ascribed to a 
hypothetical charge-exchange cross section. Whereas 
charge exchange is not included in our analysis, it may 
be imagined that a reasonable charge-exchange cross 
section can be found which added to the ionization 
cross section of the y=3.14 curve would have approxi- 
mately the effect of converting the net production rate 
to the form given by the y=3.44 curve. The magnitude 
of this charge-exchange cross section would be of the 
order of the difference between the two curves. On the 
basis of this reasoning we are led to the hypothesis 
that the cathode-sheath potential distribution is not 
very sensitive to charge exchange. 

Our analysis of the cathode sheath lacks complete 
consistency in the sense that we have isolated it from 
the positive column and can treat interaction between 
the column and the sheath only in a superficial manner. 
Strictly speaking, we should expect our analysis to be 
valid only in the absence of a positive column. Figure 6 
gives an indication of the effect of current from the 
positive column on the potential distribution. It is seen 
that for comparable distributions and y values the 
volume production rate has to decrease. The decrease 
can be achieved by lowering the value VL, that is, the 
product of gas density and sheath thickness. Figure 6, 
therefore, illustrates the well-known fact that once a 
column is established the sheath will contract with 
increasing ion current from the column. 
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APPENDIX 


We take as a model of a discharge system the one 
described in the introduction of this paper. Let f(x,v) 
denote the probability distribution of electrons in a 
two-dimensional phase space with configurational 
coordinate x and velocity coordinate v. The analogous 
function for positive ions is denoted g(x,v). For the 
model under consideration, Boltzmann’s equation takes 
the form 

vfet(e/m)dzf,= B(x,0), 
a (A-1) 
vg2— (€/M)ozg,= B(x,v) +C(x,2), 


where subscripts denote partial derivatives, B is the 
net rate of ion-electron pair production by volume 
ionization, C is the net rate of ion production by 
charge exchange, and the other symbols have been 
defined in the text. In addition to (A-1) we must 
include Poisson’s equation in the form 


or2= —4ed f ja0 f edo} 


Assuming that the electron suffers negligible mo- 
mentum and energy loss during ionization, we may 
write 


(A-2) 


B(x,v) =8(v)E(x), 


(A-3) 
g(a) =N f noe) x,v)dv, 


where 6 is the usual Dirac delta function, p,(v) is the 
ionization cross section for electrons of velocity v, and 
N is the gas density. In order to integrate the equation 
for the electron distribution we set the potential at the 
cathode equal to zero, assume that electrons issue with 
zero velocity from the cathode, and treat the potential 
as a monotone increasing function of distance as x 
varies from zero to the anode distance L. We then 
obtain the formal solution 


2e 
f(x,v) = (27 oa(e- —o(x) ) 


m 


z Je 
+2f dx e(a)a(#- - [o(x)—#(x)]), (A-4) 
0 


m 


which may be substituted into (A-3) to yield an integral 
equation for the source function: 


E(x) =N(j/e)p:(2eb/m) 


“ 2e 
+n f dxo e(ad)eo( —[o(2) 6x). (A-5) 
0 m 
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The second term on the right-hand side of (A-5) gives 

the contribution of secondaries to the ionization rate 

and is neglected in the body of this report. 
Expressions for the electron space-charge and current 


densities follow immediately from (A-4), 


(j/e) 
(2) =—_—_—__—__ 
[ (2e/m)o(x) }} 


(A-6) 


z §(xo)d.xo 
Fg. 
o {(2e/m)[o( (x)— (a0) 


z 
ju(a)=j+ef £(x0)dxo. 
0 
If we assume that ions are created at rest by charge 
exchange, we may write 


C(x,v) =85(v)¢ (x) — Nopex(v) g(x,1 


cage 


where p,x(v) is the charge exchange cross section for 


ions of velocity v 
Introducing an integrating factor 


=o 2e 
A (xola)= f dx’ oof t+ (6(2)-0(0)}, (A-8) 


the equation for the ion distribution may be integrated 
readily to yield the formal solution 


g(x,v) = af ae f= {($(x0)—o(x))—1 | 


X [E(x0) +6 (x0) ] expL VA (x,0| x0) ] ' 
The ion source function is found to satisfy the integral 
equation 


L 
¢(x)= -vf dLe(x0)+4(e)]} exp[ VB(x| x0) ] 


z 


2e 
xe —co(ae)-0(2))]}, (A-10) 
M 


4 2e 
B(x! Xo) -f dx’ pf (6(a) -oe)} 


The ion space-charge and current densities are given 
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by the expressions 


L 
p(x) -f dx expl NB(x| x0) ] 
P |. E( x) +5 xo) 


{ (2e M) \[6(x0) — (x) }}! 


L 
jnla)=e f £(x0)dXo. 


z 


: (A-11) 


As an example, we may consider the simplified case 
of energy-independent cross sections in order to illus- 
trate the results of the above formal analysis. We denote 

Np;(x)=a=constant, 
N pex(x)=B=constant. 


The integral equations for the source functions are 
readily solved : 
&(x)=(j/e)ae™*, §(x)=—(B/a)[E(L)—E(x) ]. 


The densities now become 


2e ; 
n(x)=(j {|= oc 
m 
so 


md dxoe® re 
P(x)=(9 of - = 
z {(2e M) \[o(x0) — $(x) yj} 
XL (a+8)e2— Ber” ], 


e* 20d} ro 


je(x) = je**, 
“ = jlet#—e*], 
_ =je (x)+ do! z)= el. 


Returning to the general problem of solving for the 
self-consistent potential, we introduce the notation of 
the main text. With the neglect of charge-exchange 
processes, Poisson’s equation (A-2) becomes 


d q , 2 1 . dzo 
—="| ——+ | — corer as 
dz? 4'[m(z)]}! Yo [n(s)—n(20) ] 


1 dz 
-«f (Zo), 
[n(z0)— or 


t(z)= ao(n(s))+a f a[n(z)—n(s0) JE(s0)dz0. 
0 


(A-12) 


Now the quantity @o(n) is to be treated as small and 
of order 1/u. If we integrate (A-12) once subject to the 
condition that the field is zero at the cathode and neglect 
terms of order 1/u, we obtain directly Eqs. (2) to (4) 
of the main text. 
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Hall coefficient and resistivity measurements have been made 
on 29 single crystals (mostly synthetic) of PbS, PbSe, and PbTe 
between room temperature and 4.2°K. Almost all of the samples 
had extrinsic carrier concentrations of the order of 10!8 per cm’, 
as deduced from the Hall coefficients which were essentially 
constant over the entire temperature range investigated. Hall 
mobilities were calculated from the Hall and resistivity data, and 
were found to increase rapidly with decreasing temperature. 
Between room temperature and about 50°K the mobility behavior 
was essentially intrinsic and varied approximately as T~?~. 


INTRODUCTION 


HE main purpose of the work reported in this 
paper was to study the mobility of electrons and 
holes in the lead-salt semiconductors PbS, PbSe, and 
PbTe between room temperature and 4.2°K. The 
mobilities were derived from Hall-effect and resistivity 
data taken on 29 samples, most of which were synthetic 
single crystals grown at the Naval Ordnance Laboratory. 
The lead salts are polar semiconductors which 
crystallize in the cubic NaCl structure. Thin films of 
these compounds are sensitive infrared detectors, 
and there is an extensive literature on them in this form. 
Much less work, however, has been reported on single 
crystals of the lead salts. Several review articles have 
been published'~* and a more detailed review is being 
prepared by one of us.’ 

The electronic mobilities of PbS, PbSe, and PbTe 
may be studied as an example of the polar interaction 
of charge carriers and optical-mode lattice vibrations. 
Such studies in the high-resistivity, low-mobility 
alkali halides are complicated by ionic conductivity, 
polarization effects, and noise. The lead salts, on the 
other hand, have small energy gaps (0.41, 0.29, and 

* This paper is a portion of a thesis submitted by the first 
author to the University of Maryland in partial fulfillment of 
the requirements for the Doctor of Philosophy degree in physics. 
Copies of the complete thesis are available from the U. S. Naval 
Ordnance Laboratory. 

1R. A. Smith, in Semiconducting Materials (Butterworths 
Scientific Publications, Ltd., London, 1951), p. 198. 

2R. A. Smith, Advances in Physics, edited by N. F. 
(Taylor and Francis, Ltd., London, 1953), Vol. 2, p. 321. 

3 R. A. Smith, Physica 20, 910 (1954). 

4T. S. Moss, Proc. Inst. Radio Engrs. 43, 1869 (1955). 

5R. P. Chasmar, in Proceedings of the Conference on Photo- 
conductivity, Atlantic City, 1954, edited by R. G. Breckenridge 
et al. (John Wiley and Sons, Inc., New York, 1956), p. 463. 

6 Scanlon, Brebrick, and Petritz, in Proceedings of the Conference 
on Photoconductivity, Atlantic City, 1954, edited by R. G. Brecken- 
ridge ef al. (John Wiley and Sons, Inc., New York, 1956), p. 619. 

7W. W. Scanlon, in Solid State Physics (Academic Press, 
Inc., New York), to be published. 


Mott 


Below 50°K the mobility curves turned gradually toward the 
horizontal in a manner resembling the residual resistance phenom- 
enon observed in metals. Values as high as 800000 cm?/v-sec 
were attained at 4.2°K despite the large carrier concentrations 
present in all the samples. A simple experiment was performed 
which suggests that dislocations are the principal scattering 
mechanism below 50°K, rather than the charged point defects 
associated with the extrinsic carriers. The possibility that a 
high static dielectric constant could explain the large mobilities 
at low temperatures is discussed. 


0.32 ev at 300°K for PbS, PbSe, and PbTe §) low, 
resistivities (the intrinsic room temperature resistivity 
of PbS is about 2.5 ohm-cm, and is lower for PbSe 
and PbTe; typical crystals of the lead salts have 
room-temperature resistivities of 0.1 ohm-cm or less), 
and mobilities (500-2000 cm?/v-sec at room tempera- 
ture) which are easily measured. 

Previous measurements of the Hall coefficient and 
resistivity of synthetic crystals of the lead salts have 
been confined to temperatures above 77.4°K,°"8 with 
the exception of Putley’s data at 20°K.":** Measure- 
ments on 5 crystals of natural PbS down to 4.2°K 
have also been reported recently.” The published 
single-crystal measurements have generally revealed 
a constant Hall coefficient in the extrinsic temperature 
range, and a mobility which increased very rapidly 
with decreasing temperature. Frequently the mobility 
can be approximated by the formula u.=y07—", where 
n is a constant for each sample with a value between 


,2 and 3. Several authors have concluded that n=2.5 


is the most appropriate value,!*%: 2? although until 
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recently there was no theoretical justification for this 
particular choice. 

Since the lead salts are only partially ionic,” it might 
be anticipated that a combination of scattering by 
optical and by acoustical modes will be needed to 
explain the observed mobility behavior. Petritz and 
Scanlon*? compared experimental mobility data on 
PbS in the temperature range from 77.4° to 500°K 
with the polar mobility theory of Howarth and Sond- 
heimer,*and found that the agreement was considerably 
improved above room temperature if a contribution 
from acoustical scattering (u=yo7~*) was included. 

Theoretical low-temperature approximations to polar 
mobility**~** predict a value which increases exponen- 
tially with reciprocal temperature and which will 
therefore become large compared to any power-law 
mobility at sufficiently low temperatures. The published 
mobility data on the lead salts at 77.4°K and above 
do not show any tendency to change over to a 7~'* 
behavior at low temperatures. We decided to make a 
thorough study of the mobility between 77.4° and 
4.2°K, to see if such an effect might be observed in 
this temperature range. 

We were also interested in searching for the effects of 
scattering by ionized impurities. There appeared to be 
no published evidence that the low-temperature 
mobility in the lead salts was limited by ionized- 
impurity scattering. This was the case even for crystals 
containing more than 10'* carriers per cm’ at low 
temperatures. 

It should be emphasized that an impurity in the 
lead salts (as well as in other polar semiconductors) 
refers not only to an actual foreign atom, but also to a 
deviation from stoichiometry. For example, consider 
the effect of removing a sulfur a/om from a perfect 
crystal of PbS consisting of equal numbers of Pb**+ and 
S*- ions. An atom rather than an ion must be removed 
to preserve electrical neutrality. Consequently, two 
electrons are left behind in the crystal, and are attracted 
to the sulfur vacancy. These electrons form donor 
levels, just as an n-type impurity does in a nonpolar 
semiconductor. Similarly, an excess of sulfur in PbS 
produces acceptor levels and a p-type crystal. This 
simple discussion is not meant to imply that the 
deviation from stoichiometry cannot also occur by 
incorporation of interstitial atoms. 

Finally, we wished to obtain data on a substantial 
number of crystals of consistent quality. Most of the 
previously published measurements on PbS, PbSe, and 
PbTe were confined to a few crystals, or else the results 
suggested that the samples were of variable quality. 
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APPARATUS AND EXPERIMENTAL PROCEDURE 


A conventional dc apparatus was used for all the 
measurements. Special care was taken to minimize 
thermal potentials in the circuits, since preliminary 
investigation had shown the need for measuring voltages 
of the order of a few microvolts at the lowest tempera- 
ture. Temperatures between 4.2° and 20 or 30°K were 
determined with a carbon resistor, and higher tempera- 
tures with a gold-silver or copper-constantan thermo- 
couple. Further details of the apparatus are contained 
in the first author’s thesis.?” 

The synthetic crystals used were grown at this 
Laboratory by modifications of the Bridgman-Stock- 
barger technique. The few natural crystals of PbS 
which were measured were single crystals from Joplin, 
Missouri. The compounds PbS and PbSe cleave easily 
along the planes determined by the cubic axes of these 
materials. With more care, PbTe will also cleave in 
this manner. All of the specimens measured were 
cleaved crystals, although occasionally some faces 
which had cleaved irregularly were smoothed by 
sanding. 

Visual examination of the highly reflecting cleaved 
surfaces offered a simple means of determining that the 
samples selected were actually single crystals. Several 
low-angle grain boundaries were detected in a few of 
the samples, but this appeared to have no influence on 
the experimental results. 

The compositions of the liquid and solid phases 
of the lead salts which are in equilibrium with each 
other are generally not the same.” As a consequence, 
the composition of a crystal grown from the melt was 
usually found to vary along the direction of growth. 
The samples were cleaved such that their lengths were 
as nearly as possible perpendicular to the composition 
gradient. The sample dimensions were generally about 
1X1X3 or 4 mm. All samples used were checked for 
homogeneity by probing their surfaces with a thermo- 
electric test set. In this manner, crystals were selected 
in which the carrier concentration was constant to 
within about 15% or better. 

The Hall-coefficient and resistivity measurements at 
77.4° and 4.2°K were obtained by direct immersion of 
the sample in liquid nitrogen and liquid helium. Data 
at about 15 temperatures between 77.4°K and room 
temperature were obtained by positioning the sample 
at an appropriate level inside a Dewar partially filled 
with liquid nitrogen. For readings between 77.4° and 
4.2°K, the sample was held in a fixed position, initially 
immersed in the helium in the inner Dewar of a double 
Dewar system (the annular region between the two 
Dewars was filled with liquid nitrogen). As the helium 
boiled away and the sample began to warm, readings 
were taken as quickly as possible. In this manner, data 


27R. S. Allgaier, Naval Ordnance Laboratory Report Navord- 
6037, 1958 (unpublished). 
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at an average of about 50 temperatures between 4.2° 
and 77.4°K were obtained. It normally took 4 to 6 
hours for the sample to warm from 4.2° to 77.4°K. 

This simple method of obtaining Hall-effect and 
resistivity measurements at many temperatures was 
practical because of the low resistivity of the samples, 
their small size, and the fact that they were mounted 
horizontally, perpendicular to the temperature gradient 
inside the Dewar. 

In calculating the resistivity, an average of the 
voltages across the resistivity probes with the sample 
current in either direction was used. To obtain the 
Hall coefficient, an appropriate average was taken of 
the voltages across the Hall probes for the four combina- 
tions of sample current and magnetic field directions. 

Several samples were checked at 77.4°K and at 
4.2°K to see if the resistivity depended on the sample 
current and to see if the Hall coefficient depended on 
the sample current or magnetic field strength. Only in 
one case was any significant dependence noted. For a 
sample having a very high mobility at 4.2°K, a 10% 
decrease in resistivity occurred for a current three. 
times larger than the value used for the measurements. 
This was not accompanied by a change in the Hall effect. 


RESULTS 


Five of the 29 samples investigated were n-type 
crystals of natural PbS; the remainder were synthetic, 
and included 7 PbS, 5 PbSe, and 12 PbTe specimens. 
The Hall coefficient and resistivity were measured as a 
quasi-continuous function of temperature between 
4.2° and 295°K for 17 of the 29 samples. These 17 
will be hereinafter referred to as the principal group of 
samples. The Hall coefficient and resistivity of the 
remaining samples were measured only at one or more 
of the temperatures 4.2°, 77.4°, and 295°K. 

Figures 1 and 2 show the Hall coefficient as a function 
of reciprocal temperature for 7 of the crystals from the 
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Fic. 1. Temperature dependence of the Hall coefficient between 
40° and 295°K. (The symbols are identified in Fig. 3.) 
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principal group in the temperature ranges 40°-295°K 
and 4.2°-50°K. These results are typical of those 
found for all of the crystals examined.”’ Figures 3 and 
4 show the resistivity versus reciprocal temperature for 
the same crystals and temperature ranges. Table I 
lists the Hall coefficients and resistivities of all 29 
samples at 295°, 77.4°, and 4.2°K. 

Figure 5 contains a log-log plot of the Hall mobility 
data versus reciprocal temperature for two typical 
samples, showing the individual data points calculated 
from the Hall coefficient and resistivity measurements.” 
The purpose of this figure is to illustrate the density and 
precision of the mobility data. From such data as these, 
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Fic. 3. Temperature dependence of the resistivity 
between 40° and 295°K. 


* See reference 27 for similar figures for the remaining samples 
of the principal group. 
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TABLE J. Hall coefficient and resistivity at 295°, 77.4°, and 4.2°K. 


Sample Hall coefficient (cm*/coulomb) Resistivity (ohm-cm) 
Type and material No. ey 4 295°K 77.4°K 4.2°K 


n PbS (natural) 3 : 39. 38.: 9.3810 6.53 107 2.67X 10-3 

i 9.64X 10 5.89 10 2.22X 10-3 
6.70XK 10 
4.42 10 
1.37X 10 





12X10" 
— 1.40 —147 — 1.47 12X10" 1.34X 107", 2.15X10™ 
—1.55 — 1.40 — 1.35 71X10" 1.60X 10 3.36X 10 
—0.910 —0.850 —0.840 74X10" 9.98X 10° 1.51X 10 
—0.240 —0.232 —0.230 4.80X 10 5.57X 10-5 8.59X 10 


p PbS 1 4.65X10- 
4 4.2210" 1.63X 10 2.94 10-5 


n PbSe 38 2. x .62 2.68% 10™ 2.1110 6.87X 10-5 
; 1.77 1.8710 1.07 10- 1.26 10 


p PbSe 5. oe . 5.90X 10- 2.86X 10 9.05 10-° 
2.85X10 1.39X 10° 3.81 10 
1.93 10- 1.1110 2.52X 10 


n PbTe 7 —9.80 . 6.71X 10-3 3.54 10 2.40X 10 
5.67 —5.44 5.7 3.28X 10 1.7210 7.23X10 
— 1.82 : 1.17X10-% 8.66X 10 8.68X 10 
— 1.90 1.24 10™ 9.13X10-5 1.58K10~ 
—0.660 — 0.660 5.38 10 6.15 107-5 9.9310 


18. 2.44X 10 9.35X 10 
1.04X 10 3.03 X 10 
5.03 X 10™ 1.62 10~ 
4.1110 1.59 10~ 1.1510 
3.56X 107° 
3.94X 10™ 
3.04 10° 1.2710 1.08 X 10-5 
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the smooth mobility curves of Figs. 6, 7, and 8 were (R=Hall coefficient, e=electronic charge, n= carrier 
obtained for the 17 principal samples. Table II lists concentration), using the Hall coefficient value at 
the Hall mobilities at 295°, 77.4°, and 4.2°K, and the 4.2°K, or at the lowest temperature at which it was 
carrier concentrations in the 29 samples, and also the obtained. 
average slope between 295° and 100°K for the mobility TEMPERATURE (°K) 
curves of the principal samples. The ¢arrier concentra- 196 000 eT 
tions were calculated from the formula R=1/ne weer ee 
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The accuracy of the results is estimated to be 10-20%. 
Thus the principal source of uncertainty in many cases 
is the nonuniform composition of the crystal. The 
numerous factors which determine the accuracy of 
the data have been considered in detail elsewhere.”’ 


DISCUSSION 
Hall Effect and Resistivity 


As is evident from Figs. 1 and 2, the Hall coefficient 
for every sample varied only slightly over the entire 
temperature range from 4.2° to 295°K. Generally, the 
Hall coefficient slowly decreased with decreasing 
temperature, and was 10 to 20% lower at 4.2°K than 
at 295°K (see Table I). However, the Hall coefficients 
of all except one of the 5 PbTe samples of the principal 
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Fic. 6. Mobility in 7 PbS samples between 4.2° and 295°K. 


group increased again between 77.4° and 4.2°K by as 
much as 15%. 

The values of the Hall coefficient correspond to 
carrier concentrations of the order of 10'* per cmé 
(see Table I). A few samples, especially the natural 
PbS crystals, had carrier concentrations as small as 
about 10'7 per cm’. The care used in preparing the 
synthetic crystals makes it probable that most of the 
carriers present were due to deviations from stoichio- 
metry rather than to the presence of impurities. 
Because of the large carrier concentrations occurring 
in the crystals, the essentially constant Hall coefficient 
is not surprising. Such behavior has been observed in 
many other semiconductors with similar carrier 
concentrations, and is generally ascribed to impurity 
bands which have broadened and overlapped the 
adjacent conduction or valence band. 
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The decrease of the Hall coefficient with falling 
temperature could be due to changing statistics. The 
degeneracy temperature of a conductor with 10'% 
carriers per cm* is (42/m*)°K, where m* is the ratio 
of effective to free electron mass. There have not been 
any precise determinations of the effective masses of 
electrons or holes in the lead salts, but most of the 


estimates for m* lie in the range 0.1-0.5.5.2?.8°-8? For 
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Fic. 8. Mobility in 5 PbTe samples between 4.2° and 295°K. 


% E. H. Putley, Proc. Phys. Soc. (London) B68, 35 (1955). 

31 Bloem, Kréger, and Vink, in Defects in Crystalline Solids 
(The Physical Society, London, 1955), p. 273. 

® G. G. Macfarlane and L. Pincherle (unpublished), quoted in 
reference 4. 
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m*=().25, the degeneracy temperature is about 170°K, 
and thus the observed decrease in the Hall coefficient 
does occur in an appropriate temperature range. 

It is well known that the Hall coefficient for acoustical 
scattering in a parabolic band with spherical energy 
surfaces and with r=//E! (7=mean free time, 
l=constant, E=energy) is given by R= (31/8)/ne 
=1.18/ne for the case of classical statistics. As the 
statistics become completely degenerate, the factor 1.18 
goes to unity. For the three cubically symmetric models 
treated by Abeles and Meiboom®* and Shibuya,™ 
the Hall coefficient is given by 


(1) 


. 3 1 pay 
(2K+1)? 


8 ne 


(where K is the ratio of effective masses characterizing 
the energy ellipsoids) for the case of classical statistics. 
We have calculated the Hall coefficient for these 
models using completely degenerate statistics and find 
that the only change is to replace 32/8 by 1, just as in 
the simple model. 

For a polar crystal at high temperatures, r=/E4.™ 
In this case, R=1.10/ne for classical statistics and the 
simple band, and again the numerical factor decreases 
to unity as the statistics become completely degenerate. 
At low temperature, the factor is essentially unity 
regardless of the statistics.** From the manner in which 
the relation of 7 to & enters the calculations of Abeles 
and Meiboom and of Shibuya, it is clear that applying 
the polar scattering approximations to their models 
will again produce the simple band results, multiplied 
by the bracketed function in Eq. (1). Thus a decrease of 
20% or less due to changing statistics is to be expected 
under quite general assumptions regarding the scatter- 
ing mechanisms and band models. 

The exact behavior of the Hall coefficient as a function 
of temperature could in principle be predicted if the 
precise form of r= 7(E,T) were known. This information 
is lacking, but it seems reasonable to ascribe the 
observed decrease in the Hall coefficient to changing 
statistics, since the above discussion shows that it is 
of the right order of magnitude and occurs in an 
appropriate temperature range. 

The observed low-temperature increase in the Hall 
coefficient occurring in the PbTe samples may be due 
to the presence of impurity levels. However, this 
increase is partially obscured by the decrease discussed 
above, and this made it impractical to calculate an 
activation energy for the supposed impurity levels. 

The resistivity is reciprocally related to the mobility 
because of the constant carrier concentration of the 
samples and will not be discussed separately. 


33 B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

% M. Shibuya, Phys. Rev. 95, 1385 (1954). 

35 B. F. Lewis and E. H. Sondheimer, Proc. Roy. Soc. (London) 
A227, 241 (1955). 
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Mobility between 50° and 295°K 


As shown in Figs. 6, 7, and 8, the mobilities in the 
17 principal samples increased rapidly with decreasing 
temperature down to about 50°K. The mobility 
behavior in this temperature range was essentially the 
same for all of the crystals of a given material and 
carrier type, with the following exceptions: the mobili- 
ties in the two natural PbS crystals (Samples 3 and 19) 
leveled off rather abruptly at about 60°K. Also, 
samples 16 (n-type PbS) and 30 (n-type PbTe) had 
mobilities which increased less rapidly with decreasing 
temperature over the entire temperature range from 
295° to 50°K, so that they were less than half as large 
at 77.4°K as other samples of the same type. It was 
because of this important difference that the mobilities 
in samples 16 and 30 are shown as dashed curves in 
Figs. 6 and 8. 

The averages of the mobilities at 295° and at 77.4°K, 
calculated from the values listed in Table II, are 
given in Table III. These values agree well with 
the more recent of the previously published measure- 
ments.!5-16.18-20,22 The average values for PbS at room 


TABLE II. Hall mobility at 295°, 77.4°, and 4.2°K, carrier 
concentration, and, average slope of mobility curve between 
295° and 100°K. 





Average 
slope of 
mobility 
on curve 
Hall mobility " 


(cm?/volt-sec ) 
77.4°K 


6040 
6030 


Sample 
Type and 
material No. 
n PbS 
(natural) 


Carrier 
concentration 
(cm~) 


0.164X10'8 431 
386 
490 
462 
402 


295°K 





614 

515 11000 
572 ~=8750 
523 8520 
500 4160 


n PbS 
68 500 
40 200 
55 600 
26 800 


p PbS : 594 

621 15000 80000 
38 200 
139 000 


1045 
1000 


12 700 
16 500 


n PbSe 


15 800 
12 800 
13 700 


48 100 
44 100 
57 900 


pPbSe ; 865 
3. 920 
995 


1450 
1730 
1670 
1640 
1340 


27 700 
31 600 
21 000 
20 800 
10 700 


450 000 
800 000 
231 000 
123 000 

66 500 


n PbTe 


20 100 
21 600 
16 200 
16 200 


p PbTe 


14 600 
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temperature suggest that p-type crystals have a 
higher carrier mobility than m type. Unfortunately, 
only one p-type ingot of PbS was available for study. 
Putley” also observed a higher mobility in p-type PbS. 
This is a puzzling result since intrinsic PbS at elevated 
temperatures is known to be m type. In fact, an n-type 
natural PbS crystal with only 6X 10" electrons per cm* 
measured recently” shows signs of becoming intrinsic 
at room temperature. More precise measurements on 
better materials are needed to resolve these contradic- 
tory results. 

The mobility behavior in the measured samples 
appears to be an intrinsic property down to about 
50°K. This is quite remarkable, considering that most 
of the crystals have carrier concentrations of the order 
of 10'§ per cm*. In germanium, the effects of scattering 
by 10° ionized impurities are evident even at room 
temperature, and completely determine the mobility 
below room temperature.*® 

The average slopes of the logu—log(1/7) curves 
between room temperature and 100°K (see Table IT) 
of 15 of the 17 principal samples had values between 
2.0 and 2.4, with an average of 2.2. (The two abnormal 
synthetic crystals, Samples 16 and 30, had slopes of 
1.6.) There appears to be no difference in the slopes 
among PbS, PbSe, and PbTe, or between n- and 
p-type crystals. The slope values would have been 
higher had we extended the measurements to higher 
temperatures, since our mobility curves are generally 
slightly concave downward. 

It seems quite probable that the intrinsic mobility 
behavior observed in the range 50—-295°K is due to 
lattice scattering by a combination of optical- and 
acoustical-mode vibrations. Unfortunately, the lack 
of any detailed information on the band structure of 
the lead salts makes it impractical to make a quantita- 
tive analysis of the experimental data in terms of the 
numerous theoretical treatments of mobility presently 
available. However, we will make a few general remarks 
about several theories. 

Herring,*” by considering both intravalley and 
intervalley scattering in multiple energy-ellipsoid 
models, has shown that the slope of the logu—log(1/T) 
curve for acoustical scattering can be increased to 
values considerably higher than the 1.5 which results 
from the simple theory. Ehrenreich and Overhauser** 
have calculated a mobility which varies approximately 
as T-** by considering nonpolar scattering from both 
acoustical and optical phonons in a crystal having two 
atoms per unit cell. Either of these theories, if treated 
phenomenologically, could provide a_ reasonable 
approximation to the observed mobilities in the lead 
salts. 

36 See, for example, P. P. Debye and E. M. Conwell, Phys. Rev. 
93, 693 (1954). 

37 C. Herring, Bell System Tech. J. 34, 237 (1955). 

38H. Ehrenreich and A. W. Overhauser, Phys. Rev. 104, 331, 
649 (1956). 
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TABLE III. Average mobilities at 295° and 77.4°K. 


Number of samples 
averaged 
77.4°K 


Material Hall mobility (cm2/volt-sec) 


and type 

n PbS 
(natural) 
n PbS 

p PbS 

n PbSe 

p PbSe 

n PbTe 

p PbTe 


9420 
15 000 
14 600 
14 100 
25 300 
17 700 


NS PONN EWM 
Wn he OD re GW bo 


The low-temperature approximations to the mobility 
for various theories of polar scattering’*** predict a 
mobility proportional to exp(@/T)—1, where @ is a 
characteristic temperature. This form of a mobility 
curve is decidedly concave upward on a log—log scale, 
and can be combined with a power law mobility to 
produce a concave downward curve only over a limited 
temperature range. Recently, however, Ehrenreich® 
considered the mobility of electrons in InSb, and 
showed that the mobility due to polar scattering 
(Howarth and Sondheimer theory™*) did become 
concave downward if a nonparabolic band model was 
used. Another interesting development has been the 
derivation of a theoretical mobility which is proportional 
to Y 2 5 40,41 

A distinguishing feature of the two synthetic samples 
which exhibited the much less rapid increase in their 
mobilities in the temperature range 50-295°K is that 
they were both n-type crystals (excess Pb) and had the 
highest carrier concentrations of any of the 29 samples 
measured. Bloem and Kréger®® have investigated the 
phase diagram of PbS and found that not more than 
about 10" excess lead ions per cm* can exist in equili- 
brium in solid PbS. Houston‘? observed the formation 
of a lead phase when he attempted to grow lead rich 
PbTe crystals with more than about 10" excess lead ions 
per cm*. It is therefore quite possible that the unusual 
mobility behavior in these two crystals is due to the 
presence of an interspersed lead phase. 

The abrupt flattening of the mobility curves of the 
two natural PbS crystals of the principal group was 
rather surprising. These specimens were considered 
to be of high quality, as judged by lifetime measure- 
ments and etch pit counting.* A large variation in 
mobility behavior in natural PbS at low temperatures 
has been observed,” and since we were primarily 
interested in the synthetic crystals, we made no 
further attempt to account for the particular behavior 
noted in the two natural crystals. 


% H. Ehrenreich, J. Phys. Chem. Solids 2, 131 (1957). 

© T. A. Kontorova, J. Tech. Phys. U.S.S.R. 24, 2217 (1955). 

“'K. B. Tolpygo and A. M. Fedorchenko, J. Exptl. Theoret. 
Phys. U.S.S.R. 31, 845 (1956) [translation: Soviet Phys. JETP 
4, 5 (1957) ]. 

 B. B. Houston (private communication). 

48 W. W. Scanlon, Phys. Rev. 106, 718 (1957). 
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Mobility, 4.2° to 50°K 


Below 50°K, the mobility curves of the principal 
samples turned gradually toward the horizontal, and 
in most cases had become constant at 4.2°K. The 
mobilities in a few samples (principally the PbTe 
crystals) were still increasing at 4.2°K, but in no case 
was a significant decrease observed. The mobilities 
at 4.2°K varied greatly from sample to sample: the 
ranges of measured values were 14 400-15 400 (natural 
PbS), 26800-80000 (PbS), 38 200-139000 (PbSe), 
and 66 500-800 000 cm?/v-sec (PbTe). 

The gradual turn of the mobility curves toward the 
horizontal below 50°K masks any acoustical lattice 
scattering (u«Z-!*) which might otherwise have 
predominated in this temperature region. The behavior 
of the mobility in the liquid helium temperature range 
is characteristic of the residual resistance phenomenon 
observed in metals: the mobilities become temperature 
independent and their values vary from one sample to 
the next in a manner unrelated to the carrier concentra- 
tion. The temperature-independent scattering suggests 
that the samples are statistically degenerate. This is 
indeed the case; for example, the Fermi level equals 
170kT at 4.2°K for a simple band containing 10'* 
carriers per cm* with m*=0.25. 

There are many kinds of crystal defects which could 
limit the mobilities at low temperatures. One type of 
defect which must be present is the ionized “impurity” 
associated with each of the 10'* extrinsic carriers. 
Theoretical expressions for scattering by ionized 
impurities have been derived by Conwell and Weiss- 
kopf* and by Brooks* and Herring** for the case of 
classical statistics. Although the validity of these 
formulas for low temperatures and large carrier concen- 
trations is questionable,“"** they have predicted 
correct order-of-magnitude results over a wide range of 
conditions, including carrier concentrations of 10!* in 
the liquid helium temperature range.**® 

The Brooks-Herring theory was extended to de- 
generate statistics by Dingle’ and by Mansfield,” 
and the result was shown to be essentially the same as 
an earlier derivation by Mott*! for dilute solid solutions 
of metals. This formula may be written as 


6 e\ nipx?/2 
(3n2)INAJ NL f(x) 


f(x)=log(1+x)—2/(1+2), (3) 


_ «*70@- « 


4 E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950). 
48H. Brooks, Phys. Rev. 83, 897 (1951). 

46 C. Herring (unpublished). 

47N. Sclar, Phys. Rev. 104, 1548 (1956). 

48 F, J. Blatt, J. Phys. Chem. Solids 1, 262 (1957). 

# R. B. Dingle, Phil. Mag. 46, 831 (1955). 

50 R. Mansfield, Proc. Phys. Soc. (London) B69, 76 (1956). 
51N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 


where 


AND 
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and wu, m, e, and m, are the mobility, concentration, 
charge, and effective mass of the current carriers, / is 
Planck’s constant, NV is the concentration of scatterers, 
and x is the static dielectric constant. The bracket in 
Eq. (2) equals unity for small x; for larger x, it increases 
monotonically with increasing «, and for very large 
x varies essentially as «*. For fixed carrier concentration, 
« is proportional to x/me. 

The Conwell-Weisskopf formula was extended to 
degenerate statistics by Johnson and Lark-Horovitz* 
who found the familiar result 


p= (6270/n') ohm-cm, (5) 


where p is the resistivity. This result predicts a mobility 
of the order of 1000 cm?/v-sec for all materials with 10'* 
carriers per cm*. This is correct for germanium, but is 
in error by factors as large as 800 for the values for the 
lead salts listed in Table II. However, as one of us has 
shown elsewhere,”” the Johnson-Lark-Horovitz formula 
may be generalized, and the result is then quite similar 
to Eq. (2). 

If we use m*=0.1 and n=N=10'* in the modified 
Johnson-Lark-Horovitz and the Mott-Dingle-Mansfield 
formulas, mobilities of 50000 and 500000 cm?/v-sec 
require static dielectric constants of the order of 100 
and 400, respectively. These are unusually high 
values for nonferroelectric materials. The International 
Critical Tables list a static dielectric constant of 17.9 
for PbS from a measurement made in 1894. Burstein 
and Egli,** however, using a formula due to Szigeti,™! 
have calculated that the static dielectric constant of 
PbS is about 70, and Burstein®® has suggested that the 
values are even higher for PbSe and PbTe. 

It should be mentioned that metals having many 
more than 10'* carriers per cm* often have low-tempera- 
ture mobilities considerably greater than 1000 cm?/v- 
sec, despite small dielectric constants. For example, 
at 15°K the mobility of electrons in copper and silver 
is about 5000 and 12000 cm?/v-sec (assuming one 
carrier per atom). It may be that the ‘“‘semiconductor 
viewpoint” is not appropriate for interpreting the 
low-temperature behavior of statistically degenerate 
samples of the lead salts. 

Although a high dielectric constant indicates the 
possibility of a high mobility at low temperatures, 
it does not explain the extremely wide variation in the 
mobility values at 4.2°K. If ionized impurities determine 
these values, a high degree of compensation would be 
required to explain the results in some cases; this seems 
unlikely since the uncompensated carriers already 
number 10'* per cm’. 


8 V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 71, 374 
909 (1947). 

53 E. Burstein and P. H. Egli, in Advances in Electronics and 
Electron Physics (Academic Press, Inc., New York, 1955), Vol. 7, 
pk. 
54 B. Szigeti, Proc. Roy. Soc. (London) A204, 51 (1950). 
55 FE. Burstein (private communication). 
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Since the point defects do not appear to be an 
important scattering mechanism at low temperatures, 
it is natural to suspect dislocations or other gross 
defects. To identify further these scatterers is a formid- 
able problem ; however, we have performed the following 
simple experiment : 

The Hall coefficient, resistivity, and mobility of a 
PbSe and a PbTe crystal at room temperature, 77.4°, 
and 4.2°K were determined in the usual way. The 
results were typical of the values reported above. 
Then the crystals were tapped several hundred times 
with a sharp instrument at various positions distributed 
over the crystal faces. The Hall coefficient, resistivity, 
and mobility were again determined. It was found that 
the room temperature mobilities were essentially 
unchanged; at 77.4°K they had decreased by 10%, 
and at 4.2°K they had decreased by 20% and 30%. 
The Hall coefficients changed at most by 5%. This 
experiment suggests that dislocations are an important 
low-temperature scattering mechanism in most of the 
crystals we have examined, even though 10!* extrinsic 
carriers per cm’ are present. A similar experiment, also 
resulting in lowered mobilities, has been performed on 
germanium.°® 


CONCLUSIONS 


We have reported Hall effect and resistivity measure- 
ments, and the Hall mobilities derived therefrom, for 


29 crystals of PbS, PbSe, and PbTe between 4.2° and 
295°K. The essentially constant Hall coefficient which 


was observed over the entire temperature range is 
usual for semiconductors containing 10!* carriers per 


56 Pearson, Read, and Morin, Phys. Rev. 93, 666 (1954). 
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cm*. The mobility, however, which increased rapidly with 
decreasing temperature, was unique for semiconductors 
with such large carrier concentrations. The mobilities 
at 4.2°K became as large as 800 000 cm?/v-sec, which 
is probably the highest mobility measured to date in 
any semiconductor at this temperature. 

It is possible that unusually high static dielectric 
constants can explain the unimportance of low-tempera- 
ture scattering by point defects in the lead salts. 
Another approach (not requiring a high dielectric 
constant) might be to treat the lead salts as metals 
rather than semiconductors, since many metals have 
rather high mobilities at low temperatures, despite 
carrier concentrations of the order of 10°? per cm’. 
In any case, the lack of point-defect scattering in the 
lead salts resulted in a mobility which was an essentially 
intrinsic property down to about 50°K. 

Theories are available to compare with the experi- 
mental results, but corroborative information is needed 
on the band structure of the lead salts from other types 
of measurements. Conventional cyclotron resonance is 
probably not useful for this purpose because of the 
very low resistance occurring in the samples; however, 
the recent proposals for observing cyclotron resonance 
in metals may well provide the needed technique. 
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Magnetic Susceptibility of Copper-Nickel and Silver-Palladium 
Alloys at Low Temperatures* 
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The magnetic susceptibilities of copper-nickel alloys with up to 39 atomic percent nickel and silver- 
palladium alloys with up to 10 atomic percent palladium have been measured by the Gouy method at 
temperatures between 295°K and 2.1°K. Measurements are reported on samples with an impurity content of 
less than 10 parts per million and on samples with greater impurity content. The susceptibility is nearly 
temperature-independent for all the silver-palladium alloys and for the copper-nickel alloys with up to 27% 
nickel. Higher nickel concentrations give rise to a 1/T susceptibility term which is too large to be accounted 
for by impurity content. The simple band model of Mott adequately describes the susceptibility of the 
silver-palladium alloys but fails to predict the large temperature-independent paramagnetic contribution of 
nickel in copper. Exchange energies calculated by the Stoner collective electron method for the copper-nickel 
alloys, using specific heat and susceptibility data, are somewhat unsatisfactory and suggest the presence of 


another mechanism. 


INTRODUCTION 


HE copper-nickel and silver-palladium alloy sys- 
tems have received considerable attention from 
solid-state physicists because of the similar electronic 
structure of copper and silver and of nickel and pal- 
ladium, and because both alloy systems are solid solu- 
tions with a face-centered-cubic structure over the 
entire range from pure noble metal to pure transition 
metal. Despite these obvious similarities, these alloy 
systems exhibit rather different optical, thermal, elec- 
tric, and magnetic properties.! Many of these differences 
have been resolved by qualitative arguments based on 
the simple band model of Mott? and Stoner® and 
the more detailed collective electron treatment of 
Wohlfarth*; however, the properties observed in the 
copper-rich copper-nickel alloys are not easily explained 
by these models. In particular, the anomalously large 
paramagnetic contribution of nickel in copper reported 
by Kaufmann and Starr,’ which can be divided some- 
what crudely into a temperature-independent term and 
a 1/T term, has remained unexplained. Recent measure- 
ments by one of us® on very pure Cu-Nialloys containing 
up to 2.5% nickel confirm the temperature-independent 
portion of the contribution but show considerably less 
1/T dependence, thus suggesting that much of the 
previously reported temperature dependence was due to 
ferromagnetic impurities. While the large temperature- 
independent contribution cannot be explained by the 
simple band model, the elimination of the anomalous 


* Part of this work was supported by a U. S. Atomic Energy 
Commission contract. 

¢ Now with International Business Machines Research Labora- 
tories, Poughkeepsie, New York. 

1B. R. Coles, Proc. Phys. Soc. (London) B65, 221 (1952). 

2N. F. Mott, Proc. Phys. Soc. (London) A47, 571 (1936). 

5 E. C. Stoner, Phil. Mag. 15, 1018 (1933). 

*E. P. Wohlfarth, Proc. Roy. Soc. (London) A195, 434 (1949). 

5A. R. Kaufmann and C. Starr, Phys. Rev. 63, 445 (1943). 
Similar results have also been reported on a 37% Ni in Cu sample 
down to 2°K by A. Arrott, thesis, Carnegie Institute of Tech- 
nology, Pittsburgh, Pennsylvania, 1954 (unpublished). 

bd Pugh, Coles, Arrott, and Goldman, Phys. Rev. 105, 814 
(1957). 


temperature dependence should greatly aid in finding a 
suitable model. 

In order to further verify the temperature-independent 
nature of the nickel contribution, new measurements 
are here reported on samples containing up to 39% 
nickel, in which even greater purity was maintained. 
Measurements have also been made on silver-palladium 
alloys containing up to 10% palladium to determine 
whether they exhibit the temperature-independent sus- 
ceptibility predicted by the simple band model. All 
susceptibility measurements were made with a Gouy 
balance which has been described previously.® 


SAMPLE PREPARATION 


All copper-nickel samples except for the 38.8% nickel 
sample were prepared by us from American Smelting 
and Refining Company, copper rated at 99.999% pure, 
and Johnson Matthey spectroscopic grade nickel, rated 
at better than 99.997% pure, with transition metal 
impurities of ten parts per million iron, two parts per 
million manganese, and less than one part per million 
cobalt. The pure metals were sealed together in evacu- 
ated quartz tubes and agitated in the molten state for 
over half an hour to assure good mixing. The melt was 
then quenched in water to minimize long-range segrega- 
tion and the ingots were swaged into cylindrical rods 
from which specimens six inches in length were cut. 
Finally, these specimens were heavily pickled in nitric 
acid to remove surface ferromagnetic contamination and 
homogenized at a temperature about 70° below the 
solidus for 100 hours. Having been made in sealed con- 
tainers, the composition of the samples should be deter- 
mined accurately by the weights of the initial ingredi- 
ents, and these are the compositions listed. However, a 
chemical analysis was made on every sample, and in 
each case it checked the magnitude and uniformity of 
the composition to the accuracy of the chemical analy- 
sis. The melting temperature of the 38.8% nickel sample 
is sufficiently high that it could not be alloyed in quartz. 
It was supplied to us in sample form by F. A. Badia of 
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Cu-Ni AND Ag-Pd 
the International Nickel Company and was produced by 
standard high-purity methods in a vacuum furnace 
using a graphite crucible. A spectrographic analysis of 
the alloy indicates that it should be as pure as or purer 
than our own alloys, since it contains less than one part 
per million of iron, cobalt, or manganese. After we re- 
ceived it, it was heavily pickled and homogenized at 
1150°C for 120 hours. The data reported here for pure 
copper are the same data as previously reported® for 
99.999% pure copper. 

The first four silver-palladium samples were prepared 
for us by Johnson Matthey Company using silver rated 
at 99,995% pure and palladium rated at 99.9% pure 
with traces of copper, silver, the platinum group metals, 
iron, silicon, and gold. The last four samples were made 
by us using Johnson Matthey silver of purity greater 
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Fic. 1. The magnetic susceptibility per unit mass of copper and 
the copper-nickel alloys in cgs units. 


than 99,999% and palladium sponge rated at 99.995% 
pure. Our fabrication technique was similar to that used 
for copper-nickel. The metals were sealed in an evacu- 
ated quartz tube, agitated for 45 minutes in the molten 
state at 1140°C, and then quenched in water. Six-inch 
rods swaged from the ingots were then heavily pickled 
and homogenized at 900°C for 120 hours. The composi- 
tions given for the samples fabricated by Johnson 
Matthey are as stated by them and are supposed to be 
good to 0.2% of the total weight. The listed composi- 
tions of the samples fabricated by us were obtained from 
the weights of the initial ingredients and checked by 
chemical analysis. 


EXPERIMENTAL RESULTS 


Results of the susceptibility measurements on the 
copper-nickel alloys are shown in Table I and Fig. 1, 
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TABLE I. Magnetic susceptibility of Cu-Ni alloys for various 
temperatures in cgs mass units times 10°. 





295° US 20.4° 14.0° 


~u ~0.0839 —0.0865 
~u +2.26% Ni —0.0358 —0.0392 
“u +4.63% Ni 0.0134 0.0097 
“u +9.89% Ni 0.150 0.140 L 
Su +17.22% Ni 0.381 0.362 0.373 0.383 0.482 
u +26.95% Ni 0.832 0.828 0.874 0.903 1,022 
-u +38.8% Ni 2.93 7.16 23.1 32.1 


—0,0865 
—0.0395 
0.0116 0.0125 
0.144 0.197 


while those for silver-palladium are shown in Table II. 
Each susceptibility point listed is the result of force 
measurements taken at fields ranging from 5000 oersteds 
to 22 000 oersteds and extrapolated to infinite fields by 
the Honda method. No measurements were made on the 
38.8% nickel sample below 14.0°K because the forces 
would have been beyond the range of our balance. All 
copper-nickel samples exhibited a field-independent 
susceptibility, which, to our accuracy, requires a ferro- 
magnetic content of less than three Bohr magnetons in 
108 atoms. In contrast to this, the silver-palladium 
alloys exhibited a temperature-independent ferromag- 
netism of 0.33, 1.00, 0.73, and 0.53 Bohr magnetons in 
10° atoms for increasing palladium content in the first 
four alloys and 0.51, 1.13, 0.07, and 0.11 Bohr magnetons 
in 10° atoms for increasing palladium content in the 
second four alloys. It is a bit surprising that so little 
decrease in ferromagnetism was brought about by the 
increased purity of the second group of silver-palladium 
alloys, and also that ferromagnetism does not increase 
monotonically with palladium content since the pal- 
ladium had a lower purity than the silver in each case. 
The expected error in the copper-nickel data is less than 
5%; but due to the slope in the Honda plot for the 
silver-palladium alloys, the relative values of suscepti- 
bility between samples may be in error by more than 
1%. The temperature dependences of the silver-pal- 
ladium alloys are, however, just as accurate as for the 
copper-nickel alloys. 


DISCUSSION OF SILVER-PALLADIUM ALLOYS 


The susceptibility of the silver-palladium alloys seems 
to be well described in terms of the simple band model 
originally proposed by Mott.? The density-of-states 
curve, illustrated schematically in Fig. 2 for the copper- 
nickel alloys, may be applied directly to the silver- 


TaBLe II. Magnetic susceptibility of Ag-Pd alloys for various 
temperatures in cgs mass units times 108. 





Ag 182 —0.183 
Ag+2.02% Pd 7 —0.179 
Ag+6.07% Pd —0.176 
Ag+10.15% Pd —0.170 
Ag 

Ag+2.03% Pd 
Ag+6.04% Pd 
Ag+10.12% Pd 


—0.176 


—0.181 
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Fic. 2. The density-of-states curve for the two alloy systems as a 
function of energy. 


palladium alloys. For pure silver, as for pure copper, the 
ten d states per atom are fully occupied while the con- 
duction band (or s band, since it consists predominately 
of s states) is half full with one electron per atom. Addi- 
tions of palladium to silver are thought to make no 
change in the density-of-states curve, but result in a 
lowering of the Fermi level since palladium has one 
fewer electron per atom than silver. At a concentra- 
tion of about 40% palladium, the Fermi level is pre- 
sumed to have dropped down to the d band and further 
additions of palladium result in the emptying of the 
d band and a large increase in the density of states at 
the Fermi level. The dashed line in Fig. 2 illustrates 
the location of the Fermi level for pure palladium. 
This model is moderately well supported by low-tem- 
perature specific heat measurements of Hoare and 
Yates’ which show only a small increase below a con- 
tent of 40% palladium in silver, after which a pro- 
nounced increase occurs. It is even more convincingly 
verified by Svensson’s susceptibility measurements 
which show little change at room temperature for alloys 
containing up to 40% palladium, while further addi- 
tions of palladium result in a rapid increase in paramag- 
netism. The present measurements on alloys containing 
up to 10% palladium verify these results and further 
demonstrate that the susceptibility is temperature- 
independent as should be expected of a diamagnetic or 
Pauli paramagnetic material. 

The present data can be expressed by an empirical 
equation of the form 


x=aT+b+(c/T), (1) 


and the constants of this equation as determined for 
each alloy are given in Table III. The fact that 6 is 
approximately independent of palladium content is 
predicted by the simple band model, and the very slight 
7F. E. Hoare and B. Yates, Proc. Roy. Soc. (London) A240, 
42 (1957). 
8 B. Svensson, Ann. Physik 14, 669 (1933). 
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increase in diamagnetism in the very pure samples is in 
agreement with Svensson.® The slight tendency toward 
paramagnetism with increasing palladium content in the 
first four samples is probably associated with impurities 
added to the alloy along with the palladium. The small 
1/T dependence of the less pure samples has been 
virtually eliminated in the very pure 10.12% palladium 
sample, thus indicating that all 1/7 dependence in these 
alloys is due to impurities. Even in the less pure 10.15% 
palladium sample, three parts in 10’ of impurity with 
four unpaired spins per atom could give the 1/T de- 
pendence observed. The very small increase in paramag- 
netism with increasing temperature as indicated by the 
values for a can be accounted for to within a factor of 
two for pure silver by an increasing density of states 
caused by thermal expansion of the crystal lattice, but 
the variation of a with impurity content as indicated by 
the first four samples is not so readily explained. 


DISCUSSION OF COPPER-NICKEL ALLOYS 


The temperature dependence of the susceptibility of 
the copper-nickel alloys cannot be expressed accurately 
by Eq. (1). An approximate fit can be obtained, how- 
ever, and the constants of this equation are listed in 
Table IV, as determined for each alloy using points at 
295°, 77°, and 4.2°, except for the 38.8% nickel sample 
for which b and ¢ were determined using points at 295°, 
77°, and 20.4°. As in the case of the silver-palladium 
alloys, there is a very small but definitely measurable a 
coefficient ; and there seems to be no satisfactory ex- 
planation for its variation, either with nickel content or 
impurity content. The 1/7 dependence is practically 
negligible for all but the 38.8% nickel sample, and the c 
coefficient could be accounted for even in the 26.95% 
nickel sample by as little as two parts in 10° of an 
impurity having four localized unpaired spins per atom. 
This is well within the estimated purity of the samples 
so that it is possible to attribute all of the 1/7 depend- 
ence to impurities. This point of view is well supported 
by the fact that values reported for c have rapidly 
decreased as sample purity has increased. Values of ¢ 
reported by Kaufmann and Starr® are 20 to 150 times 
larger than those reported here for similar compositions, 


TABLE III. Constants of the empirical equation x =a7T+6+ (c/T) 
for the Ag-Pd alloys. 





Sample composition in 
atomic percent 


bx10° 


—0.183 
—0.182 
—0.178 
—0.179 


cX108 


+0.000 
+0.008 
+0.040 
+0.099 


a X10" 


+0.07 
+0.18 
+0.19 
+0.23 





Ag 

Ag+2.02% Pd 

Ag+6.07% Pd 

Ag+10.15% Pd 


—0.182 
—0.184 
—0.185 
—0.183 


Ag (+0.07)® 
Ag+2.03% Pd (+0.08) @ 
Ag+6.04% Pd (+0.08) * 
Ag+10.12% Pd +0.09 


+0.003 





® Assumed values of a used to calculate b. 
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while the value of c previously reported by one of us® for 
a 2.5% nickel sample is more than ten times larger 
than now reported for a 4.63% nickel sample. The 
fact that c does not increase monotonically with nickel 
content in the present data is further reason to suspect 
impurities. The evidence thus suggests very strongly 
that additions of up to 27% nickel to copper contribute 
no susceptibility term with a 1/7 dependence, but the 
data for the 38.8% nickel sample indicate a pronounced 
1/T dependence that cannot be accounted for by 
impurities since it corresponds to one atom per ten 
thousand having four unpaired spins, and the spectro- 
graphic analysis indicates a content of less than one 
impurity atom per million. It should be noted that the 
method of preparation was slightly different for this 
sample, but it is hard to see how this could account for 
the large value of c. Actually a large temperature de- 
pendence should be expected in alloys containing almost 
enough nickel to be ferromagnetic. 

An interesting feature of all these alloys is that the 
turn up at low temperatures is not nearly as sharp as 
predicted by a 1/7 term. This is indicated by the fact 
that values for c obtained using points at 2.1° instead of 
4.2° are 20 to 40% lower. This effect can be accounted 
for if the unpaired spins are described by Fermi-Dirac 
statistics and have a Fermi temperature of only a few 
degrees Kelvin as would be true in a very narrow band. 

The properties of the copper-nickel system are most 
often described in terms of the same simple band model 
already applied to silver-palladium, using the density- 
of-states curve illustrated in Fig. 2. However, because 
this model predicts little, if any, change in the density of 
states at the Fermi level with up to 40% nickel, it is 
unable to describe the large increase in the 6 term which 
accompanies additions of nickel to copper. It also fails to 
describe the apparent increase in the density of states 
indicated by low-temperature specific heat measure- 
ments. By use of a more general collective electron 
treatment, the apparent increase in the density of states 
at the Fermi level, gry, can be determined from either 
specific heat or susceptibility data. In calculating gr 
from susceptibility data, 6 is assumed to be equal to a 
core susceptibility of —0.23X10~-® for all alloys plus a 
conduction electron contribution of u?gr{1—3(m/m*)* ], 
where m* is assumed to be 1.5 in accordance with 
specific heat data. The values obtained for gr are indi- 


TABLE IV. Constants of the empirical equation y=aT+6+ (¢/T) 
for the Cu-Ni alloys. 


Sample composition in 

atomic percent 
Cu +0.12 
Cu+2.26% Ni 4.0.22 
Cu+4.63% Ni 4.0.19 
Cu+9.89% Ni +0.60 
Cu+17.22% Ni +1.10 
Cu+26.95% Ni 40.37 
Cu+38.8% Ni 


a X10" bx10° c X10° 


— (0.0877 
—(.0427 
+(0.0078 
+0.1316 
+0.347 
+-0.817 


+-0.027 
+0.142 
+0.038 
+0.275 
+0.567 
+0.865 
+435 


ALLOYS 


AT LOW TEMPERATU 





0 


5 


= 


fea) 


~ 


nw 





Normalized Density of States oat Fermi Level 





2) 


it 1 





40 


20 30 
Atomic Percent Nickel in Copper 


Fic. 3. Comparison of the density of states at the Fermi level 
of the copper-nickel system, indicated by magnetic susceptibility 
and specific heat measurements. Densities are normalized to a 
density of states at the Fermi level equal to unity for pure copper, 
obtained from specific heat measurements. 


cated in Fig. 3 with all values normalized to gr=1 for 
pure copper as determined from the specific heat data of 
Guthrie, Friedberg, and Goldman.’ The discrepancy 
between the two curves can be resolved by the intro- 
duction of an exchange parameter in accordance with 
the parabolic band method of Stoner.’ Values for the 
parameter @’X 10~ of 4.0, 9.2, 10.9, 11.9, 9.1, 6.3, and 
2.6 have been obtained for our copper-nickel samples 
beginning with the pure copper sample and taking the 
samples in order of increasing nickel content. A plot of 
6’ versus composition rises rapidly to a peak at 10% 
nickel and then drops slowly with increasing nickel 
content until 40% nickel is reached. While this model 
does fit the data, it is hard to justify the decreasing value 
of 6’ between 10 and 40% nickel. 

Because considerable evidence points toward the 
possible existence of holes in the d band even with small 
amounts of nickel in copper, a more complicated model 
has been tried in which each nickel atom contributes 9.4 
electrons to the d band and 0.6 electrons to the conduc- 
tion band, and the density of states and exchange 
parameter for the s band are assumed to be changed 
only slightly by the addition of nickel. In this model 
gr and 6,’ for the d band can be obtained from specific 
heat and susceptibility data, respectively. The results 
for 04’X10~ given in order of increasing nickel content 
beginning with the 2.26% nickel sample are 6.3, 5.0, 
3.6, 3.1, 2.1, and 0.4. Again, an exchange temperature 
which decreases with nickel content is obtained. This 
will occur for any reasonable band model assumed, 
since gr obtained from specific heat data increases 
more rapidly than gp obtained from susceptibility data 
in the concentration range above 10 to 20% nickel. 

* Guthrie, Friedberg, and Goldman, Bull. Am. Phys. Soc. Ser. II, 


1, 147 (1956). 
0 EF. C. Stoner, Acta Met. 2, 259 (1954). 
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The rather unreasonable decrease in 6’ with nickel con- 
tent predicted by all such exchange calculations strongly 
suggests the presence of some other mechanism. Large 
admixtures of p and d states to the conduction band 
with additions of nickel to copper could give rise to an 
appreciable Van Vleck temperature-independent para- 
magnetism as discussed by Kubo and Obata," and such 
admixtures do not seem unreasonable in view of the 

4 R. Kubo and Y. Obata, J. Phys. Soc. Japan 11, 547 (1956). 
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rapid changes in optical, thermal, electric, and mag- 
netic properties of these alloys as the nickel content 
is increased, 
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The quantum theory of the electromagnetic interaction of particles and fields in dense matter predicts 
that fast charged particles Jose their kinetic energy to longitudinal electronic excitations influenced by 
one-electron and collective effects. Both effects are to be expected in metals and insulators, but to varying 
degrees. A clear identification of collective excitations in insulators is still lacking. 

LiH is the best-suited crystal for predicting the one-electron and collective effects on the longitudinal 
electronic excitations in an insulator, and for verifying such prediction experimentally. The characteristic 
energy loss spectrum and the mean excitation potential of the LiH crystal are estimated. One finds that the 
longitudinal excitations in this insulator crystal are of predominantly collective character. The results are 
so significantly different from those obtained by neglecting collective effects that stopping experiments in 
single as well as in multiple scattering can clearly identify the collective effects and confirm the theoretical 


predictions. 


1. STATEMENT OF PROBLEM 


HARACTERISTIC energy losses of singly scat- 

tered electrons are observed in metals and 
insulators..4The quantum theory of electromagnetic 
interactions of particles and fields in dense substances 
attributes these energy losses to the excitation of 
longitudinal oscillations with both one-electron and 
collective (“plasma”) components.?* However, it has 
been argued that electrons in filled bands cannot oscil- 
late collectively,*.* and that, in any event, characteristic 
energy losses can be explained entirely by one-electron 
band transitions.*~’ A clear-cut experimental identifi- 
cation of collective oscillations in insulators is still 
lacking and would be desirable. 

LiH is the insulator with the fewest electrons per 
atom and with the highest ratio of valence- to core- 
electrons, to which Bragg’s additivity rule for stopping 
powers is least applicable. It is best suited for esti- 
mating theoretically the one-electron and collective 
effects on the longitudinal excitations of the valence 


1L. Marton, Revs. Modern Phys. 28, 172 (1956). 

2D. Pines, Revs. Modern Phys. 28, 184 (1956). 

3U. Fano, Phys. Rev. 103, 1202 (1956). 

*P. A. Wolff, Phys. Rev. 92, 18 (1953); however, see H. 
Kanazawa, Progr. Theoret. Phys. Japan 13, 227 (1955). 

5R.H. Tredgold, Physica 22, 1219 (1956). 

6 Leder, Mendlowitz, and Marton, Phys. Rev. 101, 1460 (1956). 

7 E. J. Sternglass, Nature 178, 1387 (1956). 


electrons, and for giving decisive experimental con- 
firmation of the importance of collective effects in an 
insulator, as predicted by theory. In the following, the 
characteristic energy-loss spectrum and the mean 
excitation potential of the LiH crystal are estimated. 
One finds that fast charged particles should excite the 
valence electrons to energy levels of predominantly 
collective character. The results differ so significantly 
from those one obtains by considering only one-electron 
band transitions (which is not justified by theory) that 
stopping experiments in single scattering and multiple 
scattering can demonstrate clearly the excitation of 
collective polarization oscillations in this insulator 
crystal. 
2. EXCITATION LEVELS 


Suppose the response of a substance to an electro- 
dynamic disturbance can be described by the excitation 
of coupled one-electron and field oscillators. One may 
then separate these oscillators into their transverse and 
longitudinal normal modes by a suitable transformation 
of the total Hamiltonian.’ The transverse normal modes 
do not contain collective components. They correspond 
to just the one-electron oscillators (fn,wn) of oscillator 
strength f, and frequency w, in the semiempirical 
Drude-formulation of the dielectric constant e(w). The 
eigenfrequencies of the longitudinal normal modes are 
given by the solutions w=Q,, of the equation e(w)=0. 





ENERGY LOSS OF 


They define a set of coupled oscillators (Fn Qn), where 


Fy = {w,"[ de (w)/d(w*) Jon JOXfn 
and 
Qa *on* +05" fn; 


as long as the damping is small and the w, are so 
widely spaced that w,?frxKwny1’—wn’. The frequency 
w= (4re’p/m)* is the “plasma” frequency in a sub- 
stance with an electron density p. 

The transverse modes (fn,wn) are observed as optical 
absorption bands or in anomalous dispersion as the 
poles of e(w); the longitudinal modes (Fy,Qn) are 
observed in the stopping of charged particles or (as in 
the case of alkali metals) as the limiting frequencies 
for metallic reflection. 


3. CHARACTERISTIC ENERGY LOSSES 


The characteristic energy losses of singly scattered 
electrons correspond to the excitation of the longitudinal 
oscillators (FyQn’). Generally, one finds for inner 
atomic shells that AQ ~hw;> hw» f.4, i.e., the one-particle 
behavior predominates. This applies also to most 
molecular substances, where the mean density of valence 
electrons is so low that AQya1t~hwyar> hw p fvait. In metals 
with tightly bound ion-core electrons, one finds 
hid >NQyar—~hwy fvart>hwyar. In ionic and valence lat- 
tices, and in transition and noble metals, the situation 
varies between these two extremes.® Corrections for 
damping, ion-core polarization, and local-field effects 
are negligibly small if hw fyai!>hwyai, i.e., if collective 
oscillations are the determining mode in the longi- 
tudinal excitation of valence electrons. This should be 
the case in the LiH crystal. 


4. MEAN EXCITATION POTENTIAL 


In the theory of the stopping power of matter for 
fast charged particles, the only characteristic material 
constant is the mean excitation potential J of the 
stopping electrons in the target material. It is averaged 
according to 


InJ=>>n Fa InhQn, (1) 


over all excitation levels (F',,Q,). Equation (1) gives the 
exact prescription for obtaining the J value of any 
substance, which, however, in practice can be applied 
only to the lightest elements. For complicated systems, 
semiempirical approximation methods must be used. 
Depending on the approximations made for the solutions 
of the equation e(w)=0, they fall into two groups. They 
will be referred to as the optical and statistical method. 


a. Optical Method 


In the optical method one sets F,= fx and Q,=wn, 
i.e., one neglects the collective components, so that 
optical absorption data can be used for estimating 
mean excitation potentials. The resulting (J»)ope values 


"8 W. Brandt, Phys. Rev. 104, 691 (1956); 105, 734(E) (1957). 
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are then lower limits. In this approximation, the optical 
method is limited to cases where not only 


Son 2f J 2 2/ 
in = (1+, Jn/@n )\Konz1, Wn? 


(see Sec. 2), but specifically ,’+1. However, if 
1<m?<Kwny1?/wn, the frequency becomes 2Q,?=1n7w,. 
Inserting this expression in Eq. (1) and approximating 


fn by the relative occupation number VV yields 
InJ=N Yn Na In[na(Ln)optJ=In[HTopt]. (2) 


Detailed estimates of 4 (‘“‘zero-energy” polarization 
effect)®.? show that indeed 7<1.1 for most substances. 


b. Statistical Method 


A second method with emphasis on the collective 
behavior of electrons can be derived from the statistical 
model of the atom. In this model, the relative con- 
tributions of both the one-electron and the collective 
modes of oscillation to the dynamic behavior of the 
electron cloud are prescribed by the electron density 
distribution; they vary continuously with the distance 
r from the nucleus, but are nearly indepedent of the 
atomic number Z. 

Taking the collective component to be the indicative 
term for the dynamic behavior, one may approximate 
Eq. (1) by Eq. (3): 


In =~ f par Inf x( ahh) (3) 


where VN=fp(r)@r and w,(r)=[4re’p(r)/m]}!. The 
function x (r) = [1+ wo? (r)/w,?(r) }! measures the relative 
contributions of the collective and one-electron fre- 
quency components. On an atomic scale, Eq. (3) is 
analogous to Eq. (1) in that it averages over the con- 
tinuous frequency spectrum of the statistical atom. It 
should be a good approximation, because the main 
contributions come from the bulk of the electron cloud 
to which the statistical model applies best. Equation (3) 
includes the contributions of the long-range collective 
oscillations in dense substances as density-dependent 
changes of p(r), and the accompanying changes of x (r). 
In fact, if the atomic interaction is sufficiently strong, 
or, equivalently, if the density of a substance is suffi- 
ciently high, p(r) varies only slowly throughout the 
substance. Then, J(r)=x(r)f#w,(r) can be considered 
as the average pertinent to r over momentum space, 
as defined by Eq. (1) including the long-range col- 
lective effects, and Eq. (3) as a Stieltje-integral (rela- 
tive to a local Debye length) over space coordinates, 
to complete the averaging over phase space. Equation (3) 
will be applied in this sense to the valence electrons of 
the LiH crystal. Lindhard and Scharff" first discussed 
Eq. (3) and tested its applicability to light elements. 


®R. M. Sternheimer, Phys. Rev. 92, 351 (1954). 
10 J. Lindhard and M. Scharff, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 
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If wo=0 and p=constant, Eq. (3) yields Kramers’ 
mean excitation potential of an isotropic electron 
plasma. 

The electron density distribution of the Thomas- 
Fermi model is not a good approximation for light 
elements. If one approximates p(r) by hydrogenic wave 
functions, Eq. (3) breaks up into shell contributions. 
For example, one finds by inserting in Eq. (3) Slater 
wave functions of effective quantum number n* and 
effective charge Z,* that 


N,} Lo%% 
(I n)stet= 2! siege oe (= ) 
T3(2n*+1)\ n* 


ry exp[ (n*—1)F(2n*+1)— (n*+3) ], 
where F(y)=d InI'(y)/dy. In this case, 
InJ= N+ >). Na In[Xa(I 5) tat J= In XL otat |, 
in analogy to Eq. (2). In particular, for K shells, 
(71)stac=0.893N 3Z,*! ry, 
and, for L shells, 
(T2)stat=0.151N23Z2*! ry. 


(7) 

If applied to dense substances, the validity ranges of 
the two methods can be assessed roughly by considering 
the relation (n,’—1)(X,?—1)=1. If ,?<2, the optical 
method offers the better approximation; if X,?<2, the 
statistical method. If 9,’22X,?<2, both methods should 
be equivalent but least accurate. For the conduction 
electrons of most metals, Xyai*~1 and, hence, Iya) 
= hw ghvet 3 ° 

It is important to note that Eq. (3) has been obtained 
by an essentially heuristic argument from the assump- 
tions that the atomic frequency distribution is described 
correctly by p(r), and that p(r) varies slowly in space 
compared to the local interelectronic spacing. Both 
assumptions are open to question in many instances. 
I values depend primarily on a sum rule and are in most 
cases insensitive to the details of the energy transfer 
mechanism. The sum rule is evidently well approxi- 
mated by Eg. (3) because the Jsta: values of atoms in 
all tested cases, including those pertaining to Eqs. 
(5)—(7), are found to agree (within the uncertainty of x) 
with J values obtained by Eq. (2)" and by experiment. 
Such agreement is also found for the more general 
results derived in the appendix from the statistical 
model of the atom. 

The situation is different for the LiH crystal. Its J 
value is indeed sensitive to the excitation mechanism, 
because the summation extends over excitation levels 
of only a few electrons per atom, of which one-half are 
valence electrons. Nevertheless, one is justified in 
applying Eq. (3) to LiH, because the valence electron 
density is so high that Xyai~1, and varies sufficiently 
slowly. Characteristic energy loss spectra, of course, 


"UW. Brandt, Health Physics 1, 11 (1958). 
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are inherently sensitive to the excitation mechanism. 
Therefore, the longitudinal excitation levels of the 
valence electrons in LiH can be identified by measure- 
ments of either / or the characteristic energy loss spec- 
trum of charged particles, and the theoretical estimates 
of Sec. 5 confirmed accurately. 


5. APPLICATION TO LiH 


A mixture of isolated atoms obeys Bragg’s additivity 
rule for stopping powers; that is, the stopping power of 
such a “Bragg-gas”’ is equal to the stoichiometric sum 
of the stopping powers of the component atoms." Let 
a Bragg-gas be composed of Li and H atoms and ions 
such that its charge distribution corresponds to the 
mean charge distribution in the LiH crystal. For 
brevity, one may write Lit*H~*; a=0 denotes covalent 
bonding, a@=1 ionic bonding. The mean excitation 
potential of the Bragg-gas is then 


Io(Lit#H-*) = [702 (Lit) 1o2(H-) ]*“[ 1.8 (Li) Jo(H) ]°- "4. 


The subscript 0 denotes isolated atoms. With the Jo 
values of the various atomic species, obtained as 
described in Sec. 4, one finds 11<Jo(LiH)< 26 (ev) for 
1>a>0. The electron density distribution calculated 
by Mueller and Eyring'® for the LiH molecule corre- 
sponds to a=0.55, for which case Jo(a=0.55)=19 ev. 
As for Be, Bragg’s rule is quite inadequate for LiH, 
because 50% of the stopping electrons reside in valence 
shells: inserting the actual electron density distribution 
in Eq. (3) yields twice the Jo value, namely Jmoi= 38 ev. 

The statistical method can be applied to the valence 
electrons in the LiH crystal, because hw, fyait=13 ev, 
whereas the optical absorption edge lies near 7 ev,'*!® 
i.€., Xvai?<2. In the following, x is set tentatively equal 
to unity. The electron density distribution has been 
calculated by Ewing and Seitz’® from approximate 
solutions of the Hartree-Fock equations of the crystal, 
and by Lundquist'* by the molecular orbital method. 
They agree quité closely with one another and cor- 
respond to the gross charge distribution a=0.3. The 
experimental density distribution’? corresponds to 
a=0.46 and deviates in details from the theoretical 
distributions. For the latter, one obtains by Eq. (3) 
1(0.3)=39 ev,'® for the former /(0.46)= 41 ev. A lower 
limit for J is obtained by assuming the valence electrons 
to be free, i.e., I(a)>1(f)=I)(Li*) (hwy frai!)$=31 ev. 
I(f) would correspond to the mean excitation potential 
of a covalent lattice, 7(0). The valence electrons in a 
purely ionic lattice would have a He-like configuration 
in the H cell. The physical conditions in this hypo- 
thetical lattice actually exceed the validity range of 
122C. R. Mueller and H. Eyring, J. Chem. Phys. 19, 934 (1951). 
183A, Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
24, No. 19 (1948). 

144 W. Rausch, Z. Physik 111, 650 (1939). 

15 TD), W. Ewing and F. Seitz, Phys. Rev. 50, 760 (1936). 

16S. O. Lundquist, Arkiv Fysik 8, 177 (1954). 

17 W. Cochran, Revs. Modern Phys. 30, 47 (1958). 

18 W. Brandt, Physik. Verhandl. 8, 188 (1957). 





ENERGY LOSS 
Eq. (3). Formal application of Eq. (3) gives an upper 
limit for 7(1) reflecting the excitation levels of highly 
compressed H~ ions. One finds /(1) <54 ev. If charged 
particles were not to excite collective oscillations in the 
LiH crystal, the 7-ev band transition should be the de- 
termining excitation, and /=23 ev. These results are 
summarized in Fig. 1. The corresponding stopping 
powers differ sufficiently for an experimental confirma- 
tion of the preponderance of collective over one-electron 
excitations.* 

The following characteristic energy-loss spectrum is 
to be expected for the LiH crystal. If only band tran- 
sitions were excited (corresponding to J=23 ev), the 
predominant energy loss would appear as a broad peak 
near 7 ev. Higher losses have lower intensity. If, as 
expected theoretically, collective oscillations are excited 
also (corresponding to /=39 ev), a pronounced peak 
appears at Xvaltwpfeat=14.5 ev, for Xvai=1.14. In 
addition, multiples of the 14.5-ev peak occur with 
decreasing intensity, and possibly weak combinations 
of the one-electron and collective loss peaks. The 
excitation of the Li K shell should not contribute to 
energy losses <70 ev. 

The approximate nature of the methods of calcu- 
lation, and particularly Eq. (3), makes it difficult to 
assess the accuracy of the numerical estimates of J and 
the characteristic energy-loss spectrum. Judging from 
experience with other light substances, the error in the 
numerical results should not exceed significantly the 
uncertainty in the proper choice of x. The J values of 
LiH are given for y=1. A more detailed estimate shows 
that 1<x%<1.25; in fact, x=1.1 is consistent with the 
expected characteristic energy loss 14.5 ev. In other 
words, the theoretical estimates of the mean excitation 
potential and main characteristic energy loss in crystal- 
line LiH, if taken separately, have an uncertainty of 
ca. 20%. Both combined must be consistent with one 
another, which reduces the uncertainty to ca. 10%. 


* Note added in proof.—R. L. Platzman [Symposium on Radio 
biology, edited by J. J. Nickson (John Wiley and Sons, Inc., New 
York, 1952), p. 160] has remarked that the stopping power of a 
substance composed alternately of H* and H~ atoms would exceed 
the stopping power of He by ca. 50%. It should be noted that this 
statement actually refers to the stopping power of the ionic Bragg- 
gas as compared to the stopping power of gaseous He. Even if the 
one-electron excitation levels of H~ in condensed H*H™ were not 
significantly different from the one-electron excitation level of 
free H~ (as Platzman implicitly assumes), collective effects would 
reduce this difference at the densities of liquid (boiling) H» (0.07 
g/cm’) and of solid He (0.09 g/cm*). One can demonstrate this 
change by estimating the respective mean excitation potentials 
of H*#H~ for a=0 and a=1. Using the methods and notation 
of the present paper, one finds that /)(0)=15 ev and Jo(1)=0.8 
ev, whereas for gaseous He Jmoie=18 ev. For the liquid phase, 
one estimates /;(0) = 19.5 ev and J;(1) =7.6 ev, for the solid phase 
I,(0)=20 ev and J,(1)=8.6 ev. The relative differences of the 
covalent and ionic mean excitation potentials, [7(0)—J(1) ]/I(0), 
decrease from 1 to 0.6 in condensing hydrogen from the gas phase 
into the liquid and solid phases. The condensation of He entails 
an increase of the mean excitation potential by 10°. The Jimoie(0), 
7,(0), and J,(0) should nearly coincide numerically with the main 
characteristic energy-loss lines of the three phases of He. 
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Fic. 1. Mean excitation potentials of LiH in different valence 
states. The solid line connects the theoretically expected J values. 


An angle dependence of characteristic energy losses 
per se cannot give information about the collective 
nature of energy losses. The magnitude of the angle 
dependence in insulators depends so sensitively on the 
details of the electronic structure that accurate pre- 
dictions would have to be based on a self-consistent 
field calculation of the LiH crystal. Such a calculation 
is desirable also in view of the discrepancies between 
the presently available theoretical and experimental 
electron density distributions. Nevertheless, one can 
estimate that the dispersion coefficient’? for the 
characteristic energy loss in LiH is approximately 
equal to 0.51Xy:°0.7, where 0.51 is taken to be the 
dispersion coefficient for the case Xyai=1. 


6. SUMMARY 


The main purpose of this paper is to draw attention 
to crystalline LiH as the best-suited substance for a 
comprehensive theoretical and experimental investi- 
gation of longitudinal electronic excitations in insu- 
lators. Estimates of the characteristic energy-loss 
spectrum and the mean excitation potential of LiH 
are given. It is shown that stopping experiments under 
conditions of single and of multiple scattering can 
clearly identify the excitation of collective oscillations 
in this insulator crystal. The combined measurements 
of both experiments can provide sensitive tests of the 
theory of longitudinal excitations in insulators for LiH, 
because the results of both must be quantitatively 
consistent with the same electronic excitation levels. 
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APPENDIX 


Lindhard and Scharff applied Eq. (3) to the sta- 
tistical Thomas-Fermi (TF) model of the atom. This 
leads directly to Bloch’s relation J= KZ. It is of interest 
to consider J(Z) for the Thomas-Fermi-Dirac (TFD) 
model, which includes the exchange interaction between 
electrons.* However, the TFD density distribution is 
not an explicit function of Z and hence not suited for 
the present purpose. A sufficiently accurate approxi- 
mation is the TFX distribution, which follows from the 
TF distribution by a simple coordinate contraction 
trrx=A ry. The scaling parameter A can be deter- 
mined by the variational condition 


mn 
ah ” ne in +A ( Epot + Eexch) | =0. 


Introducing the proper expressions” for the Z in terms 
of the solution ¢o of the TF equation ¢o’’= golx—}, with 
x= r, one finds 


~ re m a) c) 
Ao=14+ (=) —_ = otde | f gota tdx 
z Kk Zid 9 0 


=1+0.162Z-4. 


The coefficient 0.16 is a lower limit for the Z~! de- 


ap, Gombés, Die statistische Theorie des Atoms und ihre 
Anwendungen (Springer-Verlag, Wien, 1949). See pp. 390-392. 


PHYSICAL REVIEW VOLUME 


2141, 


pendence of \. Inserting prrx= (ZA0°/4au*) (¢o/x)! in 
Eq. (3) yields 
Tp=0.451XA0!Z ry. 


For the evaluation of the constant Xo, one may use the 
fact that in the statistical model wo and w, depend 
linearly on Z. If 


wo?= — (e/mr) (dP/dr) 


with 


P=(Ze/)— (1-1/2) f eore(é)| E—r|—, 
0 


one finds for Z>>1 and with the abbreviation 


go= ¢go—X¢0, 
that 


into f golxidx In(1+q0/x! yo!) =1n1.78. 
0 
Hence, 


To=0.802A0!Z ry~10.9(1+-0.25Z-!)Z (ev). 


In essence, this result confirms an earlier estimate by 
Jensen” for a highly simplified atomic model, and agrees 
with experimental observations.** It approaches 
Bloch’s relation for large Z. 


2H. Jensen, Z. Physik 106, 620 (1937). 
2 W. Brandt (to be published). 


NUMBER 4 AUGUST 15, 1958 


Crystal Structure and Ferrimagnetism in NiMnO; and CoMnO; 
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X-ray diffraction studies of individual crystals of NiMnO; and CoMnO; show that these compounds 
have the structure of ilmenite (space group R3). The crystals have a plate-like crystal habit with the 
threefold symmetry axis perpendicular to the faces of the platelet. Positions of atoms within the unit 
cell have been determined by comparing calculated structure factors with those obtained from x-ray powder 
patterns. There are two Ni-O-Mn configurations that appear to be favorable to a magnetic superchange 
interaction, and these are sufficient to extend magnetic ordering in three dimensions. 


I. INTRODUCTION 


UPEREXCHANGE interactions in rhombohedral 

sesquioxides with particular reference to Cr20s, 
a—Fe,O; and their solid solutions have been discussed 
by Li.' The discussion can now be extended to include 
ferrimagnetism in the compounds NiMnO; and CoMnO; 
which have the same structure as the mineral 
ilmenite (FeTiO;).2* This ABX; structure is related 


1Y. Y. Li, Phys. Rev. 102, 1015 (1956). 

2 The synthesis and bulk magnetic properties of these com- 
pounds have been discussed by Swoboda, Vaughan, and Toole* 
and Bozorth and Walsh.‘ 

3 Swoboda, Vaughan, and Toole, J. Phys. Chem. Solids (to be 
published). 

4R. M. Bozorth and D. E. Walsh, J. Phys. Chem. Solids 
(to be published). 


to that of CreO3, where both A and B are Cr atoms. 
The metal atoms of ilmenites are arranged in alternate 
layers between oxygen layers and are ordered in the 
sequence AB-BA-AB-BA along the body diagonal of 
the rhombohedron. 

The principal geometric parameters for qualitative 
understanding of superexchange interactions are the 
metal-to-oxygen distances and the metal-oxygen-metal 
angles. In order to consider such interactions in NiMnO; 
and CoMnO3;, the exact positions of the individual 
atoms must be determined. Proof of ordering of the 
metals into the AB-BA-AB sequence was obtained 
from x-ray diffraction studies of individual crystals. 
Positions of atoms within the unit cell were determined 
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from an analysis of the line intensities of x-ray powder 
patterns. From these data, metal-oxygen distances and 
metal-oxygen-metal angles were obtained. 


II. X-RAY DIFFRACTION BY CRYSTALS 


Small plate-like crystals of NiMnO; or CoMnO; are 
obtained from acidic aqueous media. The crystal 
platelets are hexagonal in shape, approximately 0.75 
mm in diameter, and 10-50 microns thick. The three- 
fold symmetry axis is perpendicular to the faces of 
the platelet. X-ray diffraction patterns of these crystals, 
obtained with a Buerger precession camera, were 
analyzed by use of a hexagonal system of reference. 

Comparison of the upper level (/#0) diffraction 
patterns of crystals of NiMnO; and CoMnQO; shows 
clearly that the symmetry is rhombohedral. However, 
the first upper level photograph shows symmetry 3m 
and not the 3 symmetry present in the analogous 
pattern of an ilmenite single crystal. Cone-axis photo- 
graphs, which reveal the symmetry of all upper levels, 
show that the only diffraction symmetry common to 
all levels is 3. It was therefore concluded that the 
symmetry 3m of the first upper level was caused by 
twinning normal to the threefold symmetry axis. A 
crystal containing a mixture of right- and left-handed 
threefold screw axes would give the observed diffraction 
pattern. The crystal platelets were so thin that x-ray 
patterns from different sections along the c axis could 
not be obtained. Thus, it is not known whether the 
crystals contain only one twin boundary or whether 
there is multiple twinning. 

Alternatively, metal atoms arranged at random 
could also give a first level diffraction pattern with 
symmetry 3m. If this were the case the diffraction 
pattern of NiMnO; would be similar to that of a com- 
pound M,O; where the scattering factor of M is the 
average of the scattering factors of Ni and Mn. It is 
apparent from Table I, which compares the reflections 
observed from NiMnO; and CoMnO; crystals with 
those observed from single crystals of corundum 


TABLE I. First upper level x-ray reflections 
of rhombohedral crystals. 





NiMnO; 
or CoMnOs 


201 
021 
Absent 021 
; \201 

Absent {221 
221 


\ 


Ilmenite 
FeTiOs 


201° 


Corundum 
AlsO3 


Absent 


Absent Absent 
211 f211 
\121 

Absent 
(131 
\311 

Absent Absent 
321 {321 

231 


311 Absent 
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TABLE IT. Observed x-ray diffraction lines. 


NiMnOs3 CoMnOs 


dows (A) deale (A) 
1 3.63 3.63 
5 2.67 2.67 
5! 2.67 2.47 
2: 2.47 2i7 


| Faet|? 


1.815 


1.675 


43 1.81 
100 1.68 
55 1.46 1.46 


1.43 


1.425 


(Al,O3) and natural ilmenite, that NiMnO; and 
CoMnO; do not have the M.O; structure. Therefore, 
it is concluded that these compounds have the symmetry 
R3 (C3,”) of ilmenite. 


III. ANALYSIS OF POWDER DATA 


Diffraction patterns of NiMnO; and CoMnO; 
powders were taken using cobalt Ka radiation. The 
observed structure factors were obtained from line 
intensities using the methods outlined in the inter- 
national tables.6 Since the measurements were made 
with a Norelco diffractometer, the absorption factor 
could be taken as a constant independent of the Bragg 
angle.® Interplanar spacings listed in Table II were 
calculated using the cell dimensions given by Swoboda, 
Vaughan, and Toole*: a=4.905+0.001 A, c=13.59 
+0.01 A for NiMnO; and a=4.933+0.001 A, c= 13.71 
+0.01 A for CoMnO;. Since intensity calculations 
are simpler for the rhombohedral cell than for the 
hexagonal cell, a rhombohedral indexing is used in 
Table II. The rhombohedral cell constants are a,= 5.343 
A, a= 54°39’ for NiMnO; and a,=5.385 A, a=54°31’ 
for CoMnQ3. 

The best fit between observed and calculated 
structure factors was obtained for the lines of Table II 
by minimizing the reliability factor 


D | | Faet| obe— | Pasi! cate! 


= | Free | obs 


as is common practice. Values of atomic scattering 
factors and equations for structure factors for the space 
group R3 were obtained from the International Tables® 
(see Table III). Corrections to the atomic scattering 
factors due to dispersion by the K electrons were 
obtained from tables given by James.’ 

The positions in the rhombohedral cell for compounds 


b] 


5 International Tabellen cur bestimmung von Kristallstrukturen 
(Borntraeger, Berlin, 1935), Vols. I and II. 

6H. P. Klug and L. E. Alexander, X-Ray Diffraction Procedures 
(John Wiley and Sons, Inc., New York, 1954), pp. 376-7. 

7™R. W. James, The Optical Principles of the Diffraction of 
X-Rays (G. Bell and Sons, London, 1954), p. 608. 
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TABLE III. Observed and calculated values of | F yx! . 





NiMnOs CoMnOs; 
obs calc bs calc 


4.0 
7.2 
7.4 
4.8 


3.2 
8.5 
74 
5.0 





7.4 
10 


8.9 


9.8 





of the ilmenite structure are as follows: 


metals: +4,u,u; 0,v,0; 


oxygens: +(xyz,zxy,yzx). 

A Patterson series* along the [111] diagonal was used 
to select a range of trial values for the metal positions. 
In order to limit the number of trial values for the 
oxygen positions, the condition x+y=2z was imposed. 
This condition, which is required by symmetry for 
compounds of the corundum structure, is found to 
hold for ilmenite’ and most ilmenite-type titanates.” 
The best over-all fit to the data was obtained for the 
following positions": 


NiMnO; 
u=0.352 


CoMnO; 


u= 0.354 
v=0.148 v=0.146 
x=0.56 O:. .2=057 
y= —0.06 y= —0.07 
2=0.25 s=<0.25. 


As would be expected, the calculated structure factors 
were not very sensitive to oxygen positions because of 
the low atomic scattering factor of oxygen. The reliabil- 
ity factor was 6% for both NiMnO; and CoMnO3. 


Co: 
Mn: 


Ni: 
Mn: 
(>- 


IV. EXCHANGE INTERACTIONS IN 
NiMnO; AND CoMnO,; 


A discussion of the superexchange interaction 
between two metal atoms and the intervening oxygen 
atom has been given by Li! for the rhombohedral oxides 
Cr203, a—Fe2O3, and FeTiO;. In this discussion, he 


makes use of Anderson’s!? conclusions that the most 
180°. The 


favorable metal-oxygen-metal angle is 
possible configurations listed by Li for CrsO; and 


8 See, for example, H. S. Lipson and W. Cochron, The Determina- 
tion of Crystal Structures (G. Bell and Sons, London, 1953). 

9R. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1948), Vol. I. 

10 E. Posnjak and J. F. W. Barth, Z. Krist. 88, 271 (1934). 

11 After this paper had been written there appeared a paper 
by E. F. Bertaut and F. Forrat [J. Appl. Phys. 29, 247 (1958) ], 
that gave a brief discussion of ferrimagnetism and crystal structure 
of NiMnO;. The metal positions given do not agree with values 
reported here. This recent paper is discussed briefly in the 
appendix. 

2 P. W. Anderson, Phys. Rev. 79, 350 (1950). 
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a—Fe,O; have the following analogs in NiMnO; and 
CoMnO;: 


(1) CoMnO; 

g=213A 
B= 84°11’ 
g=2.13 A 
p=1.89A 
B= 131°03’ 


g=2.13 A 
p=1.89A 


A,~O-—B, 
99 


NiMnO; 


(2) A2—O—By, 
By—-O—A3 

gp 
(3) By-O~B, 
A,—O-—As3 


gp 8 =92°27’. 


A diagram of the unit cell is shown in Fig. 1 where the 
large open circles and the large cross-hatched circles 
represent the two different metals and the small 
circles represent the oxygen atoms. This figure is 
similar to that presented by Li for equivalent metals. 

Li assumed that configuration (3) would produce a 
very weak interaction because the near 90° angle is 
most unfavorable for a superexchange interaction. He 
assumed that the magnetic lattice was extended in 
three dimensions by combination of interactions (1) and 
(2). Interaction (2) should be favorable for exchange 
because of the obtuse angle. The acute angle of con- 
figuration (1) makes it seem unfavorable for a super- 
exchange interaction. However, there are three equiv- 
alent oxygen atoms in this configuration. Li concluded 
that a stong interaction could be expected because of 
an appreciable overlap between the x orbitals of the 
group of three equivalent oxygen ions and the 3dr 
orbitals of the metal ions. It should be noted, however, 
that Li assumed that this interaction was necessary in 
order to extend the magnetic lattice in three dimensions. 
This assumption is not necessary. As pointed out by 
lida,” there is a fourth interaction which Li did not 
discuss, 


CoMn( ds 


p=1.89 A 
B= 123°47’. 


(4) B,a—O—A; 
pp 


NiMnO, 


p=1.91 A 
B= 122°18' 


This fourth interaction has an obtuse angle and also 
smaller average metal-oxygen distances than configura- 
tion (2). If (2) is considered to be one of the principal 
interactions, then (4) cannot be neglected, and a 
combination of (2) and (4) is sufficient to extend the 
magnetic lattice in three dimensions. These two interac- 
tions should be considered as the principal magnetic 
interactions in the rhombohedral oxides of the corundum 
or ilmenite structure. 

The sign of interactions (2) and (4) determines the 
nature of the magnetic ordering. Obviously if both are 
positive, a ferromagnetic oxide results. No rhombo- 
hedral ferromagnetic oxide is known. The magnetic 
lattice of CrO;" in which the spins of the chromium 

13S. Tida, J. Phys. Soc. Japan 12, 222 (1957). 

14 B. N. Brockhouse, J. Chem. Phys. 21, 961 (1953). 





CRYSTAL STRUCTURE 
ions are arranged in +— + — sequence along the [111 ] 
diagonal is established if (2) is positive and (4) is 
negative. The +— —+ sequence for a—Fe,O3?° is 
achieved if both (2) and (4) are negative. The fourth 
possibility, a +-++ —— sequence, results from (2) 
being negative and (4) being positive. It can be seen 
from Fig. 1 that the +— —+ sequence of a—Fe0; 
is the only one of these four possibilities which will 
give rise to ferrimagnetism in a compound ABX; of 
the ilmenite structure. The sequences +— +— or 
+-++ —— result in cancellation of magnetic moments 
within the individual A and B lattices. Thus, if a 
compound of the ilmenite structure is ferrimagnetic, 
interactions (2) and (4) must both be negative. 

Ilmenite, itself, is antiferromagnetic below approxi- 
mately 68°K.!° Li concluded that this antiferromagnetic 
ordering arose because the titanium ion is not purely 
Ti but has some Ti** character. He pointed out that 
ilmenite must then have a Cr.O3 type magnetic 
lattice rather than the a—Fe,O; magnetic lattice. 
However, antiferromagnetic ordering only within the 
iron layers by means of the weaker interaction (3) 
could give parallel and perpendicular susceptibilities of 
the form reported for ilmenite.'® 

The observed saturation magnetization of approxi- 
mately 0.7 Bohr magneton/molecule for NiMnOs; and 
CoMn0O;‘ indicates that these compounds are ferri- 
magnetic, and must therefore have the a—Fe.0; 
magnetic lattice. All metal ions in a given nickel 
(or cobalt) layer have parallel moments that are 
antiparallel to those of the adjacent manganese layers. 

The work of Bozorth and Walsh‘ suggests that there 
is considerable orbital contribution to the magnetic 
moments of the metal ions in NiMnO; and CoMnQ3. 
Other measurements!’ show that NiMnO; has a large 
negative anisotropy, i.e., the direction of easy magne- 
tization is in the basal plane perpendicular to the [111 ] 
axis. In this connection, Néel!® has shown that the 
magnetic moments of the Fe*® ions in a—Fe.O; are 
also oriented perpendicular to the [111] axis above 
approximately 260°K, but parallel to the [111] axis 
below 260°K. In CroO;" and FeTiO;,!° the magnetic 
moments of the metal ions appear to be oriented 
parallel to the [111] axis. Any comprehensive treat- 
ment of exchange phenomena in transition metal 
oxides of the corundum or ilmenite structure must 
account for the manner in which the magnetic moments 
of the ions are coupled to the crystal lattice. Since 
experimental data on the antiferromagnetic compounds 
Cr203, a—Fe,03, and FeTiO; can now be augmented 
with data on the ferrimagnetic compounds NiMnO; 
and CoMnO3;, these rhombohedral oxides offer an 
interesting system for theoretical study. 


15 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
16H. Bizette and B. Tsai, Compt. rend. 242, 2124 (1956). 

17H. S. Jarrett and R. K. Waring, Phys. Rev. (to be published). 
18 Louis Néel, Revs. Modern Phys. 25, 58 (1953). 

19 McGuire, Scott, and Grannis, Phys. Rev. 98, 1562(A) (1955). 
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Fic. 1.. The NiMnQ;j structure. 
Large open circles represent Mn 
atoms. Cross-hatched circles rep 
resent Ni atoms. Small circles 
represent O atoms 
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APPENDIX. RECENT PUBLICATION ON NiMnO; 


0 


The paper of Bertaut and Forrat” gives the nickel 
and manganese positions as w=0.363 and v=0.153. 
Structure factors calculated from their values of « and 
v do not give good agreement with our experimental 
data regardless of what oxygen positions are chosen. 
Their reliability factor is in the order of 18% which is 
to be compared with 6% when the values u=0.352 
and v=0.148 reported here are used. 

The discussion of Bertaut and Forrat suggests that 
the principal magnetic interaction is between Ni and 
Mn ions involving an Ni—Mn distance of approxi- 
mately 3.5A and that the interaction involving a 
smaller Ni—Mn distance (2.9 A) is weak. However, 
the discussion presented here shows that two Ni—-O— 
Mn _ superexchange interactions are necessary to 
propagate the magnetic lattice. Crystal parameters 
presented here give Ni—Mn distances of 3.63 and 
3.38 A. 

The work of Bozorth and Walsh‘ gives a value of 
0.61 Bohr magnetons per molecule for the magnetiza- 
tion of NiMnO; compared to the higher value of 0.76 
Bohr magnetons per molecule given by Bertaut and 
Forrat. Measurements made in this laboratory gave a 
value in better agreement with that reported by 
Bozorth and Walsh. 

Bertaut and Forrat do not mention how their 
NiMn0O; was prepared and present no chemical analysis 
or x-ray data. For complete information about methods 
of preparation and chemical analysis of NiMnO; and 
also CoMnOs, attention is directed for reference 2 and 
also to U. S. Patent No. 2 770 523, November 13, 1956 
(R. C. Toole), which discloses NiMnO; and CoMnO; 
and methods of preparation. 


2 FE. F. Bertaut and F. Forrat, J. Appl. Phys. 29, 247 (1958). 
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Fluctuations in the Seebeck effect or thermoelectric power of germanium single crystals have been 
observed. The Seebeck noise power spectrum varies as reciprocal frequency and may be quantitatively 
predicted from current-noise measurements. Carrier density fluctuations responsible for 1/f noise are also 
the source of Seebeck noise. The present results indicate that carrier fluctuations having a 1/f spectrum 
persist even in the absence of net dc current flow. Seebeck noise is also observed in low-noise specimens 


having nonohmic, noisy electrodes. 


I. INTRODUCTION 


HE electrical fluctuations accompanying dec cur- 

rent flow in single-crystal semiconductor speci- 
mens are observed to have a component characterized 
by a noise power spectrum varying as reciprocal fre- 
quency.! It has been shown that this 1/f noise is due to 
conductivity modulations caused by carrier density 
fluctuations.2 In many instances the noise power is 
observed to increase with the square of the average 
current, which implies that the magnitude of the carrier 
density fluctuations is independent of current. 

This observation suggests that carrier density fluctua- 
tions having a 1/f spectrum may exist under suitable 
conditions in the absence of dc current flow. No 
attempts to detect this phenomenon have been reported 
in the literature, apparently because 1/f noise has 
always been considered a “current noise” effect. It is 
clear, however, that the white noise spectrum dictated 
by Nyquist’s law for specimens in thermodynamic 
equilibrium has been experimentally established. 

The thermoelectric power of single-crystal semicon- 
ductors is known to depend on the carrier density.* 
Thus, fluctuations in the carrier density would be 
expected to lead to fluctuations in the thermal emf and 
provide an experimental technique for detecting carrier 
density fluctuations in the absence of net dc current 
flow. This paper describes an experimental study of 
such “Seebeck noise” in germanium in which the 
fluctuations of the thermal emf of a sample in a thermal 
gradient are measured. 


II. SEEBECK NOISE 


For many single-crystal semiconductor samples in 
which electrode effects are negligible, the mean square 
1/f noise voltage, (AV;*), may be written? 


(AV?)/V?P=(AN?)/N?, (1) 


where V is the dc potential drop across the specimen 
and N is the total number of carriers in the crystal. In 
this expression the 1/f behavior of (AV;’) is contained 


* Work supported by the Office of Naval Research. 

1H. C. Montgomery, Bell System Tech. J. 31, 950 (1952). 

2 J. J. Brophy, Phys. Rev. 106, 675 (1957). 

3V. A. Johnson and K. Lark-Horovitz, Phys. Rev. 92, 226 
(1953). 


in (AN), Equation (1) is a convenient experimental 
method of determining the magnitude of the carrier 
fluctuations. 

When the specimen is placed in a thermal gradient, 
a thermoelectric dc potential is built up across its 
terminals. One pictures that conduction currents flowing 
in response to this potential gradient are compensated 
by diffusion currents so that even with the external 
circuit arranged to prevent dc current flow, internal 
currents may exist. From this view, it is anticipated 
that an expression analogous to Eq. (1) may apply in 
this case where the voltages correspond to thermal 
emf’s. That is, 


(AV 1°)/V 2 =(AN®)/N2, (2) 


where V 7 is the usual thermal emf and (AV 7’), which is 
termed Seebeck noise, is the mean square thermal emf. 

Seebeck noise levels may be predicted from Eqs. (1) 
and (2) and are very low for most specimens so that in 
general the effect is difficult to observe. For example, 
if the Seebeck noise power is to equal Nyquist noise, 
the current noise level must be three or four orders of 
magnitude above Nyquist noise under experimental 
conditions common in current noise studies on single- 
crystal semiconductors. While in principle this require- 
ment can be satisfied by working at extremely low 
frequencies, it is not experimentally convenient to go 
below about one cycle per second. The most difficult 
aspect of the present work has been selection of stable, 
high-noise specimens. 


Ill. EXPERIMENTAL TECHNIQUE 


The samples used in this study were of 20-ohm-cm 
single-crystal n-type germanium roughly one by one 
millimeter in cross section and one centimeter long. 
To obtain large 1/f noise levels, they were plastically 
deformed*:> and chemically etched. They were provided 
with ohmic electrodes and soldered in a sample holder 
capable of establishing the necessary temperature 
gradient. The plastic deformation was carried out in air 
at temperatures of the order of 600°C after a rigid 
cleansing process to remove surface contamination. 


4L. Bess, Phys. Rev. 103, 72 (1956). 
5 J. J. Brophy, J. Appl. Phys. 27, 1383 (1956). 
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SEEBECK EFPRECT 
The resistivity was increased somewhat by the de- 
formation. 

The sample holder consisted of two flexible copper 
terminals between which the sample was soldered. One 
terminal was attached to a copper strip which dipped 
into a liquid nitrogen bath, and the other terminal was 
similarly attached to a strip connected to a blackened 
absorber which was heated with an infrared lamp. The 
entire assembly was contained in a small Dewar. By 
cooling and heating opposite terminals in this fashion, 
a temperature differential of 40°C was maintained 
across the sample while the mean temperature was 
slightly below ambient. Electrical leads were brought 
through standard connectors such that both current 
noise and Seebeck noise could be examined without 
disturbing the specimen. In most experiments, two- 
terminal samples were studied in which the electrodes 
served to pass the electrical (or thermal) current while 
the noise level was observed across them. In other 
experiments, four-terminal, bridge-type samples were 
examined in which the current and potential electrodes 
were separate. Thermal emf’s were measured with a 
breaker amplifier and found to be in approximate agree- 
ment with published data.’ The temperature differential 
across the specimen was determined in separate experi- 
ments by means of small thermocouples attached to 
the ends of the sample. 

The current or Seebeck noise voltages were examined 
by connecting the sample to a high-gain, low-noise 
amplifier-voltmeter system employing a tunable filter 
and a true-rms vacuum tube voltmeter. The input of 
the amplifier was blocked for de with a capacitor so 
that no de current could flow in the probe circuit. The 
amplifier system was periodically calibrated by meas- 
uring the Nyquist noise level of known resistances. 
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Fic. 1. Comparison of Seebeck noise spectrum and current 
noise spectrum for an n-type plastically deformed germanium 
crystal, 


PLUCTUATIONS: IN Ge 


IV. RESULTS 


The observed Seebeck noise spectrum of a typical 
sample is shown in Fig. 1 together with the current- 
noise spectrum. The results:are plotted by using the 
interpretations of Eqs. (1) and (2) so that the experi- 
ments may be directly compared. The agreement is 
quite satisfactory. The current noise characteristics of 
this sample are similar to those often observed in 
specimens having high noise levels. The noise power 
exhibits a “bursting” effect which appears to be short 
intervals of higher noise level and which leads to a total 
power spectrum which falls faster than f~!, as shown in 
the figure. These characteristics are similarly reproduced 
in the Seebeck noise. ~ 

The current noise level of this sample at a frequency 
of 10 cycles per second is shown in Fig. 2 as a function 
of de voltage. At low currents the noise power varies 
approximately as the square of the voltage, as usually 
observed in 1/f noise, while at higher currents a higher 
power law is observed, as previously noted for deformed 
samples.° These data may be interpreted in terms of 
carrier fluctuations by using Eq. (1), which results in a 
fluctuation nearly independent of current over the 
square-law region as shown in the figure. Also shown is 
the magnitude of carrier fluctuations calculated from 
Seebeck noise data using Eq. (2). Both the Seebeck 
noise level and the magnitude of the carrier fluctuations 
determined from the thermal gradient experiment are 
in good agreement with current noise measurements. 
The increase at higher currents is also observed in non- 
deformed samples! at somewhat greater electric fields. 

Seebeck noise data for a deformed bridge-type speci- 
men are shown in Fig. 3 together with the observed 
noise spectrum in the absence of a thermal gradient. 
In the second case a white spectrum is observed, as 
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Fic. 2. The observed noise voltage and magnitude of carrier 
fluctuations as a function of dc voltage at 10 cycles per second for 
the same sample as Fig. 1. The Seebeck noise data points for both 
curves are in good agreement with current noise measurements, 
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Fic. 3. Observed noise voltage spectra of a deformed germanium 


bridge-type specimen with and without a temperature gradient. 
Only Nyquist noise is observed in the absence of a gradient. 


expected from Nyquist’s law. The white noise level with 
the sample in the gradient is somewhat greater because 
the mean temperature was slightly below ambient and 
the sample resistance increased. Both white noise levels 
are in good agreement with Nyquist’s law and sample 
resistance measurements. Also shown are several data 
points predicted from current noise measurements 
using Eqs. (1) and (2). 

It is found that nonohmic electrodes also lead to 
Seebeck noise on otherwise quiet specimens. Figure 4 
shows the Seebeck noise spectra of two undeformed 
germanium samples with poor electrodes. The lower 
curve is for a sample which was later found (by current- 
noise measurements) to have poorly soldered contacts. 
Considerable 1/f Seebeck noise is noted. Identical 
samples with satisfactory electrodes exhibited no See- 
beck noise. A similar sample with simple silver paint 
electrodes, which are known to be extremely noisy, is 
also shown in Fig. 4. Here again considerable Seebeck 
noise is observed on an otherwise quiet specimen. In 
this case the Seebeck noise is partially obscured by the 
increased Nyquist level due to the electrode barrier. 
No attempt has been made in these data to compare 
predicted and observed levels because of the nonlinear 
characteristics of the specimens and the obvious in- 
homogeneous origin of the noise. 

Several undeformed samples having 1/f current- 
noise levels such that by Eqs. (1) and (2) the Seebeck 
noise was below Nyquist noise were examined under 
identical conditions. In every case only Nyquist noise 
was observed. A carbon resistor, for which straight- 
forward application of Eqs: (1) and (2) did not predict 
an observable Seebeck noise (because the thermal emf 
was very small) did not yield noise in excess of the 
Nyquist value in the thermal gradient. A commercial 
point-contact diode, type 1N90, exhibited no excess 
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Fic. 4. Seebeck noise spectra of low-noise, nondeformed 
germanium crystals having noisy electrodes. 


thermal noise, even though one was predicted. In this 
experiment, however, the actual temperature differ- 
ential across the contact itself was uncertain. 

The fluctuations in the thermoelectric voltage ob- 
served in these experiments have been termed Seebeck 
noise because of the similarity of the experimental 
conditions to the standard technique of measuring the 
Seebeck emf. However, as already pointed out, it is 
possible to account quantitatively for the results by 
considering only fluctuations in the conduction currents. 
It appears that fluctuations in the diffusion currents, 
which are associated with fluctuations in the Fermi 
level, are negligible compared to the conduction-current 
effects. 

V. SUMMARY 


These experiments show the existence of fluctuations 
in the thermoelectric emf of single-crystal germanium 
which have not previously been reported. The Seebeck 
noise power spectrum has a 1/f character and may be 
quantitatively predicted from current-noise measure- 
ments on the same sample. The noise levels are quite 
low and are observable only on specimens having 
rather high 1/f current-noise levels. The results appear 
to indicate that carrier fluctuations responsible for 1/f 
noise in semiconductors are also the source of Seebeck 
noise. Noisy electrodes on normally quiet specimens 
also result in Seebeck noise, showing the presence of a 
contact effect similar to that observed in current noise. 
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The total yield and the kinetic-energy distribution have been measured for electrons ejected from both 
atomically clean and gas-covered tungsten surfaces by impact of Lit and Cs* in the kinetic-energy range 
150 to 1500 ev. The results indicate that the probability of kinetic emission becomes vanishingly small, 
~10~, in the vicinity of 150-ev ion kinetic energy and increases to 6.210 and 1.2107 at 1500 ev for 
Lit and Cs*, respectively, when the tungsten surface is atomically clean. The adsorption of a monolayer of 
either Oz or Nz increases the efficiency of this process by at least an order of magnitude below 350-ev ion 
energy, and by a factor of 2 or 3 at energies above some 500 ev. In addition, it was observed that the energy 
distribution of the electrons ejected does not change significantly as the result of such adsorption. An 
attempt to measure the probability of formation of Li~ from Li* striking an atomically clean tungsten 
surface showed that such a process, if it occurs at all, occurs with a probability less than about 2 10-8 for 
Li* incident with 150- to 1500-ev kinetic energy, while negative ions of undetermined constituency were ob- 
served to be formed with a probability of about 2X10~* under the same conditions when the tungsten 


surface was thoroughly contaminated. 


I. INTRODUCTION 


HE ejection of electrons from a metal surface by 
impact of a positive ion can proceed at the expense 

of the potential or kinetic energy of the incident ion. 
To distinguish the two processes, they are termed 
potential and kinetic ejection, respectively. Potential 
ejection from an atomically clean metal surface can 
take place only if the potential energy available for 
neutralization and/or de-excitation of the incident ion 
exceeds twice the work function of the metal, and the 
main features of this process are explained by a semi- 
quantitative theory developed by Hagstrum.! Experi- 
mental investigations of potential ejection by Hag- 
strum*$ support his theory when the metal surface is 
atomically clean, but show unaccountable discrepancies 
if the surface is covered with a monolayer of gas. The 
theory predicts that in those cases in which potential 
ejection is energetically possible, the ejection will take 
place at all ion kinetic energies, but that the efficiency 
is generally a decreasing function of ion kinetic energy. 
Kinetic ejection, on the other hand, is expected to 
increase with increasing ion energy, to be the dominant 
process for all ions with kinetic energies above a few 
thousand ev, and to be the only mechanism in the event 
that the potential energy available in an interaction 
with the metal surface is less than twice the work 
function of the metal. Unfortunately, past investigations 
of kinetic ejection from metal surfaces using alkali 


ions have been made on gas-covered surfaces, and 


* This work was supported by funds from the Office of Naval 
Research. 

t Now at Westinghouse Research Laboratories, Pittsburgh 35, 
Pennsylvania. 

1H. D. Hagstrum, Phys. Rev. 96, 336 (1954). 

2H. D. Hagstrum, Phys. Rev. 104, 309 (1956). 

3H. D. Hagstrum, Phys. Rev. 89, 244 (1953). 

‘H. D. Hagstrum, Phys. Rev. 91, 543 (1953). 

5H. D. Hagstrum, Phys. Rev. 96, 325 (1954). 

6H. D. Hagstrum, Phys. Rev. 104, 317 (1956). 

7H. D. Hagstrum, Phys. Rev. 104, 672 (1956). 

8H. D. Hagstrum, Phys. Rev. 104, 1516 (1956). 


electron ejection from such surfaces has been shown by 
Hagstrum to be significantly different from that of 
atomically clean surfaces.’ The principal objective of 
this investigation was to obtain, in a direct measure- 
ment, quantitative data of kinetic ejection from atomi- 
cally clean metal surfaces using alkali ions, since no 
potential ejection can occur in this case. 

This study was then extended to metal surfaces 
with monolayers of known gases adsorbed on them, 
since it was reported by Hagstrum that such mono- 
layers had appreciable effects on electron ejection by 
noble gas ions, and there seemed to be little correspond- 
ence between the electron yields observed from clean 
surfaces and those reported by others for the same ions 
in the same energy range. In fact, the discrepancies 
among the results of previous investigations could be 
attributed only to surface contamination, and hence a 
determination of the effect of adsorbed gases on electron 
ejection was vital to an understanding of the results of 
this study on atomically clean surfaces. 

The formation of negative ions by positive ions 
striking a metal surface has been discussed theoretically 
by Massey® and studied experimentally by Arnot!®!! 
and others.” Although the binding energy of the 
negative ions formed is a fraction of an ev, it was pre- 
dicted that the incident ion would be capable of re- 
moving an electron from a metal whose work function 
was of the order of a few ev. In addition, the negative 
ions formed in the experimental investigations were 
always observed to possess a considerable fraction of 
the kinetic energy of the incident ion, suggesting that 
the negative ions were actually sputtered off the metal 


9H. S. W. Massey and R. A. Smith, Proc. Roy. Soc. (London) 
A155, 472 (1936). 

F, L. Arnot and J. C. Milligan, Proc. Roy. Soc. (London) 
A156, 538 (1936). 

uF, L. Arnot and C. Beckett, Proc. Roy. Soc. (London) 
A168, 103 (1938). 

2 R, H. Sloane and R. Press, Proc. Roy. Soc. (London) A168, 
284 (1938). 

13. H. Sloane and H. M. Love, Nature 159, 302 (1947). 
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surface in “knock-on” collisions with incident ions, and 
that such a process could not take place if the metal 
surface were atomically clean.“ To verify this con- 
clusion, a study of negative-ion formation by positive 
ions striking a metal surface was carried out. 


Il. APPARATUS AND PROCEDURES 
A. Positive Ion Source 


One of the earliest means of creating an alkali ion 
beam was employed in this investigation, viz., surface 
ionization. Surface ionization has the advantages that 
relatively few substances can be ionized in this way, 
so that control over the type of ion produced is relatively 
easy to establish, and that sizeable ion beams, 10~* amp, 
are created from relatively small surfaces, 1 cm’, at 
extremely low pressures, 10° mm Hg. The principal 
disadvantage of such an ion source is that the metal ion- 
source surface must be maintained at an elevated 
temperature, 1300°K, to prevent the adsorption of 
the alkali metal vapor. Such elevated temperatures can 
be achieved by electron bombardment, conduction 
currents, etc. For the sake of simplicity, conduction 
currents were used in the apparatus to be described; 
this fact caused a potential drop of ~2 ev across the 
ion-source surface which, in turn, placed a lower limit 
on the ion kinetic energy. 

The ion source was a platinum ribbon 35 mm long, 
6.3mm wide, and 0.01 mm thick supported at the 
ends of two tungsten rods sealed to the glass envelope 
of the apparatus. The ribbon was bent so that a central 
section ~20 mm long was inclined at a 45° angle to the 
side tube, while only the thickness of the side sections 
was so exposed as shown schematically in Figs. 1 and 2. 
The effective Pt area intercepting gas molecules entering 
the tube through the side tube was ~0.9 cm*. The 
number of ions created at the ribbon per unit time 
depends on the rate of arrival of various component 
gases in the system at the surface, and the ionization 
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Fic. 1. Schematic diagram of experimental tube employing 
a spherical collector system. 
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efficiency of the ribbon for these various components. 
Before the introduction of Cs or LiOH vapor into the 
system through the side tube, no positive-ion current 
was observed in the system, so that background im- 
purities made a negligible contribution to the positive- 
ion beam used in these investigations. 

High-purity Cs metal and LiOH were sealed from 
the system by glass seals and introduced into the system 
through the side tube. The individual samples of these 
materials had less than 0.05% contamination of other 
alkali metals or their compounds and had been pre- 
viously prepared and sealed off at a pressure of the order 
of 10-° mm Hg. The sublimation vapor pressure of Cs 
at 25°C is about 10-* mm Hg, so that the Cs readily 
diffused into the system after opening the sample. 
The intensity of the ion beam could be varied by 
making relatively small changes in the temperature of 
the side tube. The vapor pressure of LiOH, on the 
other hand, was inferred to be less than 10 mm Hg at 
room temperature, since no ion current could be 
measured when the sample and the side tube were at 
25°C. An appreciable current was not observed until 
the side tube and sample were heated to ~375°C. At 
this temperature, the vapor pressure was estimated to 
be 1X10-§ mm Hg. In making this calculation, it was 
assumed that every LiOH molecule incident on the Pt 
surface was decomposed, and that the Pt had a work 
function of at least 6.0 ev, characteristic of oxygen- 
covered platinum. The basis for this last assumption 
is that the Pt ribbon was not heated above 1400°K, 
while the temperature required to break the oxygen- 
platinum bond is probably higher than this. 


B. Experimental Tubes 


Although three experimental tubes were used in this 
study, the electrostatic lens system used to focus the 
ion beam was the same in all three. This system is a 
modified electron gun and consists of three cylindrical 
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Fic. 2. Schematic diagram of experimental tube employing 
a multiplier as a collector. 





KINETIC EJECTION OF 
Ni electrodes mounted on quartz rods to maintain 
alignment. The optics of the system is such that a com- 
paratively broad source is reduced to a point image." 
The electrodes are shown schematically in Figs. 1 and 2. 
A lower limit on ion kinetic energy of 150 ev was 
established by the fact that the ion source was not an 
equipotential surface as a result of the conduction 
currents used to heat it. From measurements using 
electrons, it was determined that the space-charge- 
limited ion current would be of the order of 10~ amp. 
The currents used in this study were of the order of 
10-* amp, and were not space-charge limited. 

Three different collector systems have been used in 
this investigation. The first was a split cylinder enclosing 
the target, which was used in the measurement of the 
electron yield from tungsten resulting from Cs+ bomb- 
bardment. The results of this study have been published 
earlier,!® and this collector system will not be further 
considered. 

The second collector system consisted of two con- 
centric spheres surrounding the target and is shown 
schematically in Fig. 1. The outer collector was a 0.1- 
mm thick Ni sphere; the inner collector was a grid 
constructed of 0.08-mm Ni wire. The purpose of this 
system was to provide a collector surrounding the 
target that would have a negligible cross section for 
reflected ions from the target, since it was observed that 
more than 10% of the incident ion beam was reflected 
at the target with more than 10% of its initial kinetic 
energy at all values of ion kinetic energy in the case of 
Lit. Electrons were collected at the grid, and positive 
ions were collected at the sphere. After appropriate 
corrections had been made to the measured currents, 
the electron yield could be determined from these 
measurements. 

The third collector system consisted of two accelera- 
ting electrodes separated by a field-free drift space and 
a multiplier to enhance the sensitivity. A weak magnetic 
field could be used as a crude e/m selector to separate 
ions from electrons. The apparatus is shown sche- 
matically in Fig, 2. A series of measurements indicated 
that the multiplier cathode was about three times more 
sensitive to negative ions than to positive ions striking 
the cathode with the same kinetic energy. The main- 
tenance of a constant accelerating potential to particles 
leaving the target assured uniform response of the 
multiplier. The overall gain in sensitivity using the 
multiplier was ~8 X 10%. 

The target was a tungsten ribbon 35 mm long, 6.3 mm 
wide, and 0.01 mm thick. It was mounted at the ends 
of two tungsten rods sealed to the glass envelope and was 
bent so that two right angles were formed, as shown 
schematically in Fig. 1. The central section was 13 mm 
long; it was placed at the geometric center of the col- 
lectors in Fig. 1 or at a 20° angle to the axis as shown 


“uy, K. Zworykin, Electron Optics and the Electron Microscope 
a Wiley and Sons, Inc., New York, 1945). 
>. M. Waters, Phys. Rev. 109, 1466 (1958). 
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schematically in Fig. 2. The tungsten could be rapidly 


heated to 2300°K by conduction currents. 


C. Vacuum System and Gases 


The envelope of the experimental tubes and the 
connecting tubing was constructed of borosilicate glass. 
The experimental tubes were evacuated by a two-stage 
mercury diffusion pump through a trap cooled by 
liquid nitrogen. Even when no OFHC copper was 
present in the system, this arrangement was adequate 
to attain an equivalent nitrogen pressure in the system 
of 2—4X10-" mm Hg as recorded by a Westinghouse 
type WL-5966 ionization gauge. In this connection, it 
should be mentioned that Weissler'’ reports that he 
also has found mercury superior to oil in diffusion 
pumps for such vacua. 

The side tube which was used to admit Cs and LiOH 
vapor into the system was also used to admit nitrogen 
and oxygen at a controllable rate at the same time. An 
Alpert-type all-metal valve was employed as a con- 
trolled leak in this part of the study. Since the leak 
rates required for this investigation were quite small, 
and the torque required to establish this rate was not 
reproducible, a second valve was placed in series with 
the first as a safety precaution when adjusting the leak 
rate. 

The nitrogen used in the study of electron ejection 
from gas-covered surfaces was obtained from a liter 
flask of reagent grade nitrogen prepared by the Linde 
Company. Oxygen samples were prepared from tank 
oxygen by passing the gas through a liquid N» trap and 
then allowing the distilled O2 to evaporate. These 
samples were sealed at a pressure of ~200 mm Hg. 
The purity of the gas layers formed on the target by 
these gases will be discussed in Sec. III. 


D. Procedures 


The apparatus was subjected to two bakeout periods 
of ~18 hours each at 400°C. The interim period between 
the two bakeouts was used to outgas the electrodes. 
The tungsten target was maintained at 1700°K during 


this interval, except for brief ‘“‘flashings’”’ to 2300°K. 


The platinum ion source was given similar heat treat- 


ment using temperatures of 1100°K and 1400°K, re- 
spectively. The final vacuum was independent of 
whether or not the Ni electrodes were heated at any 
time, although it was necessary to heat the spherical 
ion collector to obtain reproducible measurements. The 
heating of this element could be easily accomplished 
by electron bombardment using the target as a therm- 
ionic source. 

At the beginning of the second bakeout period, the 
liquid Nz was removed from the cold trap for approxi- 
mately two hours. This step was called ‘outgassing’ 
the cold trap, and it was observed that a final pressure 


17 G. L. Weissler (private communication). 
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in excess of 2X 10-* mm Hg was obtained at the com- 
pletion of bakeout whenever this step was not taken. 
It was inferred from this observation that the cold 
trap can become a source of gas at pressures of this 
order of magnitude. 

Since one of the principal goals of this study was the 
observation of electron ejection from atomically clean 
surfaces, the final test of the vacuum conditions under 
which the data were obtained has been the adsorption 
of a gas layer on the surface of the tungsten target. 
While a detailed account of this procedure will be given 
in Sec. III, it is pertinent to mention at this point that 
the partial pressure of adsorbable gases in the system 
at the completion of the bakeout cycle was calculated 
to be ~5X10-"'§ mm Hg. The fact that the pressure 
indicated by the ionization gauge was higher than this 
is, on the basis of tests, attributable to the presence of 
He diffusing through the glass from the atmosphere. 
The low partial pressure of adsorbable gases in the 
system at the conclusion of the vacuum technique out- 
lined here is a good testimonial to its effectiveness. 


III. STATE OF THE TARGET SURFACE 


The purpose of this investigation was to study 
electron ejection from metal surfaces which either were 
atomically clean or were contaminated in such a way 
that the surface could be described in terms of a specific 
contaminant. The success of this investigation depended 
to a great degree in this respect on the work of Hag- 
strum®!8 who demonstrated the reliability of this 
method of describing the metal surface. The state of 
the target surface is quantitatively described throughout 
the remainder of this work by the measurement of the 
rate of adsorption of gas on the surface. 

This measurement consisted of observing the rise in 
pressure in the system, Ap, accompanying a rapid 
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Fic. 3. Plot of pressure rise on target flash, A#, vs cold interval, 
At., for background gases in the apparatus just prior to the time 
measurements were taken. Pressure readings are those obtained 
with the ionization gauge calibrated for nitrogen. 


18H. D. Hagstrum, Rev. Sci. Instr. 24, 1122 (1953). 
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heating of the tungsten to ~2200°K ; the gases adsorbed 
on the W surface were liberated at this high temperature 
and their abrupt introduction into the volume of the 
system caused a large rise in pressure which decreased 
as the gases were pumped away. The measured value 
of Ap was, generally, smaller than the real value of Af, 
owing to the finite response time of the meter. The rise 
in pressure was found to be proportional to the length of 
time the target has been at room temperature since the 
previous such heating, Af,, the rate at which various 
component molecules strike the surface, and the inte- 
grated probability that a given molecule will adhere to 
the surface (“sticking probability”). The “monolayer 
adsorption time”’, Af,,, was observed from plots of such 
data as are shown in Figs. 3, 4, and 5, in which Ap is 
plotted as a function of Aé,. It is defined as the time 
required to reach a point on the curve at which the 
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Fic. 4. Plot of pressure rise on target flash, Ap, vs cold interval, 
At, for nitrogen adsorption. The straight line labelled background 
was obtained from measurements taken prior to the admission of 
the Ne into the system. 


curve begins to depart appreciably from its initial 
linear increase. A useful relationship in connection with 
this definition is that pAt,,=10~* mm Hg sec for No, 
which states that a monolayer of nitrogen will form on a 
clean tungsten surface in one second at a pressure of 
1X10-* mm Hg. This relationship provides a useful 
order-of-magnitude estimate for the adsorption of most 
gases on a clean tungsten surface, since the observed 
sticking probabilities are of the order of 0.5 and are 
found to vary with the tungsten sample as well as with 
the gas investigated.” 

At the conclusion of the vacuum procedures outlined 
above, adsorption rate measurements were carried out. 
A representative plot of such data is given in Fig. 3. 
In different runs and with different W targets, similar 
results were obtained; the observed monolayer time 


19H. D. Hagstrum reports that the sticking probability of Ne 
on W varies by 0.2 to 0.6 from sample to sample. This information 
was obtained by Hagstrum from J. A. Becker in a private 
communication. 
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was between 5 and 10 hours in all cases. Since the nature 
of the background gases as well as their associated 
sticking probabilities were unknown, the partial pres- 
sure of such gases can only be estimated. If the back- 
ground gas is assumed to be No, then its estimated 
partial pressure was 1—8X 107"! mm Hg. 

In the adsorption rate measurements, the tungsten 
ribbon was flashed to 2200-2400°K for one minute, 
followed by two flashes of about 10 seconds each one 
minute apart to insure that steady-state conditions 
prevailed before the beginning of the next cold interval. 
A temperature of 2200°K is sufficiently high to remove 
oxygen from tungsten very rapidly,'* and it is assumed 
in this work that any other adsorbed gases were re- 
moved also. The work function obtained in this way 
always agreed well with the accepted value for clean 
tungsten, 4.54 ev. This was regarded as good evidence 
that the surface considered to be clean in this work met 
the accepted standard for a clean tungsten surface. 

Figure 4 shows the result of adsorption rate measure- 
ments taken when nitrogen was admitted into the 
system through the “‘slow leak”’ provided by the valve. 
The monolayer adsorption time was observed from 
these data to be about 8 minutes. The contribution to 
the monolayer by the background gases is indicated by 
the straight line labelled “background”, its slope having 
been determined from data taken just prior to admitting 
the nitrogen. The fraction of the contamination due to 
these gases was estimated to be 1.6%. Assuming that 
the contamination of the source gas was no greater than 
0.4%, it was estimated that the adsorbed gas was at 
least 98% nitrogen for the data taken in this case. 

Figure 5 shows the corresponding curve for the case 
of oxygen adsorption. The monolayer adsorption time 
was observed to be about 16 minutes, so that the con- 
tribution to the monolayer by the background gases 
was approximately doubled. Comparison of the values 
of Ap at At,, in Figs. 4 and 5 shows that the Ap in the 
case of oxygen adsorption is smaller. This is to be 
expected, since the ionization efficiency of O: is 0.85 
relative to No. 

For the data on electron ejection from clean tungsten 
surfaces, measurements were taken within 20 seconds 
after flashing the target. The state of the target surface 
was estimated from the adsorption rate measurements 
taken immediately after opening the sample of ion 
source material, by establishing two or three points on 
the curve and extrapolating these in terms of known 
behavior. In no case was the monolayer adsorption 
time less than 5 hours at the time at which measure- 
ments were taken. The contamination of the target 
surface at this time was estimated by dividing the time 
after target flash by At,,. The upper limit obtained in 
this way was 0.1%, although this figure is slightly low, 
since the pressure was relatively high immediately 
following the flashing, 4X10-*mm Hg, but dropped 
to ~2X10-" mm Hg soon afterwards. It is estimated 
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Fic. 5. Plot of pressure rise on target flash, Ap, vs cold interval, 
At., for oxygen adsorption. 


that the contamination was definitely less than 1% 
at the time at which data were taken. 


IV. RESULTS 


A natural grouping for the results of this investigation 
is afforded by the state of the target surface. Before 
this study was undertaken, kinetic ejection was sus- 
pected to be quite sensitive to surface contamination. 
The results of this study confirmed this hypothesis. 
Since the main purpose was to investigate kinetic 
ejection from clean metal surfaces, the most extensive 
work was done with clean tungsten surfaces, and this 
work became a natural point of departure for studies 
on contaminated surfaces. 


A. Clean Tungsten Surfaces 


The measurements of the electron yield on clean 
tungesten surfaces have been taken using both of the 
instruments described earlier. The contamination of 
the tungsten surface resulting from the adsorption of 
background gases was at least 0.1% and at most 1.5% 
of a monolayer at this time. The data on which the 
curves in Figs. 6 and 7 are based are averages over 
different runs with the ion beam intensity varied 
within each run. The electron yields calculated from 
measurements using the two collector systems agreed 
within the standard deviation of the yields determined 
from measurements using either one for yields greater 
than 0.5%. Below this value the yields determined 
using the multiplier are considered more reliable 
because the standard deviation of the yields determined 
from measurements using the spherical collector became 
quite large. 

Figure 6 shows the electron yield, y;, the number of 
electrons ejected per incident positive ion, plotted as a 
function of ion kinetic energy for Cs+ and Lit. These 
data were obtained using the spherical collector system. 
The dashed curve was estimated from data of Hagstrum 
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Fic. 6. Plot of the electron yield per incident ion as a function 
of ion kinetic energy for clean tungsten surfaces. The dashed line 
representing He*+ was obtained from data given by Hagstrum. 
The curve for Cs* lies below that for Li* throughout the range. 


for He+ on W by deducting the yield estimated to result 
from an Auger process from the measured total yield. 
Since Hagstrum’s data extend only to 1000 ev, this 
curve can be compared to those of Cs+ and Li* over 
only part of the range. It is interesting to note that the 
dependence of all three curves on ion kinetic energy 


appears to have the same general behavior. 

The yield estimated for He*+ cannot be evaluated 
more accurately than 0.5%, so that an uncertainty of 
this order of magnitude is introduced into this curve. 
However, the data in the kinetic energy range 500-1000 
ev should be valid for comparison purposes. The be- 
havior of these curves for very small yields in this work 
is quite uncertain, as indicated, and no importance 
should be attached to the fact that the three curves 
appear to have the same low-energy threshold. In fact, 
Fig. 7 shows that this is not the case at all. The ratio of 
the three electron yields at 1000-ev ion kinetic energy 
are roughly inversely proportional to the square roots 
of the masses of the ions, implying that the efficiency 
of kinetic ejection might depend on ion velocity. The 
curvature of the yield curve negates this hypothesis, 
however. 

Figure 7 is a plot of electron yield vs ion kinetic 
energy, for which the data were obtained using the 
multiplier. It is readily apparent that the electron yield 
is rapidly approaching zero in the vicinity of 150-ev 
ion kinetic energy. The fact that the two curves seem to 
parallel each other is interpreted to mean that the 
same mechanism is operative for electron ejection in 
both cases. Since Fig. 7 is a semilogarithmic plot and 
Fig. 6 is a linear plot, the similarity of the two sets of 
data is not so apparent, but the values obtained for the 
electron yield above 500-ev ion kinetic energy agreed 
within 4% of each other in all cases. It should be noted 
that the electron yield does not appear to have a 
definite threshold according to these data. 
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The kinetic-energy distribution of the ejected elec- 
trons was obtained from measurements of the electron 
current as a function of a retarding potential applied to 
the collector. In order to carry out this measurement, 
it was necessary to correct the meter readings for the 
effects of ions reflected from the target as well as 
secondary electrons produced at the outer collector of 
the system shown in Fig. 2. A series of measurements 
carried out under various potential distributions on the 
two collectors permitted these corrections to be made. 
Figure 8 shows a reduced set of such data for 1000-ev Lit 
incident on clean W. It is readily seen that probably 
two thirds of the electrons have energies less than 5 ev. 
However, since the geometry did not conform to the 
ideal point-to-spheres, it is to be expected that there 
will be more low-energy electrons than is actually the 
case. 

The energy distribution of the ejected electrons, 
Fig. 9, is obtained by differentiating the retarding 
potential curve such as is shown in Fig. 8, except that 
the ordinate in this case is number of electrons with 
energy £, per ev per ion. The dashed curve is given by 
Hagstrum as the contribution to the measured electron 
yield arising from non-Auger processes for 1000-ev He* 
on clean Mo. The similarity in shape of the two curves 
is regarded as good evidence that attributing this yield 
to kinetic ejection is indeed valid, hence confirming 
Hagstrum’s assumption in this respect. In connection 
with this point, it should be stated that the points used 
to establish the curve for He*+ shown in Fig. 6 were 
obtained by integrating such energy distribution curves 
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Fic. 7. Semilogarithmic plot of electron yield per incident ion 
as a function of ion kinetic energy. It is quite evident from these 
data that the yield from Cs* is smaller than that from Lit at 
quite small values of ion kinetic energy. 
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for several values of the ion kinetic energy. The curve 
for 1000-ev Cs+ on clean tungsten differed from that 
shown for Li* only in the fact that the high-energy tail 
of the distribution appeared to be somewhat shorter 
and is not shown. 

It is regarded as quite significant that these energy 
distribution curves are strongly peaked at ~2 ev. If 
kinetic ejection were actually a case of additional 
ionization or excitation of the incident ion with Auger 
neutralization or de-excitation causing the appearance 
of electrons outside the metal, then, in the case of Li*, 
it would be expected that this distribution curve would 
be peaked around 25 ev or more and that the maximum 
energy would be of the order of 65 ev. Since this type 
of curve is not observed, it must be concluded that this 
process does not take place with a very high probability, 
if at all. The fact that some electrons are observed to 
have kinetic energies greater than 10 ev suggests that 
a mechanism invoking thermionic emission is likewise 
fallacious, since this energy would be appropriate only 
for a metal whose local temperature was the order of 
10°°K. From the known evaporation rate of tungsten, 
it is calculated that the portion of the target being 
bombarded would have lasted no more than an hour 
under the conditions of this experiment if such heating 
occurred, whereas it was observed that most of the 
metal was intact at the conclusion of some twenty hours 
of bombardment. Moreover such temperatures are 
contrary to observed sputtering rates for Li on W in 
this energy range. 


B. Nitrogen- and Oxygen-Covered Surfaces 


Oxygen and nitrogen were chosen for the study of 
contaminated surfaces because their adsorption proper- 
ties on tungsten were known.”°?! For the sake of com- 
pleteness, data taken during these studies are presented 
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Fic. 8. Plot of ejected electron current in arbitrary units as a 
function of the retarding potential on the collector for 1000-ev Li* 
incident on clean tungsten. 

%” J. A. Becker and C. D. Hartman, J. Phys. Chem. 57, 153 
(1953). 

21 J. A. Becker and R. G. Brandes, J. Chem. Phys. 23, 1323 
(1954). 
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Fic. 9. Plot of the number of electrons with energy Ex per 
incident ion per ev. The curve for Li* was obtained by differentia- 
ting the curve in Fig. 8. The dashed line for 1000-ev Het on Mo 
was obtained from data given by Hagstrum. 


in two ways: (1) the yield is plotted as a function of 
time after target flash, holding the ion kinetic energy 
fixed, and (2) the yield is plotted as a function of ion 
kinetic energy, holding the time after target flash fixed 
at the monolayer adsorption time. Because of the non- 
linear adsorption characteristic beyond the monolayer 
adsorption time and the fact that only about 50% of 
the available adsorption sites are occupied at this time, 
no attempt was made to correlate time after target 
flash with the percentage of the metal surface that was 
physically ‘“‘covered” at this time. Figures 4 and 5 show 
the adsorption rate measures taken just prior to ob- 
taining the data for these cases. 

The results for 1000-ev Lit as Ny, and O2 were 
adsorbed on the W surface are shown in Fig. 10. 
Because of the difference in the monolayer adsorption 
times, the time scales for the two Cases are shown 
separately, but scaled to approximately the same 
coverage to facilitate comparison. The structure ob- 
served in the case of O2 adsorption between 10 and 20 
minutes after target flash was quite reproducible and 
might be related to preferential adsorption on some 
crystal faces as reported by Becker.” The fact that the 
increase in yield is observed to be less than that in the 
case of N» adsorption might be attributed to the fact 
that O, adsorption is known to result in an increase of 
1.2 to 1.8 ev in work function, whereas the change in 
work function of N»-covered W is —0.5 ev according to 
Weissler” and +0.5 ev according to Mignolet,” but in 
either case is small compared to the change observed 
for O» adsorption. 


* G. L. Weissler and T. N. Wilson, J. Appl. Phys. 24, 472 (1953). 
3 J. C. P. Mignolet, Rec. trav. chim. 74, 685 (1955). 
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Fic. 10. Plot of the electron yield as a function of time for 
nitrogen and oxygen adsorption with 1000-ev Li* incident. The 
two abscissae are used in order that the monolayer adsorption 
times for the two cases more nearly coincide. The symbols O2/W 
and N:2/W are used to denote the curves for oxygen and nitrogen 
adsorption, respectively. 


From the results shown in Fig. 10, it might be 
expected that electron ejection increases over the 
entire energy range as a result of gases being adsorbed 
on the target surface. Figure 11 shows that this is 
indeed the case. The remarkable feature of these 
results is that the dependence on ion kinetic energy is 
not observed to change, but the rapid decrease to very 
small yields shown in Fig. 7 is not observed for the 
covered surfaces. This observation accounts partially 
for the remarkably large yields observed with contami- 
nated surfaces in the past. It is also interesting to note 
that the electron yield for an O.—covered surface is 
always greater than that for a clean surface and always 
less than that fora Ne—covered surface. Determinations 
of the electron energy distribution curves revealed that 
the shape of the curve was unaltered and that the 
magnitude was increased from those determined for a 
clean W surface shown in Fig. 9. 


C. Negative-Ion Detection 


The primary purpose of the device shown in Fig. 2 
was to measure the probability of formation of negative 
ions from positive ions striking an atomically clean 
metal surface. Sloane” reports observing such a process 
from Ni surfaces on which the degree of contamination 
by Li, Li,O,™ and other substances cannot be known as 
the background pressures were never less than 10~* mm 
Hg, and the Ni surface was never properly outgassed. 
The use of Li* ions for this investigation was thus con- 
sidered to provide an adequate check on this process. 
A multiplier was incorporated into the collector of this 
apparatus, because it was suspected that this process 
in the case of atomically clean surfaces should be 


% Tn fact, Sloane reported observing LiO in his study. 
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Fic. 11. Plot of the electron yield as a function of ion kinetic 
energy for Li* incident on clean tungsten, denoted W, tungsten 
covered with a monolayer of oxygen, denoted O2/W, and tungsten 
covered with a monolayer of nitrogen, denoted N2/W. The persis- 
tence of significant yields on this scale for the covered surfaces at 
low values of the ion kinetic energy is especially noteworthy. 
(Compare with Fig. 7.) 


nowhere near as probable as the one part in 10‘ reported 
in earlier investigations. 

The first measurements beyond the initial calibration 
were to ascertain whether or not negative ions appeared 
if the bombarded metal surface were “dirty.” In this 
study, the system was opened to the atmosphere and 
then re-evacuated and baked out. The tungsten surface, 
through exposure to air and subsequent heating to 
350°C in the bake-out vacuum, appeared to be thor- 
oughly oxidized at the beginning of ion bombardment. 
When the magnetic field deflecting the electrons was 
applied, a residual current to the cathode of the 
multiplier could be measured when the target was 
bombarded with Li in the range of 150 to 1500 ev. 
Previous measurements had shown that no electrons 
reached the cathode of the multiplier when the mag- 
netic field was applied and that the fraction of the ions 
leaving the target which arrive at the multiplier could be 
determined within a factor of two from reflected posi- 
tive Li ions. From the data, it was concluded that the 
probability of negative ion formation was of the order 
of 10-* for this case. This value is in agreement with 
past observations when no precautions are taken to 
insure atomically clean metal surfaces. When the 
current to the anode of the multiplier was measured to 
determine the gain of the multiplier for these negative 
ions, it was found that the multiplier was about three 
times more sensitive for detecting negative ions than 
reflected positive Li ions, using 1500-volts accelerating 
potential between the target and the cathode of the 
multiplier in both cases. 

This observation proved that the apparatus could 
detect negative ions and that such negative ions are 
liberated from contaminated metal surfaces. The ions 
observed in this study were probably O~ on the basis of 
the treatment of the W target. The number of electrons 
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per incident negative ion at the cathode of the multiplier 
for the case of Li- might be expected to be even greater 
than the negative ions in this case, since Li has a smaller 
binding energy for the extra electron than O-, 1.45 ev, 
compared to 0.5 ev for Li-. 

The dynodes of the multiplier were evnanied on two 
mica insulators which continued to evolve adsorbable 
gases in the vacuum system after six weeks of pumping 
and baking out. The vacuum conditions achieved in this 
apparatus were consequently not equal to those achieved 
in the other apparatus. The observed monolayer ad- 
sorption time was about 40 minutes instead of the 
minimum 5 hours in other parts of this study. The data 
obtained under these conditions and attributed to be 
characteristic of an atomically clean metal surface 
actually pertain to a surface covered with 1 to 1.5% 
monolayer of the background gas. As can be seen from 
Fig. 10, this amount of coverage is a negligible factor 
in electron ejection at ion energies in the vicinity of 
1000 ev, and presumably at lower energies also. 

The measurements pertaining to the formation of 
Li ions from Li* ions striking the tungsten target were 
carried out within 20 seconds after the flashing of the 
target. The kinetic energy of the incident ions was 
varied from 150 to 1500 ev, but a current to the anode 
of the multiplier was not observable. From this observa- 
tion, the probability of formation of Li- ions from Lit 
ions striking an atomically clean metal surface was 
computed to be less than 2X 10~* within a factor of 2 


V. CONCLUSIONS 


These studies of bombardment of atomically clean 
tungsten surfaces by Lit and Cst whose kinetic energies 
range from 150 to 1500 ev indicate that ejection of elec- 
trons from such surfaces takes place by what is termed a 
kinetic emission process well below the threshold for the 
process discussed by Sternglass.* This process is quite 
different and distinct from the process described and 
discussed by Hagstrum.'? which is an Auger process 
and general termed potential emission. Up to this time, 
only the work of Hagstrum has indicated that such 
kinetic emission can take place at clean metal surfaces. 
The yield curves observed for this process for Cs* and 
Li* rose from 2.4X10~® and 6.1X10-* at 150 ev to 
1.4X 10 and 6.210 at 1500 ev, respectively, yield- 
ing curves whose dependence on ion kinetic energy 
follows no simple power law. (See Fig. 7.) The curves 
are in sensible agreement with those for Het of Hag- 


26 E. J. Sternglass, Phys. Rev. 108, 1 (1957). 
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strum, indicating the validity of his inference. Agree- 
ment is also shown for the energy distribution curves 
for 1000-ev He* and Li* ions incident, implying that 
this process does not depend strongly on the type of ion 
bombarding the metal surface. 

The addition of monolayers of N2 and Os: to the 
tungsten surface increased the efficiency of this process 
by a factor of 2 or 3 at ion energies above some 500 ev 
without changing the shape of the energy distribution 
curves. At 150 ev, however, the electron yield can be 
seen to be increased by about 3 orders of magnitude by 
such adsorption (compare Figs. 7 and 11). These ob- 
servations on monolayers of known gases make reason- 
able the observations of much enhanced yields from 
this process by alkali ions on contaminated surfaces in 
earlier studies. They also partially confirm Hagstrum’s 
conclusions that, on the addition of a monolayer or 
more of gas, the mechanism of potential ejection is 
altered yielding different electron energy distributions 
and emission coefficients of a lower magnitude which 
are more strongly dependent on ion kinetic energy. 

The investigation of negative-ion formation strongly 
supports the predictions of Loeb" that this process does 
not take place if the metal surface is atomically clean 
and that observations in the past of negative ion forma- 
tion from positive ions striking a metal surface were 
actually the result of the sputtering of negative ions 
from the surface. Additional confirmation of this hy- 
pothesis is found from the fact that negative ions were 
observed if the metal surface was contaminated. While 
it is not justified to assume that this process does not 
more generally take place at a clean metal surface on 
the basis of the evidence presented here, there is con- 
clusive evidence that the adsorbed contaminants are the 
principal source of such negative ions observed in the 
past and that the number of negative ions produced 
by an interaction with the metal surface appear in this 
instance to be negligible compared to the number pro- 
duced by interactions with the gas layers adsorbed on 
‘the surface. 
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It is shown, in connection with a recent experiment, that it is impossible, in principle, to detect excited 
states of positronium within a solid or diffusing out of a solid. An experiment is proposed which would 
decide directly whether ground state positronium may be formed in a solid. 


N a recent issue of this journal,! Brock and Streib 
have reported an unsuccessful attempt to detect 
the Lyman a line of positronium, by looking for the 
positronium atoms diffusing out of solid targets sub- 
jected to positron bombardment. We wish to point out 
in this note that the negative result of this experiment 
was to be expected and contains no information regard- 
ing the existence of positronium in these solids. We 
also suggest a possible way to decide this question. 
Consider first the Au target used by these authors. 
Assuming that positronium is formed in the 2P state, 
it would decay rapidly to 1S, via Auger transitions 
involving conduction electrons. Unlike the inverse 
process which is forbidden, this process is little inhibited 
by the exclusion principle. We have calculated the 
cross section oq for direct scattering events of this type, 
in the Born approximation. The calculation is straight- 
forward and without quoting any detailed expressions, 
we simply state that for 5-ev positronium atoms,’ (i) 
all electrons in the conduction band are energetic 
enough to participate, the final momenta in a scattering 
event being confined to a solid angle, defined by the 
Fermi energy and the initial electron energy; (ii) for 
an electron initially at rest ¢g= 14.77’, where a is the 
Bohr radius of positronium; and (iii) the variation of 
the quantity ov, averaged over the directions of initial 
motion, is insignificant over the entire band, »v being 
the relative speed of the two particles prior to impact. 
Hence if o is the total de-excitation cross section, 
including exchange, the lifetime 7 of the 2P state is 
given by r!=v0N > }004N which leads to r<1.2X10~"* 
sec. Here N is the electron density (5.9 10” cm~* for 
Au) and the inequality is obtained by using the fact 
that o>4o2. We can visualize the process by defining a 
“conversion length” L=7X (positronium velocity), 
which turns out to be of the same order of magnitude 
as the linear extension of the positronium atom. It is 
manifest then, that even for a large (~10~* cm) mean 
free path for elastic scattering, the escape of excited 
atoms from the target would be highly unlikely. 
Turning now to the case of amorphous targets, we 
remark that even if the search for the optical line had 


* Work done at the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the joint program of the Offices of Naval Research 
and the U. S. Atomic Energy Commission. 

1R. L. Brock and J. F. Streib, Phys. Rev. 109, 399 (1958). 

2 This is the initial energy estimated by the above authors. 


not been prohibited by the strong fluorescence, observed 
by these authors, the result would still have been 
negative. The lifetime against collisional de-excitation 
in such materials has been estimated by Wallace’ who 
finds r~10~"* sec. Thus an optical line emanating in 
the target itself would be broadened beyond recognition, 
and escape of excited atoms would again be quite 
unlikely. 

We conclude by proposing an experiment that should 
decide directly whether positronium is formed in solids 
or not. The necessity for such an experiment ‘is clear. 
Positronium cannot be detected by magnetic quenching 
of its *S(m=0) substate,‘ in solids like metals and semi- 
conductors, where rapid electron exchange is operative. 
Also, as explained by Ferrell,® the failure of Madansky 
and Rasetti® to detect thermal positrons diffusing out 
of solids, does not constitute any evidence for posi- 
tronium formation. 

We have seen above that, if formed, positronium 
atoms would diffuse out only in the ground state. 
With the usual experimental setup for observing 
annihilation radiation,! one should therefore measure 
(preferably the 3y) coincidence counting rate as a 
function of the normal distance above a plane source 
target assembly of the type used by Brock and Streib.!:7 
We suggest the 3y rate rather than the 2y rate, since 
the former originates in the longer lived triplet state. 
Positronium atoms in this state would diffuse out 
farther.’ No confusion need arise with ‘‘free annihila- 


3P. R. Wallace, Phys. Rev. 100, 738 (1955). 

4 See, e.g., M. Deutsch, Progress in Nuclear Physics (Butter- 
worths-Springer, London, 1953), Vol. 3, p. 131. 

5R. A. Ferrell, Revs. Modern Phys. 34. 308 (1956), note added 
in proof p. 325. 

6 L. Madansky and F. Rasetti, Phys. Rev. 79, 397 (1950). 

7 Maximum effusion of (triplet) positronium will take place for 
target thicknesses no more so a few diffusion lengths (~10~4 
cm in Au for positronium speed of 108 cm sec™'). Since single 
passage through such a thin target would not suffice to moderate 
enough positrons to energies suitable for capture, use of a magnetic 
cycling device is desirable. See references 1 and 8. 

8It should be mentioned that a somewhat similar diffusion 
experiment was tried unsuccessfully by Pond, in an attempt to 
get beams of positronium in vacuo [T. A. Pond, Ph.D. thesis, 
Princeton, 1952 (unpublished) ]. However, as Pond himself has 
noted in the thesis (p. 61), his data were not sufficient to decide 
whether positronium was formed in a gold-collodion film or not. 
The procedure we propose is more likely to give a conclusive 
answer, in that it has a few distinct advantages over Pond’s 
method. For example, (i) a large portion of the annihilation 
region is scanned; (ii) use of a triple coincidence device would 
cut down the background arising from random time coincidences 
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tions” involving secondary electrons from the target, 
since this effect—if present at all—can be easily 
quenched by a uniform electric field. 


and from Compton scattering from one detecting crystal to 
another (see Pond’s thesis, p. 55). 
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The anisotropy energy in MnF; is calculated by a spin-wave method. The magnetic dipole interactions 
and the interactions of individual ions with their surrounding crystalline fields give the anisotropy energy 
of —4.9X 10° erg/cc at 0°K. The experimental value extrapolated to 0°K by Foner is —5.0X 108 erg/cc. 
The temperature dependence of the anisotropy energy is obtained as Ean(T)/EZan(0)=[M(T)/M (0) FP, 
where E,,(T), M(7) are the anisotropy energy and the magnetization of the sublattice at T°K, respectively, 
and E,2(0), M(0) are the corresponding values at 0°K. 


I. INTRODUCTION 


HEORETICAL studies of the temperature de- 

pendence of ferromagnetic anisotropy energy in 

a cubic crystal have been given by Van Vleck,’ Zener,’ 

Keffer, and Kasuya.‘ Keffer, especially, explains the 

relationship between the nearest-neighbor quadrupole- 

quadrupole coupling theory of Van Vleck and that of 
Zener by means of the spin-wave approximation. 

In an antiferromagnetic substance, the situation is 
similar to that of ferromagnetic substances in the 
classical theory. But in the quantum-mechanical 
treatment, there is some difference between ferro- 
magnetism and antiferromagnetism. This makes the 
temperature dependence of the antiferromagnetic 
anisotropy energy differ from that of the ferromagnetic 
anisotropy energy. Recently the anisotropy energy has 
been observed in several antiferromagnetic substances. 
In this paper, the anisotropy energy at 0°K will be 
calculated and the temperature dependence of the 
anisotropy energy in MnF, will be discussed by the 
spin-wave method. 


II. ANISOTROPY ENERGY IN MnfF, 


Mnf; is a typical antiferromagnetic substance with 
a Néel temperature of 68°K. The magnetic anisotropy 
energy in Mnf; is evaluated from measurements of the 
magnetic susceptibility’ and the antiferromagnetic 


* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

¢ On leave from Tokyo University of Education, Tokyo, Japan. 

1J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 

2. Zener, Phys. Rev. 96, 1335 (1954). 

3F. Keffer, Phys. Rev. 100, 1692 (1955). 

4T. Kasuya, J. Phys. Soc. Japan 11, 944 (1956). 

5 J. W. Stout and M. Griffel, J. Chem. Phys. 18, 1455 (1950) ; 
Ve sae and L. M. Matarrese, Revs. Modern Phys. 25, 338 
(1953). 


resonance.*:? According to Keffer,’ the major part of 
the measured anisotropy in the susceptibility above the 
Néel point in MnF; can be accounted for by magnetic 
dipole interactions, and the remainder is possibly due 
to the interactions of individual paramagnetic ions 
with their surrounding crystalline fields. Further, 
Keffer suggests that the temperature dependence of 
the anisotropy energy in MnF, is proportional to the 
square of the sublattice magnetization below the Néel 
point. His theory is based on molecular field theory; 
on the other hand, we shall consider the temperature 
dependence of the anisotropy energy in MnF, by means 
of the spin-wave approximation. 

The crystal structure of MnF; is of the rutile type. 
The unit cell of Mn*+ ions may conveniently be pic- 
tured as a body-centered cube compressed along the z 
(or c) axis. Lattice parameters, as determined from 
x-ray diffraction, are c=3.3103 A and a=4.8734 A% 
Below the Néel point the spins at the corners of the 
compressed cube are all pointing one way along the z 
axis, while the spins at the centers are pointing the 
opposite way.” 

A strong antiferromagnetic exchange interaction 
exists between a center spin and a corner spin, and there 
may be a weak antiferromagnetic exchange interaction 
between two nearest neighbor center spins (or corner 
spins) ; but, for the sake of simplicity, we shall neglect 
the latter. 

The Hamiltonian of the exchange interaction is 


Hex= |J|XGe §;-S;, (1) 


°F. M. Johnson and A. H. Nethercot, Jr., Phys. Rev. 104, 874 
(1956). } 

7S. Foner, Phys. Rev. 107, 683 (1957). 

8 F. Keffer, Phys. Rev. 87, 608 (1952). 

® M. Griffel and J. W. Stout, J. Am. Chem. Soc. 72, 4351 (1950). 

10 R. A. Erickson, Phys. Rev. 90, 779 (1953). 
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where J/2 is the exchange integral, S is the spin 
operator, and }° (j,k) is taken over pairs between a spin 
j on one sublattice and its nearest neighbors k on the 
other sublattice. 

The second part of the Hamiltonian is the dipole- 
dipole interaction. This is written as 


Haip = pe k 4u?R ie 5(R 2S; : S.-— 38; -R;,S; , R;,) 
+259" Qu? Rij" *(Ryj?S;-Sj— 38; -RyySy- -Rjy) 
+>): Ke Qu? Rex *(Riv?Sz Sy 

— 38, -RixSy- Rix), ‘(2) 


where yw is the Bohr magneton, Rj, is the distance 
between spins j and k, and }°;, ;’ (or °x,x’) are taken 
over pairs between a spin j (or k) and its neighbors 7’ 
(or k’) on the same sublattice, and >°;,; is taken over 
pairs to neighbors & on the other sublattice. 

Although the orbital angular momentum is quenched 
in the Mnt+ ion, Abragam and Pryce" derive an 
anisotropy energy due to coupling of the (3d)°*®S 
ground state with the (3d)*(4s) *D state via the com- 
bined action of the crystalline potential and the 
magnetic spin-spin interaction between pairs of elec- 
trons in an ion. The Hamiltonian of this type of the 
anisotropy energy can be written as” 


H.=DOj(S°+D Ei(Si), (3) 


where D is a constant and its numerical value is ap- 
proximately —0.012 cm™ as estimated by Keffer.’ 
Recently it has been reported that the Mn** ion is 
not completely quenched because of a partial electron 
transfer to the Mn** ions from nearest F~ ions. The 
contribution to the anisotropy energy from this effect 
is not known, but it is a possibility that (3) contains it, 
because the numerical value of D was obtained semi- 
empirically. 
Following Kubo," we define 


Sit = (25) 1b ,* fy, 

Si-= (25) 4 fabs, 

S,7= —S+),*h;, 
fu=(1—by*bs/25)}, 


Sj+= (28) 4f,aj, 

S;-= (2S)4a;* f;, 

S=S—a;*a;, 
f;=(1-—a;*a;/2S)}, 


(4) 


where a;* and b;,* are creation operators and a; and }, 
are destruction operators of spin deviations. We 
substitute (4) into (1), (2), and (3) and then expand 
in descending powers of S; and, at first, we consider 
all terms to order S. This is equivalent to neglecting the 
terms of third order or higher in the spin deviation 
operators, a;, a;*, b,, and 6,*.'® Although we could 


1A. Abragam and M. H. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 

2K. Yosida, Progr. Theoret. Phys. (Kyoto) 6, 691 (1951). 

13 R. G. Shulman and V. Jaccarino, Phys. Rev. 103, 1126 (1956). 

14 R. Kubo, Phys. Rev. 87, 568 (1952). ; 

15 Since S is equal to $, this expansion is a good approximation. 


TAKEHIKO OGUCHI 


obtain the eigenvalue of H.x+Haiy in the spin-wave 
representation as Ziman!® did, we shall neglect some 
terms in (2) which vanish by crystalline symmetry as 
far as the zero-wave-number spin waves are concerned 
and as a result do not contribute to the anisotropy 
energy in the approximation which we will use later. We 
introduce the Fourier transforms of a;, a;* and b;, b,*: 


a;= (2/N)* >>) aye, 
a;*= (2/N)* >) ay*e™, 


bi= (2/N)* Da dre™, 


b,*= (2/N)} ya byte, (S) 


where \ is the wave number which refers to the re- 
ciprocal lattice of the sublattice, so that \, and \, take 
(N/2)* values from —7/a to 2/a, respectively, and }, 
also takes (V/2)! values from —2/c to m/c. 

In order to eliminate the interactions between \ and 
—X, we define the new operators as follows: 


a4.= (1/V2)(a,+a_,), 


é 6 
bsx= (1/V2) (8, FB »), ( ) 


and similarly for a4,* and 0b,,*. For \=0, we must 
define do=ao and bo= 8». These transformations are 
defined only for the positive half-space of A, i.e., 
—m/a<drKm/a, —2/a<dy<m/a, O<A,< a/c. Fur- 
thermore, we introduce real operators as follows, 


a.=$lgtnti(prtsy) ], 
a*=3[gtn— i(prt+sy) ], 
Bx=43La.—n+i(pr—sa) ], 
By*=$3[g.—1n—i(pr—sy) ]. 


Thus the Hamiltonian can be written as 


H=—}3Nz|J|S(S+1)(1+0+47)+4s|J|S 
XUM Mant 048+ (H*4—H,**) Jo? 
+1 F yt O+6+Wy\FF (W)F¥— WF) lp? 
+ [1 Frat 0467+, t+ (W,Fv— W)**) Ir)? 
+[1ty.+ O0+6:4+ 0+ (Y)+1— +7) ]5,2}, (8) 


where z is the number of the nearest neighbors and 


B= — (4y?/2|J |) oy Rig *(Ryj?— 32,5") 
— Lie Ry *(Ry?—3Z 5°) ], 
WF = — (2u?/2| J | Dy» Rig *(Ryj?—3Z 557) e Bis" (9) 
Die Ri (Rj? —3Z;2)eP#], 
@=— (2D)/(z|J]), 


Yx=cos}a,z costar, costed, 


and similarly for 7, &¥, ¥,+*, and ¥)*¥, The + or + 
signs in (8) mean that the upper signs are used for the 
positive half-space of \ and the lower signs are used for 
the negative half-space of X. 

Finally we introduce the following operators, Ay, Ay*, 


16 J. M. Ziman, Proc. Roy. Soc. (London) 65, 540 (1952). 
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By, and B,*, defined by: 


Frnt O+O UF T 


Llty,+04+674+V),2*+V) +74 


‘} (A,+A)*), 


tn toto theetteyt : 
——} (A,—Ay®, 
DL Fy t+ O+O WF EHF, 


(10) 


pistyat O4-+-9) F921 
(B,+B,*), 


} LF y+ 046240, 740,70 


LF y+ O+O +O FLW Fe 


; —B,*), 
VIL 1 y+ O46!) 2F +27, 








where 
Wt7v=Y,tv—p,t* (11) 


and has the property that lim,.~%,+*¥=0 by the 
crystalline symmetry. The diagonalization leads to the 


eigenvalues 


E=—4N2|J|S(S+1)(1+0+67)+4s|J|/S 
XY al 1— 2+ 204 26'+ (Wy +)-*) 
+ (Wt79—.-79) 4-9, (Wy*— yt) 
—yn (Wyte +W)-7¥) ]8(2m+1)+[1—-7?+20 
+ 267+ (Wy\t#+V)-*) — (Wy) t29— WF) 
+9 (81-2— Fat) +7 (Pato9-+8,-29) 
X (2my’+1)}, (12) 


where 2,=A)*A, and m,’=B,*B, are the number of 
antiferromagnetic spin waves. 

From (2) and (3), the part of the Hamiltonian which 
contains only the anisotropy energy is written as 


Han= Hoan + Aan + Han (13) 
where H,,, does not contain the operators (10) (the 
terms of order S*), while H,,“ contains the quadratic 
terms of the operators (10) (the terms of order S). In the 
spin wave representation the diagonal terms of H,, 
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and H,, can be written 


En = —3N2} J|S(S+1)(O0+47—®7), (14) 


Ex =| J|S()E(1—12)4 


+22|J|Svo dox(1—yn2-+ 2m), (15) 


where by (v,) we mean average over \, and 


2uy = 20+ 267+ (Wy +7+0)- 
2n=20-+26'— 2* +4, 
—y(Wyt?—Vy 


"+(x *— Fx"), 
2 pyt z_W)-2 


Coy Sy). (ap 


Ew. is the diagonal terms of order S°®, because they 
will be useful later,!? but we do not write the detailed 
form. Since 0, 6, and W)* are of the order of 10-* we 
neglected terms involving their squares in the derivation 
of (15); also in the first term of (15), 2a), in the de- 
nominator was neglected and 2 in the numerator was 
replaced by its average, (v,), since both of them are 
much smaller than 1 and the term A=0 does not con- 
tribute to the summation. In the second term, # and 2 
were replaced by uo and v, respectively, because this 
term contains ”, so that the major contribution to the 
summation comes from AX0. 
The magnetization of the sublattice is, in the same 
way, 
M(T)=M(0)+AM, (17) 
M (0)=Nu(S+3)—u DLa(l—y")4, (18) 


AM = — 2p Sy my (1—yx2+ 2u0)-4. (19) 
Equation (19) can also be written as,'® 


AM=—[4NukT (2uo)!/x?s| |S] 


X E} Ki(ns| J | S(2u0)*/RT)/n, 


n=] 


(20) 


where K, is a Hankel function. Using (14) to (19), we 
can eliminate the term }>-) ,(1—)?+2u)~4, obtaining 
the following formula (in this formula, we include all 
terms of order S and S°): 


']—A}[1-—M(T)/M(0)] 





1— Fan(T)/Ean(0) = 


(21) 


(S+1)(O0+4*—47)— 2(r)N— ¥(1—y2)-? 


where the term A is of the order of S° and is composed 
of many terms which come from E,,°. Equation (21) 
gives the dependence of the anisotropy energy on the 
magnetization and should be valid at low temperatures. 


III. NUMERICAL EVALUATION AND COMPARISON 
WITH THE EXPERIMENTS 


In order to get the numerical value of the coefficient 
of [1—M(T)/M(0)] on the right-hand side of (21), 





we can replace the summation over the wave numbers 
in (21) by an integration over A, namely," 
17Tn deriving Ean, we used the Taylor expansion 
f=(1—n/2S)}=1—n/4S--- 
If we put f=Z,-0cn*, we obtain f=1—0.146n+0.093n?- --. 


The difference between these two expansions is not of serious 


importance in our case. 
18 J, A, Eisele and F. Keffer, Phys. Rev. 96, 929 (1954). 
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a eee 


Xcos(ad,/2) cos(cd,/2) P}-'drdr dr, 


= (2x)- fff {1—[cos(A1/2) 


X cos(A2/2) cos(A3/2) P}~'dArdrodA3 
= (N/2)1.15. (22) 
The exchange integral is evaluated as z| J| = 4.24 10-" 
erg from the perpendicular susceptibility X,= 24.4 10-% 
per mole.” The lattice sums in ® have been calculated 
by Keffer: 
(6/N)du Ro Lia geil 
(6/N)Uy R (255° — X jy?) =9.25. 
Thus we obtain the Buns values, 
@*—$7=1.45X10,  (»)=1.61K10~, 
©O=0.11X10*, = %) =2.28XK10, 
=0.64X10-? 


(23) 


(24) 


Substituting (22) and (24) into (21), 
1— E,yn(T)/ Ean (0) =2.9[1—M(T)/M (0) ], 


we get 
(25) 
or approximately, 

Ean(T)/Ean(0)=[M (T)/M (0) }°. (26) 


If we tentatively assume that 5S is infinite and that the 
Hamiltonian of the anisotropy energy does not contain 
cross terms in the spin operator, as H, in (3) does not, 
then the numerical value of the coefficient in (25) will 
be 2 instead of 2.9. This is the limiting classical case 
of no correlation between neighboring spins (molecular 


field approximation). On the other hand, if we assume 
that S is infinite and that the Hamiltonian of the 
anisotropy energy is only the dipole-dipole interaction 
Haiy in (2), then the numerical coefficient in (25) will 
be 3. This is the classical case of complete correlation 
between all spins, because the major contribution to 
the excitation energy comes from the spin wave of \=0. 

From (14) and (15), we can obtain the anisotropy 
energy at 0°K as follows: 


E,n(0) = — (N/2)2! J| S(S+1)(0+4:—67) 
+2] J|S(2)>>\(1—y?)-# 


= —4.9X 10° erg/cc. (27) 


According to the molecular field theory,* E,,(0) is 
—5.2X10° erg/cc. The close agreement between the 
spin-wave theory and the classical theory is caused by 
the fact that the increase of the absolute value of the 
first term in (27) as compared with the classical theory 
is almost canceled by the second term which comes 
from the zero-point energy of the spin wave. 

Antiferromagnetic resonance in MnF, has been 
observed by Johnson and Nethercot® and by Foner,’ 


19 H. Bizette and B. Tsai, Compt. rend. 238, 1575 (1954). 
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TABLE I. 


1—M(T)/M(O) 
Jacee arino-Shulman Eisele-Keffer* 


0.000063 0.00010 
0.00216 0.00285 
0.00735 0.0073 
0.0107 0.0105 
0.0123 


0.0122 
0.0243 0.0200 


ie 

4.22 
10.2 
13.95 
16.0 
17.0 
20.4 


® Numerical values were calculated by F. Keffer (unpublished). 


and the anisotropy energy at 0°K is given by Foner 
using the theory of Keffer and Kittel.*° His experimental 
value is 


Fy, (0) = —5.0X 108 erg/cc. (28) 


This lies midway between the values obtained by the 
spin-wave theory and the classical theory. 

In addition, Foner’ gives the temperature dependence 
of the anisotropy energy in the same experiment. The 
experimental values are in good agreement with the 
molecular field theory over a wide temperature region.” 
On the other hand, Jaccarino and Shulman” obtained 
the temperature dependence of the magnetization of 
the sublattice by observing the nuclear magnetic 
resonance of a fluorine ion. Their result is in reasonable 
(though not detailed) agreement with the result of the 
spin wave theory'® at low temperatures, as shown in 
Table I. 

Any attempt, at present, to get from po pn ' 
value of the exponent in F,,(T)/Eu(0)=[M(7 
M(0)]" is not too meaningful, because of the led 
random scattered values of E,,(7). However, a value 
of n>2 seems required by Foner’s data, because his 
observed values of wn=o(T)/wn—0(0), which corre- 
sponds to {Eun(T)/Ean(0)}# or to {M(T)/M(0)}"?, 
are smaller than M(T)/M(O) obtained by Jaccarino 
and Shulman. Until more accurate measurements of 
E,,(T) are available, we cannot get a correct value of 
n to be compared with the theoretical formula (26). 
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2 F, Keffer and C. Kittel, Phys. Rev. 85, 329 (1952). 

a oe to molecular field theory, Z,.(7) is proportional 
to [Ma(T) , [Mz(T) is the magnetization obtained by using the 
Brillouin function], and wyo(7) (antiferromagnetic resonance 
frequency without external field) is proportional to [Ean(T)}}; 
the latter statement holds because, according to reference 20, 
won .o/y= (2H eH a)#=[2(AM) (Ean/M) }}= (24Ean), where d is a 
constant. Foner observed that w#~ is proportional to M,(T). 
This shows that the experimental values can be explained by 
molecular field theory under the assumption that M2(7) is a good 
approximation for the magnetization. However, the Mz curve 
disagrees with the magnetization curve observed by Jaccarino 
and Shulman.” We do not know the reason why wy~0(T)/wH.0(0) 
is in good agreement with Mg(T)/M (0) over a wide temperature 


region. 
2 V. Jaccarino and R. G. Shulman, Phys. Rev. 107, 1196 (1957). 
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The thermal transformation of F centers into colloid has been observed in NaCl. The transformation 
occurs with constant integrated absorption cross section. The shape of the band depends upon the 
temperature at which the colloid is formed. A theory of the colloid band based upon the free electron model 
of the alkali metal and Mie’s theory of the absorption of light by conducting spheres is presented. The 
theory makes assertions concerning the integrated absorption, maximum absorption, band width, and 


band position which are compared with experiment. 


INTRODUCTION 


LKALI halide crystals colored by an excess of 

alkali metal may exhibit a great variety of optical 
absorption spectra, depending upon the manner of 
preparation and subsequent treatment of the sample. 
The absorption bands are in turn attributed to various 
color centers in the crystal arising from the presence of 
the excess metal. Two classes may be distinguished. In 
the first class are all the familiar electron centers which 
have been dignified by names: F, R, M, etc. These 
centers have the common feature that each consists of 
an electron which has become detached from its 
parent alkali metal atom and has been trapped at a 
lattice defect. It is the nature of the trap which deter- 
mines the optical properties of the resultant center. 
The alkali metal ion assumes a normal lattice position 
at a vacant lattice site. In the present work only F 
centers are of any importance. All other members of 
this class are present in such small numbers as to play 
no role whatever in the phenomena to be discussed. 
Another class of color centers exists. This class consists 
of electrons trapped on alkali ions to form neutral 
metal. An enormous variety of possible centers of this 
type exists, ranging from single atoms of alkali metal 
lodged at irregularities in the lattice, up to actual 
macroscopic pieces of included metal. There are no 
known individual members of this class, first, because 
such a great variety of centers of this type may be 
present in any given sample, and second, because all 
members of this class seem to have similar and overlapp- 
ing absorption bands. Because of the anonymity of the 
individuals, the entire class is grouped together and 
referred to as a colloid. No exact particle size is implied. 
It is a remarkable fact that the colloidal centers as a 
whole do possess a well-defined and regular absorption 
band. The present paper is devoted to a study of this 
band. 

The early literature concerning colloids in alkali 
halides has been reviewed by Seitz! and by Przibram.’ 
Only the most pertinent points need be discussed here. 
It has long been known that F centers and colloidal 


1F, Seitz, Revs. Modern Phys. 26, 7 (1954). 
2K. Przibram, /rradiation Colors and Luminescence (Pergamon 
Press, London, 1956), p. 85. 


particles can coexist in the same sample, and that the 
F centers can be transformed into colloidal particles 
by heat. Siedentopf,* in one of the earliest observations 
on additively colored crystals, observed the thermal 
transformation from the yellow color characteristic of 
the F centers in NaCl, into the blue coloration associated 
with the colloid. With sufficiently long annealing times 
the particles of metal became visible under the ultra- 
microscope. Savostianova‘ applied the Mie theory® of 
absorption and scattering of light by metal spheres to 
the colloidal particles in additively colored NaCl. 
The good agreement she obtained between the theoret- 
ical and experimental values of the wavelength for 
maximum absorption supports this application of the 
Mie theory, as well as the identification of the colloidal! 
particles as sodium. Scott® has shown that the equilib- 
rium between F centers and colloid may be likened to 
that which exists between a solution and its vapor. 
Here the F centers play the part of the vapor. The 
colloidal particles are large enough to be treated as a 
separate phase. From the insensitivity of the F center 
concentration to total concentration of excess alkali 
metal Scott set a minimum size of 10 atoms for the 
colloid particles. Moreover, since the electron micro- 


scope showed no trace of metal, Scott concluded that 
the particles must contain less than 1000 atoms. We 
shall mention later an interesting corroboration of 


Scott’s estimate. Since the particles are very small, 
Scott used the limiting form of Mie’s theory for particles 
of small diameter to predict the wavelength of maximum 
absorption. Using modern values of the optical constants 
of sodium and potassium Scott obtained agreement with 
experiment within the uncertainties in the optical 
constants employed. Scott and Smith’? compared the 
strength of the colloid band absorption with that of the 
F band using Smakula’s equation.* They found that the 
colloid band absorption was “‘very much greater” than 
that of the original F band. This is in disagreement with 

3H. Siedentopf, Physik. Z. 6, 855 (1905). 

4M. Savostianova, Z. Physik 64, 262 (1930). 

5G. Mie, Ann. Physik 25, 377 (1908). 

§ Scott, Smith, and Thompson, J. Phys. Chem. 57, 757 (1953). 


7A. B. Scott and W. A. Smith, Phys. Rev. 83, 982 (1951). 
8 A. Smakula, Z. Physik 59, 603 (1930). 


1067 





1068 WILLIAM 
the findings of Miescher® who used the same criterion 
and found that for small colloids in NaCl the two 
bands were of equal strength. This question will be 
examined here experimentally and theoretically. 


EXPERIMENT 


The transition from F centers to colloid has been 
observed in NaCl. This material was chosen because the 
well-known difficulty of preparing colored samples of 
NaCl without the formation of a colloid band makes it 
ideal for the present study. Samples of additively 
colored NaC] were prepared by electrolysis Rather pure 
F bands were obtained by rapid quenching in carbon 
tetrachloride. Optically homogeneous samples were 
cleaved from the interior portions of the colored 
crystals. These were polished on a damp surface and 
mounted permanently in a special holder designed for 
use with the Beckman D.U. spectrophotometer. The 
F-band absorption spectra were measured. The samples 
were then annealed at constant temperature without 
being removed from the holders. The absorption 
spectrum was remeasured from time to time. Figure 1 
shows a typical transformation. The concentration of 
excess alkali metal in this sample was approximately 
10 atoms per cc. Concentrations were determined 
chemically using a modification of Kleinschrod’s 
method." The details of the chemical method may be 
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Fic. 1. Optical absorption spectra of additively colored NaCl 
at various stages of the transformation of F centers into colloid. 
Curve A shows the pure F band. Curve B, C, and D show the 
increase in the colloid band after the sample had been exposed 
to a temperature of about 175°C. for total times of 5, 20, and 
120 minutes, respectively. Twelve hours further exposure at the 
same temperature produced no further change in curve D. 


®E. Miescher, Nachr. Akad. Wiss. Gottingen Math.-phys. KI. 
No. 47, 329 (1933). 
10 F, G. Kleinschrod, Ann. Physik 27, 97 (1936). 
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found elsewhere."' The sequence of events depicted in 
Fig. 1 is as follows: Curve A shows the initial F band. 
The sample was then annealed at the rather low 
temperature of 175°C. After total annealing times of 
5, 20, and 120 minutes curves B, C, and D were obtained. 
After twelve hours of further annealing the spectrum 
was remeasured and the results were identical with 
curve D, indicating that coagulation is essentially 
complete. This statement will require qualification later, 
after the effect of the annealing temperature is discus- 
sed. The important feature of Fig. 1 is the area under 
the curve. The area under the curve is proportional to 
the integrated absorption cross section and it is found 
to be constant throughout the transformation. This 
was determined both planimetrically and by weighing. 
We must conclude that the excess electrons make the 
same contribution to the integrated absorption cross 
section regardless of whether they are atomically 
dispersed in the form of F centers or associated with 
colloidal specks of reduced metal. Considering the great 
difference in the nature of the absorbing centers the 
result seems, at first, rather surprising. However, the 
result admits of a simple explanation. 

The occurrence of an isosbestic point near 500 my 
is interesting. Such a point of constant extinction is the 
well-recognized criterion for the presence of a two- 
component system. The colloidal particles must either 
possess a fair degree of homogeneity or the optical 
properties of the particles are relatively independent of 
size. Probably both, as will appear below. 

In the course of the experiments it was noticed that 
the appearance of the thoroughly coagulated colloid 
depended upon the temperature at which the coagula- 
tion was carried out. Slow coagulation at low tempera- 
ture, such as that shown in Fig. 1, produced a coloring 
which was of lower saturation, and which tended to be 
slightly bluish. Higher coagulation temperatures pro- 
duced a more reddish crystal of greater saturation. 
The difference in appearance was readily apparent to 
the eye. This phenomenon is not to be confused with 
the shift of the absorption maximum to longer wave- 
lengths which is predicted by the Mie theory for very 
large particles. This would be accompanied by observ- 
able scattering of light. No Tyndall cone was observed 
in any of these specimens. The absorption curves shown 
in Fig. 2 show in detail the spectral changes responsible 
for the subtle changes in appearance. Curve A shows the 
absorption spectrum of a colloid coagulated at 175°C. 
The spectrum was stable in that no further changes 
were noted with continued exposure to a temperature of 
175°C. Curve B shows the same sample after exposure 
for a few minutes to a much higher temperature. 
Although the shape of the band changed, no change in 
integrated absorption was observed. The new shape of 
the colloid band was also stable at 175°C. The behavior 
is typical. Colloids prepared at very low temperatures 


1 W. T. Doyle, Phys. Rev. 111, 1072 (1958), this issue. 
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consistently had low, broad absorption bands, while 
those prepared at higher temperatures had much 
sharper, higher peaks. In both cases, however, the 
integrated absorption was found to be the same as that 
of the original F band to within an estimated experi- 
mental error of 5%. 

The results presented here are in disagreement with 
the observation of Scott, quoted above, that the 
colloid absorption is very much greater than that of the 
original F band. The discrepancy could conceivably 
arise because Scott used Smakula’s equation to estimate 
the strength of the band, while the integrated absorp- 
tion is used here. However, Miescher also used 
Smakula’s equation and concluded that the absorption 
was unchanged. The difficulty may lie in differences in 
the shape of the colloid bands obtained by Scott and 
by Miescher. 

It is well known that the use of Smakula’s equation 
in its usual form is not correct, even for the F band.” 
The use of Smakula’s equation for the colloid band is 
even more questionable and requires justification. This 
is because Smakula’s equation rests upon the assump- 
tion of a Lorentzian line shape and a Lorentz local 
field. Both assumptions are invalid for the F center; 
neither should be made for the colloid band without 
further investigation. For this reason the integrated 
absorption is used here as a measure of intensity. 


THEORY 


In attempting to understand the equality of in- 
tegrated absorption of the F and colloid bands, as well 
as other remarkable properties of colloid absorption, 
simplified models of both types of center will be 
adopted. The primary aim will be qualitative under- 
standing of the similarities and differences between 
the two types of center. If one treats the F center as a 
damped oscillator in a spherical cavity in a dielectric 
medium, a straightforward classical analysis" yields for 
the integrated absorption of the F center 


re 1/ 3ne \? 
frow-=—(——) w, a 
mc No 2noe+ 1 


where » is the frequency, & is the extinction coefficient 
in cm™!, mo is the index of refraction of the host medium 
at the center of the absorption band, e and m are the 
charge and mass of the electron, and NV is the number of 
F centers per unit volume. The local field of Onsager 
appears in (1) instead of the classical expression of 
Lorentz. This choice of local field, suggested by Silsbee," 
gives agreement with experiment." . 

The colloidal particles consist of many atoms and so 
are amenable to a completely classical treatment. Like 
Savostianova‘ and Scott® we begin by using the theory 


2M. Lax, Proceedings of the Conference on Photoconductivity, 
Atlantic City, November 4-6, 1954, edited by R. G. Breckenridge 
et al. (John Wiley and Sons, Inc., New York, 1956), p. 111. 

13 R. H. Silsbee, Phys. Rev. 103, 1675 (1956). 
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of Mie for absorption of light by small spheres. Since no 
Tyndall cone was observed in any of the samples we 
may neglect scattering and use Mie’s expression for 
the absorption in the limit of very small particles. 
According to Mie,® the extinction coefficient for 
absorption is given by 


N’ V6r nr sa Noe 
p--——"In(——~), (2) 
r’ n?+ 21,7 


where & is the extinction in cm™, NV’ is the number of 
colloidal particles per unit volume, V is the volume of 
a colloidal particle, \’ is the wavelength of the light in 
the host medium, n, is the complex index of refraction 
of the metal [n=n(1—ikx) ], and mp is the real index of 
refraction of the host medium at midband. Here 2» is 
treated as a constant. Inserting the expression for the 
complex index of refraction of the metal into (2) 


one finds 


36rN'V 
k= 
A 


(nx /No) 
x 
[ (1/n0)?+ (nx/no)? P+AL (12/20)? (nx/n0)?+1 | 
(3) 


where \ is the wavelength of the light in free space. 
The other symbols are defined under Eq. (2). Equation 
(3) has been used by Scott to compute the absorption 





OPTICAL DENSITY 





1 


2.0 
ENERGY ew 








Fic. 2. Colloid band absorption spectra. Curve A shows the 
absorption spectrum of a low-temperature colloid formed by 
prolonged exposure to a temperature of about 175°C. Curve B 
shows the absorption of the same sample after a few minutes 
exposure to a much higher temperature. D,, is the maximum 
optical density and W is the full width at half-maximum. Although 
the shapes differ, the integrated absorption is the same for the 
two curves. 
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TaBLeE I. Position of the colloid band: comparison of observed 
and calculated values of A» (in A). The observed values are those 
of Scott.* The second column contains values calculated by 
Scott using Eq. (3). The entries in the third column were obtained 
using calculated values of the critical wavelength A.. The final 
column was obtained using the experimental values of the critical 
wavelength. 





Eqs. 
(7) and (9) 
6800 
7070 
7430 


Scott 


7300 
7600 
8000 
5180 


Observed 


KCl 7750 
KBr 8500 
KI 8850 
NaCl 5650 





* See reference 6. 


spectrum of colloids in several crystals using empirical 
values of the optical constants of sodium and potassium. 
The agreement with experiment is rather good as can 
be seen in Table I. The first column contains the 
experimental values of Xo, the wavelength for maximum 
absorption by the colloidal particles. The second 
column shows the values predicted on the basis of 
Eq. (3). The theory is considered to agree with experi- 
ment within the uncertainties in the “bulk’’ optical 
constants. 

While Eq. (3) is very convenient for working directly 
from the experimental optical constants, it does not 
indicate in a simple way the properties of the particles 
which determine the spectrum. For example, Savo- 
stianova! calculated a value of 550 my for NaCl using 
older values of the optical constants. Clearly Ao is 
sensitive to small changes in and mx. One would 
like to know which properties of the system determine 
Xo. 

To go beyond Eq. (3) one is forced to assume a model 
for the colloid particle. We apply the free electron 
model to the metal particles. The model should be a 
fairly good one for alkali metals. In the free electron 
approximation the complex index of refraction of the 


w wm\- 7 
n=|1+49(i--—") | (4) 
00 Noe? 
Inserting this value of nm into Mie’s formula (2), one 
obtains 


metal is! 


(5) 





ON’ Vinciwo! { w 
ie | 
4rcoy R (wo?— w*)?+ (Aw;)*w? 


we=w2/(1+2n,), (6) 
w= N oe?/m, (7) 
Aw,= Noe?/moo, (8) 


where & is the extinction coefficient for absorption, NV’ 
is the number of colloid particles per unit volume, mo 


4 N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Oxford University Press, Oxford, 1936), 
p. 111. 
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is the index of refraction of the host crystal, wo is the 
angular frequency for maximum absorption, w is the 
frequency of the light, c is the velocity of light, oo is 
the conductivity of the metal at zero frequency, Aw, 
is the full width of the colloid band at half-maximum, 
w, is the critical frequency for ultraviolet transparency 
of the metal (Zener frequency), Vo is the number of 
valence electrons per unit volume of the metal, and e 
and m are the charge and mass of the electron. 

According to the simple model used here, the colloid 
band has a Lorentz shape. The maximum absorption 
occurs at a wavelength Ao given by 


A\o= (1+ 2007) !X., (9) 


where X, is the critical wavelength for the onset of 
ultraviolet transparency of the alkali metal. In general 
\o is a property of both the host crystal and the metal. 
The ratio No/m is the particular metallic property 
which determines the position of the colloid band. 
The predicted position of the colloid band using Eq. 
(9) with calculated values of \, is shown in Table I. 
The values obtained compare favorably with those 
based upon the experimental optical constants. If one 
uses the observed instead of the calculated values of 
\. in Eq. (9) the results are almost identical with those 
given by the empirical Eq. (3). 

The maximum value of the extinction coefficient, 
k», is obtained by setting w=wo in (5); thus, 


1 3ny” dar 
oe € — ) Jo. 
ny \2neP+17 c 


The peak absorption is proportional to the zero- 
frequency conductivity of the metal. Since only the 
total concentration of alkali metal (V’V) appears in 
(10), one can readily compare the predicted value with 
the peak value of curve D in Fig. 1. The predicted 
value is too high by a factor of 10. The reason for 
this discrepancy will become apparent when the 
factors determining the peak width have been discussed. 

The integrated absorption of the colloid band is 
readily found. Since the line shape is Lorentzian, the 
area under the band is }7k,,Av;. Thus 


mre 1 ane \? 
froo-— -( = ~) N'NvV. 
mc No \2ne?+1 


Now the product (N’NoV) is just the number of 
excess alkali atoms per unit volume of the crystal. 
Hence Eq. (11) is of exactly the same form as Eq. (1) 
which expresses the integrated absorption of an 
equivalent number of F centers. That is, the free 
electron theory is in agreement with the observation 
that the integrated absorption is the same whether the 
excess metal is atomically dispersed in the form of F 
centers or coagulated in the form of colloidal particles. 
This conclusion depends, of course, upon insensitivity 


(10) 


(11) 
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in the functional dependence on w». As it happens, the 
factor mo°/(2no?+1)* is very nearly a constant over the 
region of interest. 

In deriving Eqs. (1) and (11) the effective mass of 
the electrons in both F centers and colloidal particles 
has been set equal to the free electron mass m. This 
procedure leads to agreement with experiment for F 
centers in KCl, KBr, and NaCl." Thus the present 
experiment indicates that the effective mass of the 
electrons in sodium is very nearly equal to the mass of 
the free electron, a finding which is in agreement with 
theoretical calculations'® as well as with the optical 
measurements of Ives and Briggs'® on bulk metal. 

Finally, it is worth noting that the expression in 
brackets in Eq. (11) is just the Onsager local field 
correction. Its appearance here occasions no surprise 
since Mie’s theory applies to metal spheres imbedded 
in a dielectric medium. The ratio of the local field in an 
empty spherical cavity in a dielectric to the mean field 
in the surrounding medium is just 3m¢?/(2m°+1). 
The constancy of integrated absorption thus supports 
the use of the Onsager local field in Eq. (1) for F 
centers as well. 

The width of the absorption band is given by Eq. 
(8). This formula offers a convenient check on the 
validity of the theory because only properties of the 
metal appear. The interesting feature is that the 
half-width is inversely proportional to the zero fre- 
quency conductivity of the metal. If one calculates 
the width to be expected using the values of Ne?/m 
and go tabulated by Kittel!’ for sodium, one finds that 
the predicted half-width is 0.02 ev. The experimental 
values range from 0.15 to 0.60 ev. This very poor 
agreement with experiment helps to explain the 
equally poor agreement between the observed and 
calculated values of k,,. Since the product of k, and 
Aw, i.e., integrated absorption, is in accord with 
experiment, oo is the parameter responsible for the 
discrepancy. One must conclude that the zero-frequency 
bulk conductivity is completely inappropriate to the 
problem. However, a better choice may be made. 
The bulk conductivity is given by” 


oo= Noe?A/mu, (12) 


where A is the mean free path of an electron at the 
Fermi energy and 1 is the velocity corresponding to the 
Fermi energy. Since any large error in No/m has 
already been excluded by the excellent agreement of 
Eq. (11) with experiment, and since w is not likely to be 
much in error either, the difficulty must lie in the choice 
of A. The room-temperature mean free path in sodium 
is about 350 angstroms, corresponding to a predicted 
half-width of 0.02 ev. The observed half-widths are 


1 F, Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 354. 

16H, E. Ives and H. B. Briggs, J. Opt. Soc. Am. 26, 238 (1936). 

17C. Kittel, Introduction to Solid State Physics (John Wiley 
and Sons, Inc., New York, 1953), first edition, p. 240. 


LIGHT 


BY COLLOIDS 1071 
from ten to thirty times larger, corresponding to mean 
free paths of from 36 to 12 angstroms, respectively. 
Such mean free paths indicate that the electron is 
colliding with the walls of the colloidal particles. 
The mean free path cannot be larger than the diameter 
of the colloidal particle. Since the particle diameter 
is much smaller than the mean free path in bulk 
material, we may assume that each free path begins 
and ends at the surface. If the electrons are reflected 
diffusely from the surface, the mean free path will be 
equal to the radius of the colloidal particle. Using the 
observed half-widths, together with the known metal 
lattice constants, the size of the colloidal particles may 
be calculated. For sodium a line width of 0.6 ev corre- 
sponds to a particle containing about 200 atoms, while 
a line width of 0.2 ev corresponds to a particle composed 
of about 4800 atoms. This is roughly the range of 
particle sizes observed in Fig. 2. The line width is 
inversely proportional to the cube root of the number 
of atoms in the particles. 

In Scott’s work®’ line widths of roughly from 0.2 ev 
to 0.3 ev were encountered. This range of widths 
corresponds to colloidal particles containing from 1250 
to 400 potassium atoms. This range of sizes agrees 
well with the limits set by Scott on other grounds, 
even allowing for an uncertainty in effective mass. 
Scott also observed that the shape of the colloid band 
was unaltered at the temperature of liquid nitrogen. 
The bulk conductivity changes by a factor of five in 
this temperature range so one would expect a like 
change in the width of the absorption band if the mean 
free path appropriate to bulk material were used. 
The constant band width follows immediately, however, 
when the mean free path is limited by particle size. 

The difference in shape of the low- and high-tempera- 
ture colloid bands (Fig. 2) may also be attributed to 
departures of the mean free path from bulk values. 
The low-temperature colloid band is due to a large 
number of very small colloidal particles. Hence the 
broad absorption band. Once formed, these small 
particles are stable at the low forming temperature, 
as shown by the fact that even prolonged annealing 
does not result in further change in band shape. 
Even the smallest particles seem firmly frozen into 
position. When the sample is exposed to higher 
temperatures the larger colloid particles grow at the 
expense of the smaller, due to the higher vapor pressure 
of the smaller particles. As the mean particle size 
increases, the band width decreases in accordance with 
Eq. (8). 

It should be re-emphasized that all of the foregoing 
considerations apply only when the particle size is 
small enough so that only the electric dipole term need 
be included in Mie’s expression for the absorption 
coefficient. In theoretical terms, the restriction means 
that the particle diameter must be very much smaller 
than the wavelength of the light. In experimental 
terms, there must be no scattered light. 
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CONCLUSIONS 


It has been found experimentally that the thermal 
transformation of F centers into colloid in NaCl takes 
place without change in integrated optical absorption. 
The colloid band shape is dependent upon the tempera- 
ture of formation. Low forming temperatures give rise 
to low, broad colloid bands. High forming temperatures 
result in high, narrow bands. 

A theory of the colloid band has been presented which 
gives a qualitative understanding of the prominent 
features of the colloid band. The theory is based upon 
the free electron model of alkali metals and upon the 
Mie theory for the absorption of light by conducting 
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spheres. The theory predicts no change in integrated 
optical absorption when F centers are transformed into 
colloid provided that the Onsager local field is used for 
the F center and provided that the effective mass of 
the colloid electron is equal to the free electron mass. 
The half-width of the colloid band is not in agreement 
with the value predicted by the theory when the bulk 
conductivity of the alkali metal is used. This dis- 
crepancy arises because the bulk conductivity corre- 
sponds to a mean free path much larger than the 
colloidal particle. Assuming that the mean free path is 
equal to the mean particle radius, one can use the 
experimental colloid band width to compute the particle 
size. 
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The integrated optical absorption due to F centers in KCl, KBr, and NaCl has been measured using a 
modification of Kleinschrod’s method which eliminates salt-effect errors. Assuming the validity of the f sum 
rule, the results are used to obtain experimental values for the local field correction. The Onsager local field 
gives better agreement with experiment than does the classical expression of Lorentz. To facilitate compari- 
son with other work the results have also been used to compute oscillator strengths using Smakula’s equa- 
tion. The f values are 0.91+0.12, 0.85+0.08, and 0.86+0.05 for KCI, KBr, and NaCl, respectively. 


INTRODUCTION 


HEN alkali halide crystals containing excess 
alkali metal are quenched rapidly from a high 
temperature, a characteristic strong F absorption band 
appears. If each center makes a contribution of the same 
form to the observed absorption spectrum the area 
under the absorption curve will be proportional to the 
number of absorbing centers. Thus 


v=c facnaw, (1) 


where N is the number of absorbing centers per unit 
volume, & is the absorption constant, and W is the 
energy of the incident photons. The constant C could 
depend upon temperature but, in fact, is found to be 
nearly temperature independent. Experiment also indi- 
cates that C is independent of NV, showing that the 
centers are independent. The latter fact endows C with 
practical interest for it enables one to measure /-center 
concentrations using optical means. Moreover, this 
constant C is itself an important property of the 
F center. The determination and interpretation of this 
constant is the chief concern of the present paper. 

The first theoretical attempt to evaluate C was made 


by Smakula.! Smakula treats the F center as a classical 
damped oscillator imbedded in the dielectric medium 
of the host crystal and acted upon by the Lorentz 
local field. In its corrected form? Smakula’s equation is 


9 


mc Ee 
) nRmW ;, (2) 


N=— 
f 2e°h\n?+2 

where .V is the number of centers per unit volume in 
cm~*, # is the index of refraction of the host crystal 
at the center of the absorption band, &,, is the maximum 
absorption constant in cm™, W; is the full width of the 
absorption band at half-maximum in ev, and f is the 
oscillator strength. Equation (2) is known to physicists 
as Smakula’s equation and to chemists as Chako’s 
equation. Chako*® actually derived a more. general 
equation (discussed later) since he did not assume a 
Lorentz line shape. Like Smakula, however, Chako 
assumed a Lorentz local field. It is unfortunate that 
Chako’s early paper escaped the notice of physicists 
for it contains one of the earliest correct versions of 
Smakula’s equation and is of more general form. 


1A. Smakula, Z. Physik 59, 603 (1930). 
2 E. Mollwo and W. Roos, Gottingen Nachr. No. 8, 107 (1934). 
3N. Q. Chako, J. Chem. Phys. 2, 644 (1934). 
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Recent theoretical papers by Dexter‘ and Lax*:® have 
served to make clearer the nature of the approximations 
involved in the equations of Smakula and Chako. 
Lax‘ adopts a local field approach from the onset. His 
starting point is the quantum-mechanical expression 
for the absorption cross section in the dipole approxi- 
mation. In his first paper Lax discusses critically the 
various types of approximation which have been used 
to make the problem more tractable. Since the transi- 
tion electric dipole moments are nearly independent of 
nuclear coordinates, one may write® 


mc E\? 
Nf= (~~ )n( +) fron, (3) 
reh E. 


where N, f, n, k, and W have the same meaning as in 
Eq. (2). E is the average electric field in the dielectric. 
E, is the effective field at the center. The effective mass 
of the center electron has been set equal to the electronic 
mass in obtaining (3). Equation (3) becomes identical 
with Chako’s equation’ if one inserts the expression for 
the Lorentz local field (6). It is thus equivalent to 
Smakula’s equation? with the further assumption of a 
Lorentzian line shape. 

Dexter‘ begins his treatment by taking a very general 
approach to the problem of impurity absorption that 
avoids any local field assumptions. He then restricts 
his treatment when forced to by mathematical difficul- 
ties. His final result also agrees with Chako’s and 
Smakula’s to lowest order. 

An experimental check on Smakula’s equation, or a 
measurement of C in Eq. (1), requires that the optical 
absorption spectrum be measured and compared with 
an independent measurement of .V. The latter measure- 
ment involves some difficulty and until quite recently 
had seldom been carried out. The first experimental 
check of Smakula’s equation was made by Kleinschrod,’ 
who measured V chemically by observing the color 
change of a calibrated indicator solution when a colored 
sample was dissolved in it. Since a modification of 
Kleinschrod’s method is employed here, it will be dis- 
cussed in detail under “Chemical Measurements.” 

For many years Kleinschrod’s early measurements 
gave the only direct evidence on the strength of the F 
absorption band. Recently, several new independent 
methods have been used to measure the F-center con- 
centration V. Silsbee® has used electron spin resonance 
to assay the concentration of F centers. Rauch and 
Heer® have used the temperature dependence of the 
F-center paramagnetic susceptibility near absolute zero 


4D. L. Dexter, Phys. Rev. 101, 48 (1956). 

5M. Lax, J. Chem. Phys. 20, 1752 (1952). 

6M. Lax, Photoconductivity Conference (John Wiley and Sons, 
Inc., New York, 1956), p. 111. 

7F.G. Kleinschrod, Ann. Physik 27, 97 (1936). 

8 R. H. Silsbee, Phys. Rev. 103, 1675 (1956). 

9C. J. Rauch and J. C. V. Heer, Phys. Rev. 105, 914 (1957). 
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to determine V. Most recently Scott and Hill!® have 
used a chemical method based upon the direct measure- 
ment of the amount of hydrogen gas evolved upon dis- 
solution of colored samples in pure water. The results 
obtained in all these previous experiments will be dis- 
cussed and compared with the present work. For the 
present we simply note that all previous measurements 
have been reported in the form of oscillator strengths 
computed using Smakula’s equation. 

In this work a somewhat different viewpoint will be 
taken. It is not obvious that one should assume that 
the local field at the F center is given by the Lorentz 
expression, indeed there is a certain degree of arbi- 
trariness in this choice. Because other plausible choices 
of local field are available we wish to turn the problem 
around and make an assumption that seems slightly 
less arbitrary. We shall assume that the oscillator 
strengths given by Eq. (3) obey the usual sum rule 


» far=1. (4) 


We may then use Eq. (3) to calculate the local field 
from the experimental data. Of course the integral 
appearing in (3) must now be extended over the entire 
F band in order to include all transitions. In the discus- 
sion the experimental values of local field will be com- 
pared with various theoretical values that have been 


suggested. 
OPTICAL MEASUREMENTS 

The optical absorption spectra were measured with a 
Beckman D.U. spectrophotometer. Optically homo- 
geneous samples were cleaved from larger colored 
crystals and were polished on a damp surface. Un- 
colored reference crystals were similarly prepared. 
It was possible to keep the optical density zero correc- 
tion small by polishing the sample and reference crystals 
so that the apparent optical density was nearly zero at 
1000 mu. A subtraction was made to allow for residual 
difference in reflection from sample and _ reference 
crystals by arbitrarily setting the minimum optical 
density measured equal to zero. The absorption coeffi- 
cient in cm™! was plotted versus photon energy in ev 
and the resulting curves were integrated both plani- 
metrically and by weighing. The accuracy of the optical 
measurements becomes quite poor for heavily colored 
samples because of the difficulty in preparing and 
measuring very thin samples. For this reason very dark 
crystals were not used. An estimate of the over-all 
precision of the optical measurement based upon the 
obvious sources of error, physical and optical homo- 
geneity, thickness measurements, photometric accuracy, 
graphical integration, etc., may be made. In the present 
work it is probable that an average precision of no 
better than 5% can be claimed for the optical measure- 
ments. While no direct use will be made of this estimate, 
it will allow a rough check on the precision of the 
chemical measurements. 


~ 10 A. B. Scott and M. E. Hill, J. Chem. Phys. 28, 24 (1958). 
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CHEMICAL MEASUREMENTS 


The procedure adopted here is a modification of 
Kleinschrod’s’ method for determining the concentra- 
tion of color centers in additively colored crystals. It 
rests upon the assumption that each excess alkali atom 
gives rise to one F center. The number of F centers may 
thus be determined by measuring the stoichiometric 
excess of alkali metal. Because of the extremely small 
amounts of excess alkali metal involved, Kleinschrod 
devised a sensitive colorimetric analysis. The colored 
crystal was dissolved in a methyl-red indicator solution 
and the change in absorbance of the indicator at 530 my 
was measured in an absorption spectrophotometer. 
The stock indicator solution was then calibrated by 
observing the change in absorbance due to the addition 
of small measured amounts of dilute potassium hy- 
droxide. From the calibration curve the concentration 
of excess alkali metal could readily be determined. 

Kleinschrod’s method has been criticized by Scott" 
on the grounds that an absorbance change could result 
from the change in ionic strength of the solution due 
to the presence of the dissolved host crystal. Errors 
could occur if the activities of the indicator ions were 
sensitive to changes in ionic strength in the range en- 
countered in Kleinschrod’s work. According to Scott 
this salt effect might well cause an absorbance change as 
large as that due to the shift in pH. The difficulties 
Scott has pointed out were avoided by using the follow- 
ing modification of Kleinschrod’s method. 

A stock of methyl-red indicator was prepared by 
dissolving 5 grams of Eastman Kodak methyl red in 
one liter of ethanol. For each run a 200-ml portion of 
stock solution was prepared by adding 2 ml of indicator 
to 198 ml of distilled water. The indicator solution was 
filtered and acidified to a pH of 5. Two Beckman 
cuvettes were filled with equal amounts (3 ml) of 
indicator solution. After checking to make certain that 
each solution had the same initial optical density, a 
sample crystal was dissolved in one cuvette and an 
identical uncolored reference crystal was dissolved in 
the other. The difference in the final optical densities 
was observed. A calibration curve was then taken for 
the indicator solution at the same ionic strength as 
resulted from the dissolution of the sample and refer- 
ence crystals. Here the salinity of the solution was 
turned to advantage for it allowed a convenient cali- 
bration of the indicator solution. This was done by 
electrolyzing a 100-ml portion of indicator solution of 
appropriate ionic strength using a platinum cathode and 
silver anode. A constant-current source produced known 
amounts of hydroxide at the cathode. The calibration 
curve of total charge versus optical density so obtained 
permitted ready calculation of the F-center concentra- 
tion. Since only the difference between the final ab- 
sorbance of the sample and reference crystals enters into 
the calculations, errors due to impurities in the raw 


1 A. B. Scott, Nuovo cimento 1, 104 (1955). 
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crystal material are also eliminated. The reference 
material was always cleaved from the same block as the 
sample before coloration. This proved desirable as the 
uncolored Harshaw crystals consistently gave a higher 
alkaline indication than did Baker’s analytical reagent. 


SAMPLE PREPARATION 


Additively colored crystals were prepared by electrol- 
ysis at high temperatures using platinum electrodes. 
The crystals were quenched rapidly in carbon tetra- 
chloride. Homogeneous interior portions were cleaved 
out and polished on a damp surface. The typical sample 
size of 50-70 mg was limited by optical homogeneity 
requirements. Sample thickness was always chosen to 
give a maximum optical density well within the range 
of the Beckman spectrophotometer. The F-center 
concentrations obtained by electrolysis are rather low, 
a desideratum for optical measurements. However the 
chemical measurements demanded higher concentra- 
tions, so only the most heavily colored uniform samples 
obtainable were employed. 


EXPERIMENTAL RESULTS AND DISCUSSION 


It has been the custom to estimate the integrated 
absorption by taking the product of &,, and Wy, as in 
Smakula’s equation. This practice is so convenient it 
will probably be continued. Whatever the actual shape 
of the spectrum, we may write 


franaw=stiv, (5) 


provided each center makes an identical contribution 
to the integrated cross section. In Table I the shape 
factor S is tabulated for Lorentzian and Gaussian line 
shapes, together with several observed values. The 
observed values of S were obtained by graphical inte- 
gration of the room-temperature absorption spectra 
over the entire absorption spectrum from 290 my to 
1000 mu. The empirical values of S are in all cases 
averages for several specimens. For KC] both additively 
colored and x-rayed specimens were used. For KBr 
only additively colored specimen were used. For NaCl 
only x-rayed specimens were used. 

At first glance the results tabulated in Table I would 
seem to be in poor agreement with both the Gaussian 
and the Lorentzian line shapes. However, in interpret- 
ing Table I one must bear in mind that the experimental 
values of S include a contribution from the short- 
wavelength tail of the F band, which at low tempera- 
tures often exhibits a resolved peak, the K band. It 
was long thought that the K band arose from transitions 
to the higher excited state of the F center.” Recently, 
however, it has been shown that this K band is due 


2N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, London, 1940), p. 114. 
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TABLE I. Theoretical and experimental values of the ratio of 
the integrated absorption constant to the product of peak height 


S= fk(W)dW/knWy 


$0 = 1.57 

4 (x /In2)#= 1.07 
1.19+0.05 
1.31+0.05 
1.19+0.05 


Gaussian 
KCl 
KBr 
NaCl 











to an independent electron center.’*:* Thus the experi- 
mental values of S may be too large. If we may take the 
results of Geiger for the K- to F-band ratio as typical, 
it would be necessary to reduce the experimental values 
of S by as much as 16%. This would indicate that the 
Gaussian line shape is more nearly correct, in agreement 
with theoretical predictions.*'® This result is not 
necessarily in conflict with the results of Hesketh and 
Schneider'® since S is a measure of the area under the 
curve and so is not sensitive to detailed shape. It is 
evident that none of the crystals examined agree well 
with a Lorentzian shape. Clearly this introduces an 
appreciable error into Smakula’s equation. It will be 
seen that Smakula’s choice of local field tends to 
compensate for this error. 

In Table II the experimental values of the integrated 
absorption per excess electron are presented in a form 
which avoids any specific assumption regarding the 
nature of the absorbing centers. The quantity tabulated 
is just the constant of proportionality C from Eq. (1). 
The standard deviations are not as small as one would 
estimate from the apparent precision of the various 
measurements. This is attributed to the difficulties in 
preparing large uniform samples using electrolysis. The 
chemical measurements, while they require care, are 
not believed to be the limiting factor. If the above 
estimate of precision of the optical measurements is 
realistic, it would mean that the optical and chemical 
measurements were of comparable precision here. Thus, 
if one had available larger, more highly colored, uniform 
samples, the optical errors would determine the 
precision. 

The results presented in Table II are not in a form 
which offers ready comparison with other published 
work. This is because other workers, with the exception 
of Silsbee, have attempted to apply Smakula’s equation. 
Silsbee,* however, does present his results in the form 
of an integrated absorption cross section. He finds 
0.85X10-® and 0.91X10-'® cm?Xev for the inte- 
grated absorption cross sections of the F band in KCl 
and NaCl, respectively. The corresponding values 
in Table II are somewhat higher as might be ex- 


18H. W. Etzel and F. E. Geiger, Jr., Phys. Rev. 96, 225 (1954). 

“4 F, E. Geiger, Phys. Rev. 97, 560 (1955). 

15 TD), L. Dexter, Phys. Rev. 96, 615 (1954). 

16 ri V. Hesketh and E. E. Schneider, Phys. Rev. 95, 837 
(1954). 
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TABLE II. Experimental values of the integrated absorption 
constant per center. 


Sk(W)dW/N 


cm? Xev 


Sk(W)dW/N 


cm? Xev 


N X107"7 
(cm- 


KBr 


2 


1.09 
0.92 
0.79 
0.91 
1.00 
1.05 
0.92 
0.96 
1.10 
0.90 
0.78 
0.96 
0.88 
0.99 
1.22 
1.06 
1.10 
0.98 
127 


1.02 
0.92 


SO OO to bh 
mS Orv 


NNR ENR 
nN 
Oo 


Average (1.08+0.09) x 10718 


NaCl 
1.00 
0.96 
0.88 


135 
0.89 
1.08 


3.56 
1.96 
5.22 
11.20 
1.53 
1.96 
0.98 


Average (0.95+0.05) X 1076 


Average (0.99+0.12) x 10716 


pected since Silsbee made an arbitrary subtraction 
of the K-band absorption, whereas here every ef- 
fort was made to include the entire absorption 
band. Although the difference between the two sets of 
values might be significant it could not be considered 
trustworthy as a quantitative measure of K-band ab- 
sorption, especially since little is known about para- 
magnetic resonance in the K center. 

The K-band contribution has not been subtracted in 
computing Table II. There are several reasons for this. 
First, there are probably few K centers present. The 
largest K to F ratio reported is that of Geiger" (16%), 
who mentions the difficulty of obtaining an appreciable 
K band in additively colored crystals. However, even 
if a concentration as large as Geiger’s were present, it 
would lead to only a small error, since the chemical 
measurement would also be increased by nearly the 
same factor. In fact, if the integrated absorption of K 
centers is the same as that of F centers, no error would 
be incurred at all. In this connection it should be noted 
that the integrated absorption per excess electron is very 
nearly equal for a number of electron centers. For ex- 
ample, Pick'’ found that the integrated absorption is 
unchanged in the transformation of F centers into F’ 
centers. Moreover, the transformation of F centers 
into R, M, and N centers occurs with constant inte- 
grated absorption.'® Even the transformation from F 
centers to colloid has been found to proceed with no 
change in integrated absorption.’ Thus, it is appro- 
priate to include the K-band contribution to the absorp- 
tion spectrum and to tolerate the small residual error 
that could arise from a difference in integrated absorp- 


17H. Pick, Ann. Physik 31, 365 (1938). 
18S. Petroff, Z. Physik 127, 443 (1950). 
1” W. T. Doyle, Phys. Rev. 111, 1067 (1958), this issue. 
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TABLE III. Theoretical and experimental values of the 
local field correction. 





(E./E)?, 
Lorentz 
1.96 
2.18 
2.18 


(Ee E 2, 
Onsager* 
1.34+0.18 1.46 
1.54+-0.13 1.56 
1.35+-0.07 1.56 


n (E./E)*, exp. 


=. a 
KBr 
NaCl 





1.49 
1.56 
1.56 


* This is the square of the second factor in (7). The first factor does not 
appear in the integrated absorption. 


tion in the two kinds of centers. This is fortunate, since 
it would not be possible to make a quantative correction 
for K-center contributions either to the chemical 
measurements, or to the unresolved room-temperature 
spectrum. 

The stability of the integrated absorption under 
transformation from one type of center to another 
seems to be a general characteristic of electron centers 
in additively colored crystals. This suggests the opera- 
tion of a general sum rule. In the local-field approxima- 
tion the constancy of integrated absorption implies 
that the quantity 


D> far(E./E)?/nm 


is the same for all of these centers. Although it is quite 
conceivable that the quantities which appear in this 
expression could vary from center to center in such a 
way as to leave the expression unchanged, the great 
variety of centers involved makes this seem unlikely. 
It seems preferable to invoke the sum rule and to set 
the mass m equal to the electron mass. This choice is 
supported by the fact that small colloids are among the 
centers concerned. Moreover, both of these assumptions 
would apply under sufficiently restrictive conditions. 
Thus the assumption about the mass of the center 
electron would be most appropriate for a compact 
center, while the sum rule should hold for an electron 
trapped in a rigid ion core potential (the usual proof 
requires that the wave function and its derivatives 
vanish at infinity). Actually, Dexter”? has computed 
the oscillator strength for the 1s—2p transition in the 
F center and finds f=1.4. He attributes the apparent 
violation of the sum rule to the use of an observed, 
rather than a calculated, energy difference between the 
two states. Of course departures from the sum rule can 
arise when appreciable interaction with the core elec- 
trons occurs. However, this aspect of the problem is 
handled, to an uncertain extent, by the local field ap- 
proach. It seems preferable to make the entire correc- 
tion via the local field. Indeed, this is what the Smakula 
equation purports to do. 

In Table III the experimental values of the square 
of the ratio of the local field to the mean field in the 
crystal (£,/E)? are tabulated. In calculating these 
values Eq. (3) was used. The experimental values of 
(E./E)? in Table III may be compared with the 


2” 1). L. Dexter, Phys. Rev. 83, 435 (1951). 
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Lorentz local field correction 

(E./E)*= (n?+2)?/9, (6) 
which is also tabulated for the three materials studied. 
The agreement is seen to be quite poor. 

The use of the Lorentz local field has often been 
questioned in the past. In fact, the proper choice of 
local field is a central difficulty in the classical theory of 
electric polarization.) An alternative to the Lorentz 
local-field approach is due to Onsager.” This model 
treats the polarizable entity as a point dipole in a 
spherical cavity in a dielectric medium. The local field 
at the dipole consists of two parts, the field at the center 
of an empty cavity due to the action of the applied 
field alone, and an additional reaction field due to 
inhomogeneous polarization of the surrounding dielec- 
tric by the induced dipole inside the cavity. The Onsager 
local-field correction for polarizable atoms with no 
permanent electric moment is 


ie ( 1 )( 3n? ) 

EB \t—ged \tnt41]’ 
2n?—2\ 1 
2n?+17 a® 


and a is the radius of the cavity, a is the polarizability 
of the enclosed dipole, and is the refractive index of 
the dielectric medium. The first factor inside the 
brackets expresses the feedback effect of the reaction 
field. The second factor in the brackets is the local 
field in an empty cavity. The feedback effect is fre- 
quency dependent since it is determined by the complex 
polarizability a. The chief effect of feedback is to shift 
the frequency of maximum absorption of the dipole, 
treated as a classical damped oscillator. For narrow 
lines g, and thus the ill-defined cavity radius a, does 
not appear in the expression for integrated absorption. 
This fact allows a certain leeway in the choice of a, 
and supports the conjecture of Silsbee*® that a thorough 
quantum-mechanical treatment of the center, treating 
the trapped electron and several nearest neighbor ions 
as the polarizable entity, subject to the Onsager local 
field, might be useful. The Onsager local-field corrections 
are tabulated in Table III. The agreement with experi- 
ment is considerably better than for the Lorentz field. 
For KCl and KBr the deviation of the Onsager field 
from the experimental value lies within experimental 
error. Only NaCl lies somewhat outside the misleading 
standard deviation. 

The correction required to bring the experimental 
results into agreement with the Lorentz local fields may 
be compared with the theoretical correction to the 
Lorentz field derived by Herring.” Herring’s approach 


where 


2C. J. F. Béttcher, Theory of Electric Polarization (Elsevier 
Publishing Company, Amsterdam, 1952). 

21. Onsager, J. Am. Chem, Soc. 58, 1486 (1936). 

%C. Herring, Photoconductivity Conference (John Wiley and 
Sons, Inc., New York, 1956), p. 81. 
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is similar to Onsager’s in that it takes account of the 
difference in polarizability between the center and the 
host lattice ion. It differs from Onsager’s in treating the 
host medium as a collection of polarizable point dipoles. 
Herring finds 


(E./E)?=§(n?+2)*(1—tan) (9) 


Se 


where ¢ is the contribution to the local field arising 
from the polarization of the surrounding ions due to a 
unit dipole at the center lattice point, and ay is the 
polarizability of the missing halogen ion. From Table 
III we see that the values of (fa) required are 0.83, 
(0.62, and 0.64 for NaCl, KCl, and KBr, respectively. 
These corrections are much larger than Herring’s 
estimate of a few percent, based upon known dipole 
lattice sums and polarizabilities. This discrepancy is 
puzzling since one would expect Herring’s method to 
give at least as good an approximation as the Onsager 
model. Apparently the Onsager treatment of the sur- 
rounding medium as a dielectric continuum compensates 
for errors introduced by the many approximations which 
are made in reaching Eq. (3). At any rate the Onsager 
approach gives results which are remarkably consistent 
with the simple model of the F center, and with the 
sum rule. 

Two other instances where the Onsager local field 
leads to agreement with experiment may be mentioned. 
While neither instance involves a system closely re- 
sembling the F center both suggest that a strong 
physical basis underlies Onsager’s model. Studies of 
the polarizability of nonpolar gases at high densities 
have demonstrated that the Lorentz local field is 
inadequate even for pure nonpolar gases. Béttcher”! 
has shown that the data may be fitted surprisingly well 
by using the Onsager local field, treating a/a*® as a 
single adjustable parameter. A similar test would not 
be available for color centers because one normally 
measures integrated absorption constants so the param- 
eter a/a® does not appear. Moreover, the concentration 
of F centers, through variable, is too low. Finally, it 
is not possible to study the effect of the host medium 
independently; F centers would not even exist in the 
absence of the lattice. Measurements have been per- 
formed,” :?> however, on the difference in the integrated 
optical absorption of organic molecules in the vapor 
state and in solution in inert solvents. No change in 
integrated absorption is observed in going from the 
vapor to solution, in disagreement with the equation of 
Chako. However, if Chako’s equation is modified by 
substituting the Onsager local field the predicted change 
in integrated absorption becomes very small, in agree- 
ment with experiment. 


OSCILLATOR STRENGTH 
In order to facilitate a comparison with other work, 
oscillator strengths have been calculated by using 
Smakula’s equation. Table IV shows the results of the 


~ %V. Henri and L. W. Pickett, J. Chem. Phys. 7, 439 (1939). 
% L. E. Jacobs and J. R. Platt, J. Chem. Phys. 16, 1137 (1948). 
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TABLE IV. Oscillator strengths computed from 
Smakula’s equation. 


Method 


KBr 


Source KCl NaCl 


Kleinschrod* 0.81 Chemical (pH) 
Pick> 0.81 0.9 + 


0.7 Photochemical 
Silsbee* 0.85 0.87 Magnetic resonance 
Rauch and Heerd 0.66 0.71 0.7 Magnetic suscepti- 
bility 
Chemical (pressure) 
Chemical (pH) 
All published work 


Scott and Hille 
Present work 
Weighted Mean 


1.17 
0.91+0.12 0.85+0.08 0.86 +0.05 
0.90 0.80 0.81 


® See reference 7. 

b See reference 17. 

© See reference 8. 

4 See reference 9. 

¢ See reference 10, 
present work, together with all previously published 
results. The disparity between the results of the 
various experiments gives an indication of the difficul- 
ties involved. Our results are higher than most of the 
others quoted with the exception of the recent measure- 
ments of Scott and Hill.!° The discrepancy between the 
present results and those of Rauch and Heer is too 
great to ascribe to random error and may indicate either 
an inadequacy in the model of the F center, as has been 
suggested by Scott and Hill, or some systematic error. 
For the present the situation remains unexplained. 
Table IV also contains the weighted mean of all pub- 
lished f values, including the present ones. For lack of a 
better criterion all measurements considered 
equally reliable and the published values were weighted 
according to the number of independent measurements 
presented. Our results are in satisfactory agreement 
with these weighted mean values. 


were 


CONCLUSIONS 

The integrated optical-absorption cross section has 
been measured for the F band of several alkali halides. 
Experimental values of the local field at the center 
obtained using the f sum rule as a guide are in better 
agreement with the Onsager local field than with the 
usual expression of Lorentz. The integrated F-band 
absorption is overestimated by a Lorentz line shape of 
the same half-width as the F band. Smakula’s equation 
thus contains two errors which partially compensate. 
A better representation of the F center is given by 
Chako’s equation if the Onsager local field is substi- 
tuted for the Lorentz field. 

It must be admitted that it is not clear why the 
Onsager local field approach should be so favored. 
The surprising thing is that such a simple model should 
work at all considering the many rough approximations 
inherent in it. Perhaps the most one can say is that it 
somehow contains essential physical elements which a 
more detailed treatment would reveal. 
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Measurements have been made of the length change associated with the superconducting transition of 
lead, tin, thallium, indium, and tantalum. For all the metals except tantalum, measurements were made 
between 1.5°K and 4.7°K and the length change observed ranged from 10~* cm to 10° cm. The length 
change produced a capacitance change in the tank circuit of a stable LC oscillator and the length change 
was measured in terms of the resultant frequency change. 

For lead and tantalum the length change can be related to 0H,/@P, i.e., the variation of critical field 
with pressure and the results obtained in the present work agree with the values obtained for this quantity 
in previous measurements. For noncubic metals the length change can be related to 0H,/dr, i.e., the vari- 
ation of critical field with normal stress. Grenier has shown that this quantity is anisotropic for tin and 
mercury; the present experiment indicates it to be anisotropic for indium and thallium. The indium ani- 
sotropy is of the same order as that observed for tin. The thallium anisotropy is such that 0H,/dr differs 
in sign for directions perpendicular and parallel to the axis of symmetry of the crystal. 

An attempt is made to relate the magnitude and anisotropy of the effect to current theories of the super- 


conducting state. 


INTRODUCTION 


T is well known that the critical field and critical 
temperature of superconducting metals can be 

shifted by the application of hydrostatic pressure. 
Given these data the thermodynamic treatment of the 
superconducting transition would predict a volume 
change of the order of 1/10’ when the transition is 
made in a magnetic field. In 1930, McLennan, Allen, 
and Wilhelm! attempted to measure the volume change 
(as an equivalent length change of a rod) but failed to 
detect the effect, although their apparatus ought to 
have been sufficiently sensitive. In 1948, Lasarew and 
Sudovstov? did measure the “volume change”’ for tin, 
using a rather specialized method and their results 
agreed with the thermodynamic predictions from the 
pressure data. 

The purpose of the present experiment was to 
measure the volume change as a function of temperature 
for a number of superconducting metals that could be 
readily obtained in a pure form and whose transition 
temperatures fell in the liquid helium range. The metals 
examined were tin, lead, thallium, indium, and tanta- 
lum. The method used was very similar to that first 
used by McLennan ef al., but appeared to be more 
sensitive ; it will be described in detail in a later section. 
When the present research had been completed it was 
discovered that Rohrer, Olsen, and Grassman* had 
made a similar investigation of the volume change using 
a different method. The volume change is so small that 


* This paper is based on a thesis submitted to Harvard Uni- 
versity in partial fulfilment of the requirements for the degree of 
Doctor of Philosophy. 

+ At present at the Clarendon Laboratory, Oxford University, 
Oxford, England; on leave of absence from the RCA Laboratories, 
Princeton, New Jersey. 

1 McLennan, Allen, and Wilhelm, Trans. Roy. Soc. Can. 25, 
319 (1931). 

2B. G. Lasarew and A. Sudovstov, Doklady Akad. Nauk 
S.S.S.R. 69, 345 (1949). 

3J. L. Olsen and H. Rohrer, Helv. Phys. Acta 30, 49 (1957). 


it is fortunate that there are three successful and 
independent methods to give some check on the absolute 
accuracy of the results. Unfortunately, at present, only 
for tin, lead, and tantalum do the experiments overlap, 
so as to permit comparison. 


THERMODYNAMICS OF THE SUPERCONDUCTING 
TRANSITION IN CRYSTALLINE SOLIDS 


It is easily shown that the volume change associated 
with the transition: 


AV/V=(Vy—Vs)/Vs, 


where Vy=molar volume in normal state and Vs 
=molar volume in superconducting state, can be 
related thermodynamically to the derivative of the 
critical field with respect to pressure‘: 


AV/V=H./4x(0H./dP)r. (1) 


Much research has been done to measure 0H,/0P for 
various superconductors since it is a quantity that can 
be directly related to fundamental theories of the 
superconducting state. Measurements of this kind 
[0H./dP or T./dP | are extremely difficult although 
work of great accuracy has been done. Measurements 
of the “volume change” can thus serve a triple purpose. 
They provide an independent check on previous meas- 
urements of 0H,./dP and they also furnish data for 
0H./dP that has not been previously obtained. 
Furthermore, as will be shown, the method of measure- 
ment is well suited to examining the effect of crystalline 
anisotropy. 

In the usual thermodynamic treatment of the 
transition the mechanical work done on the system is 
considered to arise from a hydrostatic pressure P, i.e., 
dw=— PdV. A more general expression for the mechan- 
ical work would include normal and shear stresses in 
University 


4D. Shoenberg, Superconductivity (Cambridge 


Press, Cambridge, 1952), p. 73. 
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addition to hydrostatic pressure. For the case of 
anisotropic material! ; 


6 
a, ae 
i=l 


where 7;, i=1, 2, 3, represent normal stresses, and 
7;, 1=4, 5, 6, represent shear stresses. Similarly «;, 
i=1, 2, 3, represent normal strains and ¢,, i=4, 5, 6, 
represent shear strains. Explicit definitions are given 
in the usual texts on elasticity. Given this expression 
for the generalized mechanical work, one can obtain 
the usual thermodynamic potentials, and from the equi- 
librium conditions, obtain equalities relating changes 
in strain, the critical field and the derivatives 0H,/d7;°: 


Ae;=H,/4n(0H,/07;), (2) 


where we have Ae;=e;"—e;*5 and Ae thus represents 
the change in the state of strain of the sample when 
the transition is made at constant temperature in a 
uniform magnetic field. For i=1, 2, 3, Ae thus repre- 
sents a length change; for i=4, 5, 6, it represents a 
shear change. 

For anisotropic crystals with at least a threefold axis 
of symmetry, it can be shown that® 


Ae= (H,./4r) ((0H./d7, | sin%+[0H./d7,, | cos’@), (3) 


where the assumption is made that H. does not depend 
on crystalline orientation. In this expression Ae repre- 
sents a length change in an arbitrary direction 6 with 
respect to the crystalline axis of symmetry of the 
sample and 0H,/dr, and 0H,/d7,, measure the effect 
of stresses perpendicular and parallel respectively to 
the axis of symmetry of the crystal. Expression (3) 
results from the symmetry relations: 


0H ./07,;= 0H ./072=0H ./d7,; OH ,/d73=0H ./O7 1. 


It can also be shown that 0H,/d7;=0, i=4, 5, 6, in 
these coordinates. It can also be shown that: 


0H ./dr= (L0H ./d7, | sin’@+[0H./d7,,] cos’), (4) 


and 


OH ./OP= (20H ./d7,+0H./d7\;). (5) 
Hence for a polycrystalline sample (or a cubic crystal) 
one obtains: 

(Ae)w= (H. 


/12r) (0H ./AP)=AV/3V, (6) 


as would be expected. In all cases it is seen that Ae/ 
(H./4m) can be related to derivatives of the critical 
field with respect to stress. Experimentally, measure- 
ments may be made on specimens which while not 


5 R. H. Gorranson, Thermodynamic Relations in Multicomponent 
Systems (Carnegie Institute of Washington, Washington, 1930), 
Publication No. 408, p. 107; J. F. Nye, Physical Properties of 
Crystals (Oxford University Press, Oxford, 1957), p. 178. 

*C. Grenier, dissertation, University of Paris (unpublished); 
Conference de Physique des Basses Temperature (Centre-National 
de la Recherche Scientifique and UNESCO, Paris, 1955), p. 512. 
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being single crystals are strongly oriented. It is well 
known that it is possible to produce strong preferred 
orientations in crystalline material through the mechan- 
ical fabrication of the sample or through the heat 
treatment it receives in the casting process. Such a 
preferred orientation will result in behavior similar to 
that of a single crystal of some arbitrary orientation. 
It can be used to advantage when it is known or 
become a source of large error when the preferred 
orientation is unknown. 


TEMPERATURE DEPENDENCE 


The simplest assumption for the temperature de- 
pendence of H, is the expression H.= H)[1—(7/T.)? ] 
which agrees well with experimental measurements 
(usual'y better than one percent). If we assume that 
we may differentiate this expression at constant 
temperature we obtain: 

(OH ../dr)r={ (0H ‘Ar)[1 — (T/T, )?] 
+2H)(T/T.)?(0 nT,/d7)} 
= (0H 0/dr)+[ (0H ./d7) 7 
(0Ho/dr) |(T/T.)?, (7) 
ie., we expect 0H,./dr to follow a straight line when 
plotted against (7/T.)*. This expectation appears to 
hold within experimental uncertainty for all the metals 
studied except thallium. For thallium neither the data 
nor the temperature range covered make it possible to 
rule for or against a straight line plot. 

Assuming (7) to hold, we can plot Ae/(H,/4m), ie., 
0H ./dr, against (7T/T.)? and can obtain by extrapo- 
lation (0H ./07)o°k=0H»/dr and (0H ./dr)7.=0H./dr 
which are the data of theoretical interest. We may also 
use the relations 07./dr=— (0H./dr)(dT./dH.) and 
yT 2=H?V/4e (where yT is the electronic specific heat 
per mole) to obtain the stress dependence of the 
electronic specific heat and the critical temperature. 
Thus, in general, we may use the temperature depen- 
dence of Ae/(H./42) to obtain 0H ./dr, 0Ho/dr, OT ./dr, 
dy/dr. For polycrystalline or cubic material the above 
derivatives would be taken with respect to hydrostatic 
pressure. Knowledge of compressibilities and elastic 
constants permit one to replace the above derivatives 
by ones with respect to volume or strain, i.e., 0Ho/dV 
or 0H )/de. 


EXPERIMENTAL DETAILS 


The low-temperature equipment was of conventional 
design for a metal system. A large solenoid was placed 
about the tail of the crysostat and furnished a longi- 
tudinal field up to 1000 gauss with a field homogeneity 
of one percent over the length of the superconducting 
rod. The rods were formed into approximately ellipsoidal 
shape and were roughly } to 4 inch in diameter and 
from seven to ten inches long. 

As in the experiment of McLennan ef al.! the length 
change produced a capacitance change and this in turn 





Fic. 1. Schematic draw- 
ing of sample holder: (1) 
finely threaded screw to 
permit motion of upper 
condenser plate; (2) spring 
to back precision bearing 
against screw; (3) precision 
bearing; (4) parallel plate 
condenser; (s) insulator to 
isolate lower condenser 
plate; (6) five mill phosphor 
bronze membrane to pre- 
vent lateral motion of lower 
condenser plate; (7) super- 
conducting rod; (8) lead to 
coaxial line (not shown) 
from lower condenser plate. 












































produced a frequency change in the output of a stable 
LC oscillator. The superconducting rod was connected 
to a parallel plate condenser which was placed in the 


tank circuit of the oscillator. The rod was limited to 
axial motion by two phosphor bronze membranes. A 
ball and claw joint was used to insure that the plates 
of the parallel plate condenser were indeed parallel. 
The plates were made parallel by pressing them into 
contact before any measurement and then slightly 
backing them off. The error introduced by nonparal- 
lelism is however fairly small, rough calculations would 
indicate maximum errors of the order of three percent. 
Moreover the method of measurement would make 
these errors random rather than systematic. Details of 
the sample holder are given in Fig. 1. 

The frequency shift at the transition ranged from 
around 200 cycles per second to 2 cycles per second for 
an oscillator frequency of about 1100 kilocycles per 
second. The capacitance of the parallel plate condenser 
was obtained by a General Radio Capacitance Bridge 
and the entire apparatus was calibrated for capacitance 
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Fic. 2. Schematic drawing of frequency measuring 
and calibration equipment. 
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changes by introducing a small known capacitance 
change prior to any measurement. The capacitance of 
the parallel plate condenser was of the order of 1000 uuf 
and the calibration capacitance change about 1/2 puf. 
The oscillator used was a modified Meacham Bridge’ 
and had a short term stability (three to five minutes) 
of better than 1/10°. There was a temperature drift 
over several hours of about 20 cycles per second but 
this did not affect the measurements. Pumping on the 
helium did not seem to affect the frequency stability 
as long as the temperature was constant (or rising 
slowly). 

If L=length of rod, f=frequency of oscillator, 
C=capacitance of condenser, D=condenser plate 
separation, A=area of condenser plate, K =dielectric 
constant of liquid helium, we have 


Ae=AD/L= (—AC/C?)(KA/44L) 


=(—1.05A4C/C*)(1/L), (8) 


where C is measured in yyf and LZ is measured in cm. 
AC is proportional to Af and the proportionality 
constant is determined by calibration. 

The transition was induced by slowly varying the 
magnetic field at constant temperature. In each experi- 
ment preliminary runs were made to determine the 
width of the transition and whether or not any frozen 
in fields were present. Using a number of different 
values of the separation of the condenser plates it was 
verified that AC/C? was independent of C as Eq. (8) 
would predict. For any particular metal several experi- 
ments were made with the apparatus dismantled and 
reassembled in between experiments. The values of 
Ae for a given temperature had a spread of not more 
than six percent. The width of the transition was of the 
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Fic. 3. Three times the strain change observed for lead. The 
rod was ~23 cm long and the absolute length change observed 
ranged from ~3X10~* cm to ~4X10~* cm. The plotted curve 
is derived from Fig. 4. 


7L. Meacham, Proc. Inst. Radio Engrs. 26, 1278 (1936). 
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order of the field inhomogeneity in the solenoid, 1.e., 
one percent. Critical field values were measured in 
terms of the current through the solenoid and compared 
well with the critical field values obtained from the 
literature. 

When impurities were present between the plates 
(nitrogen, dust, or ice) they tended to make the data 
obtained at various capacitance settings inconsistent. 
These data were not used. A slight field dependence of 
the frequency shift was observed prior to the transition 
for lead and indium. This was of the order of one to 
ten percent of the total transition and seemed to be 
present only when the rods were not exactly straight. 
The effect was thought to be connected with the action 
of the field on frozen-in moments since it was propor- 
tional to H rather than to H® and did depend on how 
rapidly the field was changed and the direction of the 
field. Insuring that the rods were straight reduced the 
effect to less than five percent. When the effect was 
present the frequency shift was measured with respect 
to the zero field superconducting state. Negligible 
hysteresis was observed, once samples of sufficient 
purity were obtained, and no field dependence was 
observed above the transition field. The frequency 
deviation was measured by mixing the oscillator fre- 
quency with that of a standard, mixing again with an 
audio oscillator and feeding the difference into a fre- 
quency counter, the output of which was followed by 
a Varian recorder. A schematic of the electronics is 
shown in Fig, 2. 

The total error in the experimentally determined 
quantity Ae was calculated to be between five and 
eleven percent. The observed scatter was also of this 
order. It is possible that part of this scatter was due to 
residual frozen-in fields, and hence some of this scatter 
could be systematic rather than random. Values for 














Fic. 4. 3Ae/H. or (1/4r)(@H./dP) plotted against (7/T.)? 
for lead. The straight line plotted is the best least square fit to 
the points. 
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Fic. 5. The strain change observed for polycrystalline thallium. 
The rod was 17 cm long and the absolute length change observed 
ranged from ~3X107§ cm to ~7X107§ cm. The plotted curve 
is derived from Fig. 6. 


H. corresponding to the temperature of the helium 
bath were taken from the literature. The derived value 
for 0H,/dr is estimated to have an uncertainty of 
about six percent to fifteen percent. In general values 
of dH./dr, ie., Ae/(H./4r), were plotted against 
(7/T.)* and a straight line drawn through the points 
by the method of least squares. From this curve the 
values of 0H ,/d7r at T=0°K and T=T, were obtained 
by extrapolation. See Figs. 3-10 for experimental and 
derived curves. The curves drawn through the experi- 
mental points represent the parabola corresponding to 
the least square straight line for the plot of Ae/(H./42) 
against (7/7.)*. For all the metals except thallium the 
fit to a straight line is within the experimental uncer- 
tainty. For thallium the spread is within the uncertainty 
but the limited temperature range covered makes the 














Fic. 6. Ae/H. or (1/127) (0H./dP) plotted against (7/7)? for 
polycrystalline thallium. The straight line plotted is the best 
least square fit to the points. 





G D 








Fic. 7. The strain change observed for single crystal thallium. 
The rod was ~18 cm and the absolute length change ranged 
from ~2X 10-7 cm to ~4X 1077 cm. The plotted curve is derived 
from Fig. 8. 


least square straight line ambiguous. The figure for tin 
is not given since only two temperatures were observed. 
In all the plots an individual point represents an 
average of from 10 to 30 measurements with a standard 
deviation of less than two percent. 


RESULTS 
Lead 


The first experiments on lead were made on a sample 
of 99.9% purity and large frozen in fields were observed 
after the first transition. Subsequent experiments were 
made on a cast sample of spectroscopic purity (99.999%) 
furnished by A. D. Mackay. No frozen-in fields were 
observed with this sample. The results are shown in 
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Fic. 8. Ae/H. or (1/4r)(0H./dr) plotted against (7/T.)? for 
single crystal thallium. The rod had the hexagonal axis aligned 
perpendicular to the rod axis. The straight line plotted is the 
best least square fit to the points. 


CODY 














i 
08 
(Ky 
Fic. 9. The strain change observed for strongly aligned indium. 
The rod was ~17 cm long and the absolute length change observed 
ranged from ~5X1077 cm to ~1X10~* cm. The plotted curve 
is derived from Fig. 10. 


Fig. 3. The curve of Ae/H, against (7/T.)? followed a 
straight line within experimental error over the range 
(T/T.)?=0.03 to 0.45. Lead is cubic and hence it is 
not necessary to consider anisotropy. The extrapolated 
data at T=0°K and T=T, (Fig. 4) gave the following 
results: 


(0H ./dP)roo= (—9.10+0.5) 
X10~° gauss/(dyne/cm’), 

(0H ./dP)r=7,= (—10.9+1.1) 
X10~ gauss/(dyne/cm?), 
[in all the following results the units for (0H o/dP) 
will be assumed to be gauss/(dyne/cm’), and similarly 
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Fic. 10. Ae/H, or (1/42)(0H-/dr) plotted against (7/T.)? for 
an indium rod that showed strong preferred orientation, with the 
tetragonal axis aligned along the rod axis. The straight line 
plotted is the best least square fit to the points. 
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the units for (07 ./dP) will be °K/(dyne/cm?) ]. Hake 
and Mapother® obtained from pressure measurements 
near the critical temperature (0H,/dP)r=r,= (—9.79 
+0.21)10~-*. Olsen and Rohrer*® obtained from meas- 
urements of the length change: 


0H)/dP=(— 7.8+0.6)X10-, 
0H ./0P = (—11.8+2.0) K10~. 


The agreement at T=7, appears to be good but not 
that at 7=0°K. It would appear from the above results 
that: 0 InHo/d InV=5; 4 Iny/d nV=5. 


Tin 
The experiments on tin were made on a case specimen 
of 99.9% purity, again supplied by A. D. Mackay. 
The length change was observed at two temperatures 
and the data agreed well with that of Lasarew and 


Sudovstov? who used a bimetalic strip to observe the 
change. They had obtained: 


dH) /dP=—3.7X10"; dH./dP=—85X10". 


The results of the present experiment were: 
0H) /dP= (—3.2+0.6)X10~; 
0H ./AaP = (—9.1+0.9) X10-. 
Using dH./dT.=—151 gauss/°K we obtain 07./0P 


= (—6.0+0.6)X10-". This value agrees with the 
pressure data obtained by Kan, Sudovstov, and 
Lasarew’ but is slightly higher than the results obtained 
by other workers (the values obtained for 07./dP range 
from —4.3X10-" to —4.7X10-" whereas the value 
obtained by Kan e? al. is —5.8X10~"). From the work 
of Grenier® it is known that tin is highly anisotropic 
and hence the high values could have been due to some 
preferred orientation in the sample. Indeed Grenier 
measured a supposedly polycrystalline sample and 
obtained 0H,/0P = —8.8X10~ whereas the computed 
value for polycrystalline samples would be —7.1X10~°. 
It would appear that the supposedly polycrystalline 
samples used by Lasarew and Sudovstov, Grenier, and 
the present experiment had some degree of preferred 
orientation. It is clear that some effort has to be made 
to insure polycrystallinity of the samples. 


Thallium 


The thallium sample was a cast specimen of 99.9% 
purity again supplied by A. D. Mackay. No hysteresis 
or frozen in fields were observed. A cast specimen that 
appeared polycrystalline was examined and the length 
change observed was of opposite sign to that observed 
for tin and lead (the results are shown in Fig. 5). This 
sign was to be expected, for of all the common super- 


®8R. R. Hake and D. E. Mapother, J. Phys. Chem. Solids 1, 
199 (1956). 

®Kan, Sudovstov, and Lasarew, J. 
U.S.S.R. 18, 825 (1948) 
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conductors, thallium alone has 0H./dP>0. The poly- 
crystalline rod gave the following extrapolation (Fig. 6) : 


OH )/AP= (1.83+0.4)XK107°: 
OH ./d@P= (1.09+0.3) x 107°. 


If we use dH ./dT = — 143 gauss/°K we obtain 07./0P 
= (0.76+0.3)X10-". This value agrees with the data 
obtained by Hatton and others" for pressures below 
2000 atmospheres which range from d7,/dP=0.6 
X10" to dT./8P=1.5X10-". A single crystal speci- 
men was obtained from a strained one by slow heating 
to just below the melting point and subsequent slow 
cooling. X-ray examination showed that this sample 
had its hexagonal axis perpendicular to the rod axis. 
The results for this specimen are shown in Figs. 7 and 8. 
If we combine the results on the polycrystalline sample 
with those on the single crystal sample and use Eqs. 
(4) and (5) we obtain 


(OH, ‘07 11)X 109 


—4,35+0.8 
— 2.63+0.5 


(OH ./07,) X 10° 


3.09+0.3 


T=0°K 
T 1.86+0.2 


T=T, 
[t should be noted that the sign is different for the two 
directions; only for directions perpendicular to the 
crystalline axis of symmetry would, thallium appear to 
have a sign for 0H ./dr different from the other super- 
conductors. It would clearly be of interest to examine 
specimens of differing orientations to verify directly 
the above conclusions. The present experiment can be 
represented approximately by: 


dH ./dr=[_(3.09—7.44 cos*@) 


+ (T/T )?(2.95 cos’*é— 1.23) | 10-°. 


note that 0H./d7 would be zero for 6 about 78°. 
For @ large 0H,./dr7 would be positive and for @ small 
0H ./dr would be negative. We note that the temper- 
ature dependence of 0H ,/d7 can change sign and hence 
the slope of 0H,/d7 against (T/T.)*. Rohrer obtained 
results consistent with this expression from measure- 
ments on polycrystalline rods although the agreement 
would appear only qualitative. There is similar quali- 
tative agreement with the results of Fiske" although 
the temperature regions examined do not overlap. 
The data for thallium were close to the limit 
measurement (1/10) and were more in error than the 
other metals studied. Unfortunately the large scatter 
and the limited temperature range studied make it 
difficult to distinguish between experimental uncer- 
tainties and departure from a straight line in the plot 
of Ae/H. against (T/T.)*. The extrapolated values of 
0H ./dr are thus less trustworthy than for the other 
metals studied, although the differing sign for 0H ./dr, 
and 0H,/dr,; is unambiguous. Moreover there is an 
additional uncertainty in the assumption that the 


We 


of 


a - Hatton, Phys. Rev. 103, 1167 (1956); N. Muench, Phys. 
Rev. 99, 1814 (1955); M. D. Fiske, J. Phys. Chem. Solids, 2, 191 
(1957). 
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polycrystalline rod is truly “polycrystalline.” As noted 
in the tin measurements, this is not necessarily a good 
assumption. 


Indium 


The indium sample was an extruded rod of 99.9% 
purity furnished by the Indium Corporation of America. 
The first measurements were made on a }-inch rod 24 
cm long, but the lack of rigidity of the rod made 
vibration noise extreme. Subsequent measurements 
were made on a rod } inch in diameter and 17 cm long, 
and the values obtained for both agreed within one 
percent. The results are shown in Fig. 9. However the 
value obtained for 0H./dP was about three times the 
value obtained for this quantity by Muench and 
others.’° The factor of three indicated strong preferred 
orientation of the specimens, presumably due to their 
having been extruded. X-ray measurements confirmed 
this supposition. The rod was extremely anisotropic 
with the tetragonal axis aligned along the rod axis. 
This is indeed the orientation to be expected from 
extrusion, given the slip planes of indium. The data 
of the present experiment can be combined with that 
of Muench to give the temperature dependence of 
0H ./dr, and 0H,/d7\;. Over the range of (7/T,)? 
=().2-0.8 the curve of Ae/H, against (7/T7.)? (Fig. 
10) fits a straight line very well. The extrapolated 
values obtained in this manner are as follows: 


OH. /Ar 1, 10° OH. /O7,X 10° 


—4,5340.17 —0,09+0.09 
—5.80+0.43 —0.22+0.22 


T=0°K 
T=T, 


Since it was impossible to know the value of cos 
exactly (the x-ray data gave the information cos’#~ 1) 
there is an additional uncertainty in deriving the values 
of 0H ./dr,. Although the error is large for 0H ./dr, the 
extreme fragility of indium single crystals would 
probably make it impossible to measure this quantity 
directly. 

It is of interest to compare the anisotropy of indium 
with the directly measured anisotropy of tin as done 
by Grenier.* He obtained the following results from 
measurements of the effect of normal stress on the 
transition temperature : 


(0H ./d7\;)X 10° 


—3.8 
—6.5 


(0H./d73)X 10° 


—0.16 
—0.30 


T=0°K 
T=T, 


The anisotropies would appear to be of the same order. 
Both indium and tin are tetragonal, but have very 
dissimilar axial ratios and the thermal expansion 
coefficients have opposite anisotropies. 


Tantalum 


The tantalum rod was furnished by A. D. Mackay 
and was of 99.9% purity. The rod was vacuum annealed 
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at 2000 degrees centigrade for four hours. Preliminary 
measurements had indicated extreme frozen in flux, 
but the annealing process did not seem to improve 
matters. The frozen-in fields made it imperative to 
bring the specimen into the superconducting state in 
zero magnetic field and it was thus necessary to raise 
the temperature to about 4.8°K between each transi- 
tion. The resultant lack of temperature stability and 
the fact that the transitions were broad, made measure- 
ments difficult. The result obtained at 4.2°K 
(0H ./OP)4.0°%K=(—2.6+0.5)X10-°. Rohrer® obtained 
at 4.2°K (0H./0P)4.o°x= —2.9X10~. It is unfortunate 
that the temperature dependence of 0//,/0P was not 
obtained. 


was 


General 


The experimental results for 0H./dP, 0H./d7,, and 
0H ./d7,, are given in Table I for the five metals. 


FUNDAMENTAL THEORIES 


The theories of the superconducting state that show 
the most promise are those which relate the transition 
to the lattice electron interaction. These lead to the 
isotope effect and recent calculations which take this 
interaction into account in a systematic manner show 
striking quantitative agreement with experiment. Many 
of the computations are obscured by the necessity to 
use some form of the free electron theory in order to 
obtain the constants involved. The volume dependence 
of the critical field and temperature is particularly 
difficult to obtain since it is necessary both to know 
various constants and also to know their volume 
dependence; Bardeen’s" expression for the critical 
field at T=O0°K, is: 


Hev Sr=2N (¢) (hw)e 2/NG¢ v 


where V =molar volume, Ho=critical field at absolute 
zero, (fw)=typical phonon energy, V(¢)=density of 
states per mole at the Fermi level ¢ and »=matrix 
element which is important in the formation of the 
superconducting wave functions from the Bloch wave 
functions. This expression can be differentiated on the 
basis of certain simplifying assumptions and leads to 
the following expression for lead: 


0 InHo/d InV = —5/6+1.8(0 Iny/d InV) 
+5.4(0 InC/d InV)+4.5r, (9) 


where yZ=electronic specific heat per mole, I 
=—dI1n6p/d InV, 6p= Debye temperature, C= lattice 
electron interaction constant which in magnitude is of 
the order of the Fermi energy ¢. Estimates have been 
made (albeit crude ones) for all relevant quantities 
including v. The matrix element v is made up of two 
parts: one arising from the repulsive Coulomb inter- 
action and the other from the attractive lattice electron 


=e 


11 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 
(1957). 
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TABLE I, Experimental results, in gauss 


(0H-/8P) X10° 
T =0°K T=T. 


10.9+1.1 
-9.1+0.9 
1.1+0.3 


Lead 9.10+0.5 
Tin 3.2 +0.6 
Thallium 1.8 +0.4 
Indium vee 


Tantalum 2.6+0.5(4.2°K) 


interaction. To obtain the above expression the repul- 
sive Coulomb interaction has been computed directly,” 
but the lattice electron interaction has been adjusted 
to give the correct critical field for lead at T=0°K. 

Given the above expression (9) we have two possible 
courses of action consistent with the crudeness of the 
approximation. We may substitute from the free elec- 
tron theory for all the constants and compare the result 
with experiment. This has the advantage of consistency, 
if nothing more. We would thus substitute for lead": 
0 Iny/d InV~?2; 0 InC/d nV ~—1; ['~2.7, and obtain 
0 In1o/d nV~7. The observed value is 0 InH/d InV 
Any more than qualitative agreement would 
appear to be fortuitous. The alternative approach is to 
use the experimentally obtained quantities to determine 
one of the “unknowns” in Eq. (9). The experimental 
results give us 0 InHo/d InV and 0 In7,/d InV. Using 
the similarity principle that holds in Bardeen’s theory 
as well as the two-fluid model (y72=H(?V/41), we 
can compute @Iny/dInV. Using @InH>/dInV and 
0 Iny/d InV, we may then determine 0 InC/d InV. We 
substitute for lead: 0 InH/d logV~5, 0 Iny/d InV~5, 
and obtain d InC/d InV~—3. 

Equation (9) would thus appear to give reasonable 
results when applied to a cubic superconductor such as 
lead. A similar calculation can be made for aluminium, 
and we obtain 0H)/0P~—7X10-°. Experimentally 
this quantity is not known, but from the data at 
T=T,. we would expect 0H)/dP~ —3X10, i.e., about 
one third to one half the “theoretical value.” In general 
the sign predicted for 0H)/dP is negative, and the 
order of magnitude is correct, and this is perhaps all 
we should expect for such an approximate calculation. 
A negative sign for 0Ho/0P has been observed for all ele- 
mental superconductors with the exception of thallium 
(although tantalum is possibly anomalous in this way 
also*). Thallium is however anisotropic (hexagonal) 
and as we shall see it is possible that crystalline ani- 
sotropy plays a part in the sign of dH)/dP. 

For anisotropic metals we may generalize the above 
expressions to the following: 


ra] InfZ 9 ‘0€; = B,, 


eat 


(10) 


where B; = constd]JnC/de; + constdlny/de, + constI’; 


21), Pines, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367. 

13H. Jones, Handbuch der Physik, edited by S. Flugge (Springer 
Verlag, Berlin, 1956), Vol. XTX, p. 251. 


rTRANSITION 


(dyne/cm?). 


(@He/dr11) X10° 
T =0°K T =T. 


(0H-/dr1,) X10 
O°K T =T- 


—2.6+0.5 
~5.8+0.4 


4.4+0.8 
4.5+0 2 


1.9+0.2 
0.2+0.2 


3.140.3 
0.1+0.1 


+const, ';=—0In@p/de;, and ¢; is the strain. The 
above generalization would imply that the supercon- 
ducting transition was not in itself dependent on the 
crystal structure in detail, but that the significant 
derivatives were not volume derivatives but derivatives 
with respect to strains in particular directions. 

Again by reasons of symmetry, we need consider 
only 7=1, 2, 3 for hexagonal and tetragonal crystals, 
and for these 0 InHo/d€,;=0 InHp/de2.= B,, 8 InHo/de; 

B,,, where the coordinates are along the natural 
coordinates of the crystal. In terms of (10) we would 
obtain the following for 0H)/0P and 0H/dr,, 0Ho/dr;, 
[as given in (4) and (5) ]: 


0H) /OP= (20H/07,+0H/d711), 
Figs OH ‘OT 1)= Hf By(SiutSiw)+BiiS1s 1, 
(— 0H )/dr,,)= Hf By 2833) +B, 1933 |. 


(11) 


The quantities .S;; in the above expressions are the 
elastic constants® defined by ¢;= — > ;=1° Si;7;. Expres- 
sions similar to (11) were used by Fiske” in analyzing 
the work of Grenier® but without the identification of 
the quantities B;. From the examination of the cubic 
superconductors we would expect B, and B,,; to be 
positive quantities. We may use the elastic constants, 
and the observed ratio (0Ho/07,)/(0H»/Ar,;,) to deter- 
mine the quantities B, and B,, for tin, indium and 
thallium. The tin elastic constants are well known, and 
the indium elastic constants have recently been deter- 
mined," unfortunately the elastic constants have yet 
to be determined for thallium. Table II shows the 
results of the calculation. It is of interest to speculate 
that the sign of the quantities B; is the same for thallium 
as for the other superconductors, and that the differing 
signs for 0Ho/dr, and 0H»/d7,,, and even the positive 
sign for 0H./dP is produced by the anisotropy of the 
elastic constants S;;. It is easily shown that it is possible 
to have 0Ho/d7r,>0, 0H»/dr,,<0 and 0H»)/dP>0, for 


TABLE IT. Calculated values of B 


(0@H0/dr1)/ (@Ho/ dri, 
~1/47 
~1/45 


~—0.7 


Bi/Bu Bu 
~3 


~6 


~ 1 3 
~0.9 


Tin 
Indium 
Thallium 


4D). R. Winder and C. S. Smith, J. Phys. Chem. Solids 4, 
(1958). 
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B,>0 and B,,>0 (By,<B,), provided |513)>(Su 
+5j2). Since the only restriction on the elastic con- 
stants involved is that: 


| Si3| < [S33(Sirt+S12)/2 }', 


it would not appear impossible to meet the above 
inequalities. All that is necessary is that the crystal be 
sufficiently compressive along the ‘3’ axis. The ani- 
sotropy in thermal expansion a of thallium is large,’® 
(a;,/a,~8), and there is some reason to expect lattice 
anisotropy to be significant for this metal. Until the 
elastic constants of thallium are known, this is but a 
speculation. In any case it is important to note that 
for a noncubic metal one cannot go directly from the 


15 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), p. 4-55. 
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experimental sign and magnitude of 0H)/dP to a 
theoretical expression such as (9), without taking into 
account the elastic constants, and the peculiar “aver- 
age”’ they introduce by expression (11). 
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Nonequilibrium Phonon Distributions in Metals 
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The effect of a nonequilibrium phonon distribution on some of the transport properties of metals is calcu- 
lated in the presence of electric and thermal currents and a magnetic field. It is shown that the lattice heat 
current contains an additional term not found in the literature which is equal in magnitude to the terms 
usually retained, and that this term represents the contribution from the nonequilibrium part of the electron 
energy distribution. Thus, the heat current carried by the lattice in metals is dependent on the magnitude 
of the electron current. Further, the effect of electron phonon scattering caused by a nonequilibrium phonon 
distribution on the Ettingshausen and Ettingshausen-Nernst coefficients is shown to be insufficient to 
explain the anomalous behavior of these coefficients for metals. 


INTRODUCTION 


ONSIDER a metal strip with its surface in the xy 
plane having an external electric or heat current 
applied along the x or y axis. This will produce a non- 
equilibrium distribution of both the electron and lattice 
energies. 

The electron current caused by the nonequilibrium 
energy distribution of electrons will be influenced by 
the energy distribution of the lattice ions. That is, if we 
quantize the lattice energy in the usual way, the re- 
sulting phonon distribution will scatter some of the 
electrons. It is found that the equilibrium energy 
distribution of the phonons is the major contributing 
factor—the deviation from equilibrium of the lattice 
energy distribution having only a small effect. 

The lattice heat current caused by the nonequi- 
librium phonon distribution, however, is influenced by 
the nonequilibrium part of the electron energy dis- 
tribution (i.e., by the magnitude of the electron current) 
as well as by the equilibrium part of the distribution. 
The fact that the lattice heat current is not independent 
of the electron current is a new result obtained in this 


paper and not recognized previously.’ * The effect of 
the electron current is not small. In fact, it is of the 
same order of. magnitude as the lattice heat current 
obtained when one neglects this contribution. Further, 
while the results usually obtained for the lattice heat 
current are independent of the temperature 7, this 
contribution is directly proportional to T in the 
temperature range considered. 

The calculations are made with the additional 
generalization that there exists an applied magnetic 
field H in the z direction perpendicular to the metal 
strip. By doing this, we are able in Sec. III to calculate, 
for the first time for metals, the effect of a nonequi- 
librium phonon distribution on the Ettingshausen and 
Ettingshausen-Nernst coefficients. Although the ex- 
perimental evidence is meager,'* it appears that there 
1A.H. Wilson, Theory of Metals (Cambridge University Press, 
Cambridge, 1953), p. 292. 

2R. E. Mackinson, Proc. Cambridge Phil. Soc. 34, 474 (1938). 

3A. Hanna and E. Sondheimer, Proc. Roy. Soc. (London) 


A239, 247 (1957). 
4J. P. Jan, in Advances in Solid-State Physics (Academic Press, 
Inc., New York, 1957), Vol. 5, p. 1. 
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are many metals, including the monovalent ones Cu, 
Ag, Au, which at room temperatures show qualitative 
differences (sign as well as magnitude) with theory. It 
has been suggested that the nonequilibrium phonon 
distribution and its effect on electron scattering might 
be a factor in explaining some of the anomalies.’ This 
does not appear to be a feasible explanation for metals. 
(In a recent article, Parrott® has considered this possi- 
bility for semiconductors and obtains some interesting 
results which will be mentioned in Sec. III.) 


I. SOLUTION OF THE BOLTZMANN 
TRANSPORT EQUATIONS 


Consider the Boltzman transport equation for the 
electron distribution 
(Of/dt) + (df/dta=0. (1) 


Reference 1 shows that the change in the electron 
distribution function f due to the applied forces is 


(“) 
ot d 


where 


h 0 fo 


m OE 


e 
HxXe 
hc 
E-¢ 
+rv,( )} (2) 
T 


(1+ exp[(E-£)/koT} 


k| —e8+ 


= = fo- k: c( (E)d fo OF, 


and m is the effective mass, k is the electron wave 
vector, ko is the Boltzmann constant, ¢ is the Fermi 
energy, and we have assumed spherical energy surfaces. 

The term (0f/0!). represents the change in the 
electron distribution function due to collisions with the 
lattice. We take into account the scattering of electrons 
by transverse lattice waves as well as longitudinal 
waves in the standard manner used in references 1 and 
3. Thus, we neglect the differences between the velocities 
of longitudinal and transverse waves and assume that 
the standard collision operator (reference 1, p. 263) can 
be used to describe the scattering of electrons by both 
longitudinal and transverse waves but with different 
interaction constants for waves of different directions 
of polarization. The direction of polarization of the 
lattice waves is denoted by j (j=1, longitudinal; 7=2, 
3, transverse). Writing .V;, the phonon distribution 
function for lattice waves polarized in the 7 direction, as 


z) /RoT)ON 0/02, 
z=hv/RoT, 


N;=No—(q-by( 
No= (e?—1), 


where vy is the phonon frequency and q is the phonon 
5 F. J. Blatt, in Advances in Solid-State Physics (Academic Press, 
Inc., New York, 1957), Vol 4, p. 200. 
6 J. E. Parrott, Proc. Phys. Soc. (London) 71, 82 (1958). 
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wave vector, Mackinson? has shown that 


of (2m)*T°0 fo OE 
(fe 
ts i? E 198 i 
_ DT*s*}) 
{f | Be(a)—e(n-s)| B+ b= = ] ! 
~@/T e2 

e/T 
+) = 
-—@/T i 


Dre (e"+-1)2*dz 
 sear=—- iF mae 


Aj)k 


(e"+ 1)s*ds 


x— b;(|s/) 
(er -+1)| lt—e | 


-}, (3) 
| 


(-)? evtz +1)| int 
where 


Aj= (44/3) 4M ako® 
D= (6n*)'h?/4ma?, 


3C 2, 

n= (E—£)/RoT, 

and © is the Debye temperature, M is the atomic mass, 
a is the lattice constant, and C; is the electron lattice 
interaction constant. 


Sommerfeld and Bethe’ have shown that the terms 

in the transport equation for the phonon distribution, 

(ON /dt).+(0N/dt)a=0, (4 

can be written as 
(0N/dt)a 


— (uo/|q|)(@N/OT)q-V,T, 


where uo= 2rv/q=koOa(42/3)!/h, and 


ON as 
( ). : « f | 
a7. 0 | 
2mhv 7 2mhv 
| 1+ |e] 1- ~ [255 
he? hg 
(dk/dE Re "dk 

x- 
(e-+-1)(e- - °+-1)’ 


Cai 


wa in c(E+hy) 
fruokoT M ( e*— 1) 


(6) 
where for simplicity we put 
( aa) CH, i=); Aj 1 


{Our expression differs slightly from reference 7, Eq. 
(42.9), in that we have included the terms 2mhv/h?q°. | 
Expanding e(E+/yv) about hv, we obtain 


(—) - off - ¢(n)dn 
ase » (e+1)(e-™*4-1) 


2S; bjfs)dn 
| hecticharieasesieaeies -| (7) 
» (e"+1)(e-*-*+1) 


Cam 


2rh* ioM (e# - 


In this equation we have not considered any phonon- 
impurity collision terms (important only at low tem- 
peratures) nor scattering of lattice waves by one 


i.” eciine rfeld and H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Ser. 2, Vol. 24, Part 2, p. 533. 
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another arising from the anharmonic terms in the 
potential energy of the lattice and concerning which 
there is little precise knowledge.** Substituting Eqs. 
(2) and (3) into (1), and (5) and (7) into (4), we obtain 
two simultaneous integro-differential equations which 
are to be solved for ¢(£) and b;(z). 

We consider the region 0 <7 <¢. For metals this is a 
considerable temperature range and one of general 
interest. Wilson! gives for the first integral in Eq. (3) 
the value 3D(@Q/T)*e(n), and for the integral containing 
b;(z) in Eq. (7) the value zb;(z)(1—e~*)—'. Substituting 
in these results and collecting terms, we get 


h € E-¢ 
~=|ee-+ ex rv(—)] 
m hc T 


(3m)*T? p9/T . 
= t—e(y) +——_ —f > b,(|s|) 
RAEI O# @/T } 


DI°2 
x | sears a | 
(-)2 


(e"+1)2*dz 
(e™*#7+1)|1—e |’ 
uyhvV,T 


koT?| | (e#—1)(1—e-*) 


© 


a®m?C? | ( 
i: Qrh*uypM (e7—1)L¥_,, 


c(n)dn 


(e"+1)(e-*-*+1) 
& jb; ") 
i—e* 
where 
r= (4m)!DT/2#AQE!. 
To solve Eqs. (8) and (9) simultaneously for b; and 
c, the usual procedure is to state that if the electric 
current J, 


J=[(2m)'e set) Ele(n)d fo/dndn, (10) 
is zero, then, since E! depends very weakly on n, and 


> Ofo ” c(n)dn 
f e(a)— drm f —_——— ——, 
- On ~» (e°+1)(e-7*+1) 


D om 


(11) 


the integral on the right-hand side of Eq. (11) is ap- 
proximately zero, and this term is neglected in Eq. (9). 
This equation can then be solved for b;.'~*.7 However, 
with respect to the terms which are usually retained in 
Eq. (9), this term is not small. Expanding E as a 


8 We have made a preliminary calculation of the effect of the 
anharmoic term in the potential energy of the lattice on the 
Ettingshausen-Nernst coefficient using the relation L,=constant 
xT given in reference 1 for T>>@ where La, the mean free path 
of the anharmonic scattering effect, is given the value 7.5X 1077 
cm obtained in reference 7 from specific heat data on NaCl. It 
appears that this effect is small (the fractional change in Arn 
being ~10~). Further study on the nature of this effect would be 
of value. 


PAUL 


function of 7 (i.e., in powers of 7/¢), we get 


koTn}} koTn 


f f 


Pia 


Then 


Pr Ofo 
fe ar~- 
On 


~% 


+3 (13) 


koT : Ofo 
—— } n° |e(n)—dn. 

f On 
To evaluate this integral, we expand ¢(n) in powers of 
n, i.e., ¢(n) =e(0)+e'(0)n+4e” (0)n?+ ---, and integrate 
term by term, obtaining for J=0 


c(n)dn 


f (e-+-1)(e-*-41) 


(14) 


We obtain ce’ (0) from Eq. (8). Representing the integral 
in Eq. (8) by G, we first write the general solution for 
c from this equation: 


ei1\* 1 
mc 7 


h d¢ oT 2mT°G, 


dT dx 


oT 
* + Ron- 
hD©*r Ox 
de oT 


2mT°G, oT 
dT dy hDO*r j 


MT 


heH 
4 


mc 
eH\* 1 
(tale 
mc r 
heH 
c= | e8.+ 
mc Ox 
h oT 
-—|8,+ + kon— | 
mT oy 


In accordance with Eq. (14) we differentiate the above 
equations with respect to ». Remembering that 
eH /mc <r, we obtain 

C2! (0) = — (hr/m) kod T/x— (eH r/mc)kodT/dy |, 
cy’ (0) = — (hr/m) (eH r/mc) kod T/dx+koAT/dy J. 


les.+ 
oy 
(15) 


dT ox 
dt oT 
dT dy hDO*r 


dt dT 2mT°G, oT 
hD©?r ; 


2mT°G, 


(16) 


For c(0), we use the equilibrium phonon distribution 
as a first approximation [i.e., Eq. (15) without the G 
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term]. The term containing d¢/dT~’k’T/6¢ ap- 
pearing in ¢(0) is of order (7/f)? with respect to the 
corresponding term in c’(0) when substituted in Eq. 
(14) and can be neglected. Thus we write for ¢(0) 


c2(0)= — (hr/m)e&,+ (heH /m'c)7°e&,, 


(17) 


y(O) = — (hr /m) (eHr/mc)eE.— (hr/m)eSy. 


Substituting Eq. (14) into Eq. (9), we get for J=0 


bo r koT r Rol 2 
- T f-2(/ ) 0), (18) 
E rs s\¢ 


bo=27k iM O8/30m?C?T°. 


where 

Equation (18) may now be used to evaluate the term 
containing the integral in Eq. (8) as 

TL 4boTOV,T +32? (koT/)e' (0) +$2° (oT /f)*e(0) ], 


and thus for J=0 


hr e€ , g 
c(n)=— |e eX H+ (ET+S0)V,T+ rv.( a 
hc ti 


m 
rm {Rol \? , 
+4 ( c(0)+37 
hr f 


m boT 
"aie 


0) (19) 


where 


We can make a formal identification with Eqs. (8.511.9) 
and (8.511.10) of reference 1 by letting 


- 


$ 
P= —e&8—TV,—— (ET“'+S»)V,7 
r 


mw Rol \? rm koT 
——- ( ) —4 —e’ 
hr 8\ ¢ hr ¢ 


Then, putting a= eH /hc, we obtain 


(0). 


(m/hr)P.—aP, 


aP et (m hr)P, 
(m/hr)?+o2 


— (21) 
(m/hr)* +a? 


II. THE LATTICE HEAT CURRENT 


The thermal current density due to the lattice 


vibrations is 


= 4,5 hur ;(z)q, (22) 
*Sdq, 


Wy 


which may be written, on replacing >, by (2x 
as >, 
hug 2; ONo 
aM (q-b; aA, 


(Qn) 8koT 
Integrating over the polar angles in q space, noting that 
the cross product terms 9:92 vanish, and replacing the 


(23) 


(20) 
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Ke™Tx105 
| 
6| 
Fic. 1. Lattice 
conductivity Ky, (in 
cgs units) of silver 
and sodium for elec- 
tron lattice  scat- 
tering when O<T 
<melting tempera- 
ture. 





variable of integration g by z, we obtain 


koT* 9/T 
eae : f 
hae J, 

0, we can substitute Eq. 
Integrating, we get 


eHrpaT, aT. 
| Ee i--—, 
mc oy Ox 
r(koT)’e(O) 


24har¢? 


wrkeT? 


st >>; b,dz 
(e*—1)( 


(24) 


1—e-?) 


For J 


expression. 


(18) into the above 


dg= (— Bot B)V,-T— Br 


where 


, bokoT™ 


“nae” 6mea* 

If we consider the case of rmal conductivity alone, 
then H= &=J=0 and w,= (— Bo+ B,)V,T. The quan- 
tity — BoV,T corresponds to that obtained by Mack- 
inson.’ > The additional term B,V,T [which comes from 

‘(0) in Eq. (18) ], however, is of comparable mag- 
nitude. Thus the heat current carried by the lattice is 
not independent of the magnitude of the heat current 
carried by the electrons. Further, while Bo is a constant 
independent of T, B, is directly proportional to T. 

Let us define K, as —w,/V,T. Then Fig. 1 is a plot 
of K, in cgs units against T in degrees Kelvin for silver 
and for sodium when ©<7<melting temperature. 
Remembering that the additional term B, is propor- 
tional to the temperature, we expect it to increase in 
importance as 7 increases. Thus, for the case of silver, 
when T is approximately 1200°K, B, is about equal to 
By and the lattice heat current drops considerably (see 
Fig. 1). (This does not include the electron heat 
current. ) 


III. THE ETTINGHAUSEN AND ETTINGSHAUSEN- 
NERNST COEFFICIENTS 


Consider a metal strip with its surface in the xy 
plane and a magnetic field H in the z direction. Then 
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we define Ap, the Ettingshausen coefficient, and A gn, 
the Ettingshausen-Nernst coefficient, as follows: 

(1) An electric current J, is applied. If w,=0, there 
exists a transverse temperature gradient 07/dy and 


Apn=— (0T/dy)/HJ;. (26) 


The auxiliary conditions are J,=0 and d7/dx=0. 

(2) A temperature gradient 07/dx is applied. If 
J,=0, there exists an electric field &,, and 

Argn= &,/Hw:. (27) 

The auxiliary conditions are J,=0 and dT /dy=0. (We 
have used the definition for the Ettingshausen-Nernst 
coefficient which is used experimentally.) 

Reference 1 gives the following expressions for the 
electric and heat currents in the single-band spherical 
energy approximation with an equilibrium phonon 


distribution: 
oc /T oT 
J ,=e(3rh') | yf e6.4+-T- —) +n 1 


Ox 


; 0¢/T i; oT 
~in( 08,47 —)~. -——|, 
oy i oy 


ar/T\ i, aT 
J = e(32h*) [in( 8+ T—— +— = 


Ox 


Ox T Ox 


re  g 1o oT 
tii( e847 )+- ne | 
dy T dy 


ore  g i; OT 
(w.).= ~ 3) a 08.4 r——)+ -- 


Ox T dx 


0¢/T 16 oT 
~ie( 08,+ r-—~)- eaten | 


oy fi ov 
ar/T,\ % aT 
(wy)-=— eh'y| (8.4 r——~) +— * 


Ox hs 


0¢/T 
+in( e847 - ) 
oy 
where 


* m E49 fo/IE 
in=— (2m) f — ——__—_—4 
0 hre’+(m/hr)? 


* Fr-40 fo/dE 
in= —(2m)'a f ———dE, «x=4, 5, 6. 
9 a&+(m/hr) 


(28) 


The integrals i, can be expanded in powers of koT/f 
and, if one uses the auxiliary conditions on Ag and 
Agn given above, one obtains 


(A E)0= (T/ncr)d7/ Of, (A EN)0= (ncr)—d7/0¢, 


where the zero subscript indicates equilibrium phonon 
distribution values. 


(29) 
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Essentially, there are two places where the non- 
equilibrium phonon distribution modifies the transport 
properties. The first is in the contribution of the lattice 
heat to the total heat current (originally given only by 
the electron heat current w,). The second is the modifi- 
cation of the electron current as in Eq. (19). 


ETTINGSHAUSEN-NERNST COEFFICIENT 


For the Ettingshausen-Nernst coefficient we have 
J=0T/dy=0. Applying these conditions to Eq. (28), 
we obtain the equilibrium distribution relations 


e&, = — 439 (eHr/mc)(¢/T)dT/dx, 
dt oT 


e&.+— —~0 
dT 0x 


’ 


which we shall use as first-order approximations in 

simplifying the terms arising from the nonequilibrium 

phonon distributions. Thus, substituting in Eq. (17), 
¢2(0) = — 4a? (hr/m) (eHr/mc)?(¢/T)dT/dx, 0) 

(< 

cy(O) = 32? (hr /m) (eH r/mc) (¢/T)dT/dx. 

Noting that c,’(0)>>1koTc.(0)/f, we get from Eq. (18) 

> 5(b;)2=[— (bo/| 2] ) +32? (hr /m) (kPT/¢) OT /dx, 

> 5(b;)y= —0.129? (hr /m) (eH r/mc) (ke? T /f)dT/dx. 


Further, from Eq. (19), 


Arfe E oT o¢ T 
:(n)=— ext).+(_ +s) + T | 
i AN 


m Lhe Ox Ox 


hr 


c,(n)=— 
m1 


é 
les. (cXH), 
1C 
kol eHr OT 
$01 — —fy— 


- 


cf mc ox 


m boT kT 
s=a( ) an vlad 
hr] © ¢ 


Thus the lattice heat current may be written as 


where 


(Wy)z = ( = Bot B,)dT/ Ox, 


hr eHr k®T? OT 
(Wg)y= —0.38— ae 


(33) 
mmc hat ox 


We see that the x component of the lattice heat current 
is proportional to the change in temperature in this 
direction and is independent of the magnetic field to 
first order. For (w,), however, we have the anomalous 
situation where the y component of the heat current is 
proportional to the gradient of the temperature in the 
x direction and to the magnetic field H. 

The effect of the additional heat current term w, on 
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Agn is obtained from the conditions 

w= — (Sah) [iT 0 (¢/T)/dx+isT OT /0x 
—ise&y |+ (wg)z; 

i T'8(¢/T)/dx+i2TT /dx—iseS,=0; 


TiO (¢/T)/dx+isT'0T/0x+ ie $,=0. 


J2z=V0, or 


Jy=0, or 


Using the definition V = (47/m)(2m¢)! and the relations 
between the 7, given by Sondheimer,’ we obtain 


Agn= (ner) dr Oe +9h'T (Bo— By) VkeT? } L ($4) 


The fractional change due to the lattice heat current is 
thus 


9h*T(By—B,) 27rh® h 4cikoT 
3 ~ & | (35) 


ke TV 32ma%*L2m?a* 9h? (3m)! 

For silver, this is approximately 2.6X10~*—1.88 
x10-°7. At T=400°K, this is 1.8X10-* while at 
T=1200°K it is 3.510. Thus we see that this effect 
is small. 

The modification of Agyx due to the changed electron 
distribution is found by substituting Eqs. (16) and 
(30) into Eqs. (20) and (21). Defining ro as the value 
of r at E=¢ 
confusion), and 


(when there exists the possibility of 


hry koe? 


, 


$ 


keT? hro eH 
y= 0.122" ———, 
> m mM 


we can write 
hr oe/T hr E OT 


ms 
mT 0x T Ox 


2 
Co. 
m Ox 


hr\? 
+a e&,+Rye 
m 
oT hr\? 
>» 4 
, -a( ) COx 
T Ox m 


hry? o¢/T aE EL Or fr. 1 OF 
-a( ) T al ) 2 ee Ri Ne eieee 
m Ox m T 0x m T Ox 


If we now make the additional definitions 


. ko 2 
Y=¢(2m¢ [i+ie( ) | 
f 
koT\? 
Z= (amt)! +-4=°(—) | 
f 


® EF. H. Sondheimer, Proc. Roy. Soc. (London) A193, 484 (1948). 
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and substitute Eq. (36) into the expression given by 
Eq. (10) for the electric current J and a similar ex- 
pression for the heat current, we obtain 


e o¢/T 
ed, + 7 . ji 
Shi Dx 


or 
—(te—ai, Ry +R,Z)—edyis |, 
* Ox 


” On 


Imposing the requirements J,=J,=0 and following 
the calculations through one obtains 


Apne0.76(A En) o. 38) 


Thus we see that this effect causes a change of approxi- 
mately 24% in the old value of the Ettingshausen- 
Nernst coefficient but is still not sufficient to yield a 
change in sign. 

In a recent article Parrott® has shown that one can 
obtain a change in sign in the Ettingshausen-Nernst 
coefficient in semiconductors by considering either 
electron-impurity scattering (very low temperatures 
or the relation derived by Herring"® (7,~! « 7“g?) for the 
relaxation time for phonon-phonon scattering valid for 
temperatures well the Debye temperature. 
However in contrast to metals the number of con- 
duction electrons in semi-conductors is small and the 
contribution of the lattice energy flow to the total heat 
current is a major factor. In particular the electron- 
phonon scattering in metals does not appear to be the 
mechanism for a change in sign in the Ettingshausen- 
Nernst coefficient. 


below 


ETTINGSHAUSEN COEFFICIENT 


Ettingshausen coefficient Ag, we have 
dT/dx=0, while J, is an arbitrary applied 
current. Applying these conditions to Eq. (28) for the 
equilibrium phonon distribution, we obtain 


For the 


J y= y= 


me ¢ OT 


e6,= — 3 ——, 
eHr T dy 


0 C. Herring, Phys. Rev. 96, 1163 (1957). 
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as a first-order approximation in simplifying the terms 
arising from the nonequilibrium phonon distribution. 
Thus, substituting these expressions into Eq. (17), we 
see that c,(0) essentially vanishes with respect to the 
c,'(0) term. Thus, using Eq. (18), we can write 


bo hrk?T\ OT 
E (b= - (+4 — — 
i |3| m ¢ dy 


and from Eq. (19) 


: hir é 
Cy(n) = -—L es, ~(eXH), 
m 1C 
E oT o/T 
+(=+5)—+7 =| (40) 
T oy oy 
The lattice heat current in the y direction is therefore 
(wy)y= (— Bot By) 0T/dy. (41) 


Thus, writing for the total heat current in the y di- 
rection the expression (w),=(w.)y+(w,),, we follow 
the same procedure as for the Ettingshausen-Nernst 
coefficient and obtain for the effect of the lattice heat 
current on Ag 


T or 
tx ——]14 


ner OF 


(42) 


| 1 
Vk? 

The additional term is seen to be exactly the same as 
that given for Agn in Eq. (34). 

The procedure for determining the modification due 
to the changed electron distribution is again similar to 
that for Ag. The final expression is 
T a 
Ap=—-— 

NCcT O 


1 
? 


Pa ee ee -(RoT)? 


3m boT*% wh 
4 
2m 


| .- 
c| (-) 


> 3 
2hre? 


LS 


PAUL 


and thus, the additional term giving the fractional 
change due to the modified electron distribution is 


3 ol )' 


3m | bo wht 
4 
3} 


2hre* 2m 


For silver, at 7=400°K, this has the value — 2.1 10™ 
while at T=1200°K, it is —2.2&10-%. 


IV. SUMMARY 


We may summarize the results as follows: The 
general expression for the lattice heat flow in metals 
when J=0 and T>0 is given by Eq. (25). If we con- 
sider the case of thermal conductivity, H= €=0, then 
Eq. (25) reduces to two terms. The first is the usual 
expression found in the literature and is a direct con- 
sequence of the nonequilibrium distribution of the 
lattice energy. The thermal conductivity arising from 
this term is independent of the temperature. The second 
term represents a contribution which is dependent on 
the magnitude of the electron current and is directly 
proportional to the temperature. This second term is of 
opposite sign from the first term and at sufficiently 
high temperatures causes the lattice heat current 
resulting from electron-phonon scattering to drop 
considerably. 

Noting that the nonequilibrium phonon distribution 
causes a lattice heat flow (in addition to the electron 
heat flow), and also a change in the electron current, 
we have calculated the effect of these two modifications 
on the Ettingshausen and Ettingshausen-Nernst co- 
efficients and have shown that both of them are small, 
though, in the case of the Ettingshausen-Nernst co- 
efficient, not negligible. 
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Fermi-Segré Formula* 
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\ derivation of the nonrelativistic Fermi-Segré formula for the probability of finding a valence s-electron 
at the nucleus of an atom in terms of the energy eigenvalues of the electron is presented which makes use 
of the effective-range method drawn from scattering theory and a refinement of the JBWK method which 
avoids problems with the Coulomb singularity of the ion core potential. 


pe the interpretation of fine structure splittings, 
hyperfine structure splittings, and isotope shifts 
of spectral lines, and more recently for the interpreta- 
tion of Knight shift! data, it is necessary to have in- 
formation concerning the probability of finding an 
electron at the nucleus. In 1933 Fermi and Segré? 
derived a remarkably simple formula for the square of 
the wave function of a valence s-electron at the nucleus 
which is a refinement of a formula due to Goudsmit.’ 
The Fermi-Segré formula was derived essentially by the 
application of the JBWK method to an s-electron mov- 
ing in an ion core potential which is Coulombic in 
character both very close to the nucleus and at great 
distances. The remarkable feature of the formula is 
that it makes no explicit reference to the detailed 
nature of the ion core potential (which generally is 
unknown) but allows the calculation of the probability 
density for the electron at the nucleus in terms of the 
energy: levels of the electron in the potential only, 
quantities which are directly determinable from spectro- 
scopic observation. The simplicity and elegance of the 
Fermi-Segré formula so impressed the present author 
that he decided to explore the problem with the object 
of improving the derivation and placing limits of error 
on the formula itself. Although he was able to give a 
more rigorous derivation of the formula, the problem of 
its accuracy appears to be an order of magnitude more 
difficult and no substantial progress was achieved in this 
direction. Because of recent interest in the formula‘ in 
connection with the Knight shift, it was decided to 
publish this new derivation in the present paper. 

It should be remarked that there is some question 
concerning the applicability of the Fermi-Segré formula 
to actual atoms because it neglects configuration inter- 
action, which may be important in some cases, and also 
since it assumes the existence of a local potential for the 
valence electron, which in view of the effects of exchange 
is not necessarily justifiable. We shall not be concerned 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

1See W. D. Knight, in Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2. 

2 E. Fermi and E. Segré, Rend. accad. sci. fis. mat. e nat. soc. 
reale Napoli 4, 131 (1933); Z. Physik 82, 729 (1933). For a discus- 
sion of this formula, see M. F. Crawford and A. L. Schawlow, 
Phys. Rev. 76, 1310 (1949). 

3S. A. Goudsmit, Phys. Rev. 43, 636 (1933). 

4H. Brooks and F. S. Ham (to be published). 


with these aspects of the problem but shall address 
ourselves simply to the purely mathematical problem 
of the validity of the formula in the idealized case where 
one does have an s-electron moving in a potential of the 
type described. Furthermore, in the case of heavy 
atoms relativistic effects can be important. While these 
relativistic effects can be taken into account (and 
Fermi and Segré do give a relativistic correction factor 
in their formula) we shall deal with the entire problem 
nonrelativistically in the present paper. 

The Fermi-Segré formula with neglect of relativistic 
corrections can be written in the notation used in this 
paper as 

LY ‘av, 
¥.2(0)=———_ —=——_ 


Tay, Gn 


LZ? dAn 
1——— |. (1) 


TAG Vy? dn 


Here y,?(0) is the probability density for the s-electron 
at the nucleus in the mth stationary state, Z is the 
nuclear charge, z is the charge of the ion in the field of 
which the electron moves, do=?/me? is the Bohr 
radius, v, is the effective quantum number of the mth 
stationary state defined by the fact that the term value 
in Rydberg units is given by 2°/v,”, €,=1/v,”, and 
A,=n—v, is the quantum defect of the mth state. The 
derivative dA,/dn is presumed to be evaluated by 
smoothly interpolating the values of A, as a function of 
n and evaluating the slope at #. 
Equation (1) can be rewritten as 


LZ? 
¥x2(0) =——_—_—_——_ —_——., (2) 
rayv, | 1— (2/5) (dd, ‘den) | 

which is the form in which it is derived velow. As will 
be seen, the problem of deriving this formula breaks 
down naturally into two parts: (1) relating the value of 
the radial wave function at the nucleus to its value at 
large distances from the nucleus, and (2) evaluating the 
normalization integral for the radial wave function. 
In the derivation of Fermi and Segré, both parts are 
treated by the ordinary JBWK method.° In our deriva- 
tion, the first part of the problem is treated by a variant 
of the ordinary JBWK method which avoids in a simple 
and direct fashion the usual difficulties with the Cou- 


5 See for example, L. Schiff, Quantum Mechanics (McGraw-Hill 
Book Company, Inc., New York, 1955), second edition p. 184 ff, 
and references contained therein. 
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lomb singularity of the potential at the origin. The 
second part is treated by a method analogous to the 
effective range method® in the theory of scattering, but 
is at the same time related to the so-called “quantum 
defect” method’ which was developed independently 
of the effective range method for the treatment of solid- 
state problems. The connection between these two 
methods does not seem to have been noted before. 
Although we feel that our derivation is more satis- 
factory than that of Fermi and Segré, we are still 
unable to ascertain the limits of error of the formula. 

The two methods introduced for dealing with this 
problem would appear to have more general applica- 
tions to atomic problems. It is hoped that study of such 
applications will be possible in the future. We now 
proceed to the presentation of our derivation. 


I 


Consider an s-electron moving in a spherically sym- 
metric ion core potential V(r). If the nucleus has a 
charge Ze and the ion core a charge ze, then 


V (r)—2e?/r (r— <x ) 


(3) 
—Ze/r (ro), 
The potential V(r) is close to its asymptotic value when 
r is substantially greater than a radius r, which is of 
the order of ao/z where d9=7"/me? is the Bohr radius. 
We designate the normalized wave function for the 
nth bound stationary eigenstate of the electron by 
y,(r) and introduce the radial wave function u,(r), 
with a normalization to be specified later, by the 


definition 
“ } 
wa(e)=| J war| ry,(r). (4) 
0 


Then u,, satisfies 
@u,,/dr?+ (2m/h?)_E,— V jun=0. (5) 


The quantity of interest to us, ¥,?(0) can be written as 


du,\? . 
v= ( ) /\# f ucdr| (6) 
dr r=0 


0 


where use has been made of the fact that “, vanishes 
linearly with 7 at r=0. 
II 


We first will obtain an expression for the normaliza- 
tion integral fo% u,°dr in terms of the energy levels 


6 This method is originally due to G. Breit. See, for example, 
G. Breit, Revs. Modern Phys. 23, 238 (1951). Our treatment 
follows more closely H. A. Bethe, Phys. Rev. 76, 38 (1949). 
Other treatments are contained in the following papers: F. C. 
Barker and R. E. Peierls, Phys. Rev. 75, 312 (1949); J. M. Blatt 
and J. D. Jackson, Phys. Rev. 76, 118 (1949); Revs. Modern 
Phys. 22, 77 (1950); G. F. Chew and M. L. Goldberger, Phys. 
Rev. 75, 1637 (1949). 

7 See, for example, F. S. Ham, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 1, and references contained therein. 
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for the electron in the ion core potential. It is con- 
venient to convert Eq. (5) by the introduction of ap- 
propriate atomic units: 


p=zmet/h? = zr/ao, 
€n=1/v,2= —2hE,/2me', 
v(p) = — 2h V (r)/2?me'. 


It will be noted that v, is just the effective quantum 
number of the nth state as conventionally defined. 
The equation for u, then becomes 


@u,/dp?+[—entv(p) jun=0, (8) 


while (6) becomes 


9 


2 /du, a 
(—) /f Undp. 
4rra,* dp p= () 0 


(p—0), 
(p>p.e~1). 


¥n'(0) 

We note that 
v(p)=2Z/zp 

0(p)=2/p 


If one writes Eq. (8) for a second eigenfunction ,,, then 
one has immediately 


. Pun, PUm 
il Um——— thn —— |dp 
dp” dp” 
—dUm(p) du,(p) 

= Un (p)———-— Um (p) —— 


dp dp 
_ (€n— Em) J UnUmdp. (10) 
p 


We now turn our attention to the function w,(p) 
defined as that solution of the equation 


dw,/dp’+[ —éent2/p wn=0, (11) 


which vanishes as p> and which is normalized to 


(12) 


w,(0)=1. 


We shall see shortly that except when e, is the reciprocal 
of the square of an integer, a solution with these proper- 
ties exists. Again, from Eq. (11) and the corresponding 
equation for w,,, one can derive the relation analogous 
to (10): 


dwWm(p) 


Wnlp —Wm 


dw,(p) oo 
—= (€n— €m) f WrWmdp. (13) 
p 


dp dp 


The normalization of , is now fixed such that 


Un(p)—Wn(p), (p>), (14) 


which is possible since both functions satisfy the same 
equation and the same boundary condition at infinity 
for p>p-.. Subtracting Eq. (10) from Eq. (11) and 
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passing to the limit p—0, we obtain 


Wm dw, " : 
lim | — = (e-em) f [Wnt’m—Untlm |dp. (15) 
dp ( 


p>) 


The limit on the left is required since dw,/dp has a 
logarithmic singularity at p=0. In writing the above we 
have used the fact that #,(0)=0, w,(0)=1. We now 
discuss the left and right sides, respectively, of this 
equation. 

The change in variable p= v,x/2 reduces Eq. (11) to 
Whittaker’s equation® from which it follows that the 
solution having the specified boundary properties can 
be written 


Wn(p) =V' (1— vn) Wnt (2p/rn), (16) 


where W,,,4 is the Whittaker function and I is the 
gamma function.® The known behavior of the Whittaker 
function in the neighborhood of the origin then leads to 


Wn(p)—1— 2 inde (vn) +7 cotry, 
p->0 


1 
-v(1)-¥2)+—— Inv], (17) 


LYn 


where y is the logarithmic derivative of the gamma 
function, I’’/T’. Hence 
dw 


-—»>— 2 In2p— af + v0r0+s cotrv, 


dp °° 


1 
-—t)~sat—— inv 


2in 


and the left side of (15) can be written 


dwm dWr 
im | ——- |= 306(5)—~Glom)} 


p—0 


dp dp 
where 
G(v) =n cotrv+yY(v) —Inv+1/2p. 


It is convenient to write 


G(v)=7 cotrv+g(v), (21) 


where 


g(v)=(v)—Inv+1/2p. (22) 


We note that for numerical calculation, one can con- 
veniently use the asymptotic expansion for the y func- 
tion, valid when v>>1, namely 


1 1 1 1 
¥(v) =Inv——— ——-+ — rey 
2v 12v? 120r4 252,86 


8 E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, Cambridge, 1940); H. Buchholz, Die 
i men Hypergeometrische Funktion (Springer-Verlag, Berlin, 
1953). 


(23) 
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FORMULA 


whence 
1 1 1 
g(y)~ : grreeryn : (24) 
12 120 252v° 
which is of adequate accuracy for our purposes for 
v2.1.5. 
Thus Eq. (15) is reduced to the form 


9 9 


1 1 
Grn) Grn) =( — -— ) Rom = (€,— En) Ram, (295) 
Vv 


4 ,_@ 
n Vn 


where the integral 


Rou? f 


0 


W nWm— Unttm |dp (26) 


will be recognized as closely related to the effective range 
of scattering theory. We now turn to an analysis of 
the properties of this integral. 


III 


The integral Rn»» can be regarded as a function of the 
two discrete variables e, and €m. We remark first that 
the integrand essentially vanishes for r>r, since the 
functions “, and w, are practically equal there, so 
that the principal contribution to the integral comes 
from the range r<r,. It will be noted, however, that in 
this range the functions #, and w, are relatively insensi- 
tive to the values of ¢, provided the changes in the 
latter are relatively small compared to unity. This is a 
consequence of the fact that the potential functions 
appearing in the respective equations for these functions 
are both of the order of or larger than unity in this range 
and that the normalization of the functions at one point 
in the range is fixed by the defining conditions on these 
functions. Hence we conclude that for fixed €,, Rnm is a 
relatively insensitive function of €m for |€n—é€m|<1, 
and that the same is true for R,,, for fixed ¢,, when 
regarded as a function of €p. 

If the energy eigenvalues of the electron in the poten- 
tial V are known, then the values of e, are likewise 
known through (7). Thus from these values one can 
compute the left side of Eq. (25) and obtain a matrix 
of Rum values with the exception of diagonal values. 
The smooth variation of Rym with €, and €,, would then 
allow one to interpolate to obtain the diagonal values 
Rann. If the latter are known, then as we shall see, we 
have the information required to obtain the normaliza- 
tion integral which we are seeking. An alternative 
procedure which is adequate for our purposes and 
simpler in practice is the following. 

It is known empirically that in many cases, the 
effective quantum numbers v, can be represented by a 
formula of the form 


Vn=n—An=n—atsb,, (6,K1, 5, , 


where a is independent of m and represents the quantum 
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defect for asymptotically large quantum number. 
Furthermore the residuals 6, do not vary erratically 
with » but can be represented quite accurately by a 
polynomial expression of the form 


b, 8B 
6n=Bient+Boen? + ics Rigas + 


Vy» Vy 


4 


If one substitutes this result into Eq. (25), one has 


—x[ cot (a—5,,)r—cot(a—5m)a ]+g¢(vn)—g(vm) 


=(€n—€Em) Ram. (29) 


Now both sides of this equation can be considered 
smoothly varying functions of the variable e,—e, and 
hence one can divide both sides of this equation by this 
quantity and pass to the limit ¢,,—e,. The result is 


db» vn fdg(vn) 
Rw.=-— escrae( )- ( = ) 
de, 4 dv, 


TVs? 2 fdb,, v,> dG(vn) 
= ——— csc*p, 7] 1+ ( - *) -—— . 
2 v,* \de,, 4 dp, 


(30) 


If one uses the asymptotic expansion for g given in 
Eg. (24) one can also write 


db», 1 1 
Rin=—™ escour(=)- —fp—+--, (31) 
dep 12 60r,2 


The quantity dé,/dv, can be evaluated by a poly- 
nomial fit of the form (28) to the empirical data if 
desired. 


IV 


We will now assume that the values of R,,,, have been 
determined by one of the empirical schemes already 
mentioned. The desired normalization integral can be 
expressed as 


f ucdp=— Rav f W dp. 
0 0 


The integral on the right can be evaluated in a manner 
analogous to that which we have just employed for 
R,». Equation (13) is valid for all values of €, and €,, 
and not simply the eigenvalues of the original problem. 
Hence in this equation we can divide by €,—€» and 
pass to the limit p—0, followed by &—e,, with the 


result 
- vx> dG(vx) 
f W,"dp=—— -, 
0 2 dy» 


(32) 


(33) 


Hence if we use the particular result (30), we have 


» 2 {dy 
J ty*dp=r’v,* csv 14+ —( I (34) 
0 n> \ de, 
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Thus a knowledge of the eigenvalues of the electron in 
the potential V allows us to calculate the normalization 
integral quite precisely. In fact, since “, is identical 
with w, for r>r., w, is a known function, and the 
normalization integral for “, is now determined, one 
knows completely the wave function w,, for r>r.. 

It would be of interest to explore the degree of 
accuracy of Eq. (24). While this is a fascinating mathe- 
matical problem, it will not be gone into here. Explora- 
tory investigation would suggest that it is of consider- 
ably higher accuracy than we shall be able to achieve 
in the calculation of (du,,/dp),=o. 


Vv 


The remainder of the problem at hand consists in 
evaluating (du,/dp),-. This cannot be done at all 
precisely without knowledge of the potential V(r) and 
even with this knowledge would require integration of 
Eq. (5) and hence would negate any value of the Fermi- 
Segré formula itself. It is therefore necessary to resort 
to an approximation method and some form of the 
JBWK method is indicated. The usual JBWK method 
is not too satisfactory here because of the difficulties 
with the Coulomb singularity at the origin. The follow- 
ing variant of the usual method would appear to be 
most appropriate to this problem. Unfortunately it 
becomes rather cumbersome unless restricted to terms 
of relative order e,. This is not too unsatisfactory a 
restriction and hence it will be adhered to below. 

One begins with the function 7(p) defined by 

J(p)=al (co), o=(8p)*, 
where /, is the Bessel function of unit order. One can 
readily verify that 7(p) satisfies the equation 


ay 2 
<9 
dp? p 
We now let 
u,(p)=AK,'47(K,), 
where 
K,=K,(p), K,'=dK,/dp. 


Then w,, satisfies the differential equation 
fa, 7K," KO 3k.” 
~ 4|= _+ u,=0. 
dp’ K, 


—_—_—— (39) 
2K,’ 4K,” 

This coincides with Eq. (8) provided 

2K,” K iad Rs te 
-—- + ae =0(p)— En, (40) 
x, 2m, a 

while the boundary condition u,(0)=0 is satisfied if 

K,(0)=0. This equation cannot be solved exactly for 

K,,, but if in the spirit of the JBWK approximation the 

terms in K,’” and K,’” are neglected, integration is 
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possible : 


(41) 


(8K,)!= f (v— €n)*dp. 
v0 


Since, as p0, AK, as determined from this equation 
approaches Zp/z, the boundary condition at p=0 is 
satisfied. 

We now consider the form of the solution (41) when 
p>p-; there 


dp 


1 
~«) dp Actol 1 _ co} 
t 


to terms of first order in e,. Here 


x 2 4 
Re f t -«)!=( -«) Jo 
0 p 


where the upper limit has been made infinite since 
2/p for p>p,, and the integrand therefore vanishes 
in this range. To terms of first order in €,, 


(43) 


(44) 


A+ e,9, 


where 


rlO-O} 


Substituting these results into Eq. (37) and retaining 
terms of first order in €,, we then have for p> p.: 


1 


Aa*(1+4he,p)[o+A,—Prenpe | 
XIi(otA,— 


uU,(p) 
ire, po). (46) 
In the appendix it is shown that to terms of order €,, 
and for p2/€,, 


wW»(p) = —4203(1+-4e,p) Lo — pe npo |? 


X[cotrynJ1(o—Pyenpo)+Ni(o—pyenpo) |. (47) 
By a proper choice of A, and A, these expressions 
should agree in the range p>p-.. They do not, but the 
reason is that (46) suffers from the JBWK approxima- 
tion. However, for p>p. the arguments of the Bessel 
functions are sufficiently large that only a moderate 
error is entailed in replacing the functions by the first 
term in their asymptotic expansions. In this case, 
Eq. (46) becomes 


Un(p) = —A(20/m)! 


X(1+dene} cos(o+An- (48) 


1 1 
12€npot 47), 
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while (47) becomes 


wn(p) = (4c) *[1+}enp | 


X cscrvn COs( (49) 


1 
TVn—Pxenpot+ 4m): 
We see that the two functions agree provided 


An= (n—v_a)rm=a—Byen=AtEL f 
(50) 
A=-+}m CSCrYn. 


These conditions are required simply in order that V (r) 
should reproduce the energy eigenvalues of the electron 
in the approximation in which we are working. 

Using these results we can now calculate (du,,/dp) =o 
from (37) to obtain 


(= 2) 4ir?Z? CSC y 
dp p=0 Zz 


Finally substituting this and the result for the normal- 
ization integral given in Eq. (34) into Eq. (9), we obtain 


(51) 


LZ? 
¥2(0) =—— —— et (52) 
ragv,'[1+(2 /y 3) (d5,/den) | 


which is the result discussed in the introduction as 
being equivalent to the Fermi-Segré formula. 
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APPENDIX 


For our development it was necessary to obtain the 
expansion of the function w,(p) in powers of €, correct 
to first order in e,. We were unable to find anything 
more than the zeroth order term in the literature.t To 
obtain the desired result we proceeded purely formally 
in the following way. We note that the function 


v(p)=o[AJi(o)+BNi(c) ], o=(8p)i (A-1) 


satisfies Eq. (36), and in this case set 


Wn(p)=K»'—*y(K,), (A-2) 


where K,, is now a different function of p than in Eq. 
(37). Then K,, must satisfy Eq. (40) with v replaced by 
2/p. Again making the JBWK approximation, this may 
be solved to yield to terms of first order in e,, 


Kn=p—§€nb*- (A-3) 


With this form for K,, one finds that (A-2) above satis- 
fies the following equation exactly: 
2€n*p En? 


Fw, [2 i 
——"4- — €,+—__—__-- — - — foram (A-4) 
dp* p 9(1—%e,p) 12(1—enp) 

t Note added in proof.—Dr. F. S. Ham has kindly informed us 
that such formulas have been derived and has quoted the following 
references: T. S. Kuhn, Quart. Appl. Math. 9, 1 (1951); F. S. 
Ham, Quart. Appl. Math, 15, 1 (1957). 
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Hence this is a solution to first order in e, and is a good 
approximation for p2/e,. To determine A and B we 
make use of the fact that w, given by (A-2) must ap- 
proach the value given in Eq. (17) as p—0. Using the 
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FOLDY 


limiting forms of the Bessel functions as p—0, we find 
that for agreement it is necessary that A = — (1/2) cotmy,, 
and B= —72/2. Hence to first order in €,, w,(p) has the 
form given in Eq. (47). 
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Variational Calculations of the 2 *S State of Helium* 


J. Traust anp H. M. Fotey 
Columbia University, New Vork, New York 
(Received March 13, 1958) 


With a 12-parameter Hylleraas-type wave function containing only positive powers, a new calculation has 
been carried out for the 2 8S state of helium by the Ritz variational principle. The energy was minimized by a 
descent process. A nonrelativistic energy of —1.0876088 Hylleraas units was reached as compared with the 
best previously published value of —1.0876015 Hylleraas units from a 6-parameter function. When mass- 
polarization and a*R, corrections are included, the 12-parameter function gives an ionization potential 2.52 
cm less than the experimental value of 38 454.64 cm™. The electron density at the nucleus is also calculated 
and compared with the experimental hyperfine-spectrum value. All numerical work was carried out on an 


I.B.M. 650 computer. 


I. INTRODUCTION 


LONG series of calculations have been made of 

the energy of the ground state of helium,' 
culminating in the 38-parameter calculation of Kino- 
shita.2 When relativistic and mass-polarization correc- 
tions are made, the resulting comparison with the 
experimental values of the ionization energy must : be 
considered as very satisfactory. 

The six-parameter variational calculations of 
Hylleraas* and Huang* represent the most accurate 
previously published wave functions of the 2 %S state.° 
They differ from the ground-state function with respect 
to symmetry and also in that two different exponential 
functions must be included, corresponding to 1s and 2s 
orbits. No calculation of the relativistic corrections has 
hitherto been made for the 2 *S state. The mass-polariza- 
tion term was calculated by Stone® with a six-parameter 
function. 

In this paper are presented the results of a twelve- 
parameter variational calculation of the 2*S non- 
relativistic energy together with relativistic and mass- 
polarization corrections. Compared with the elaborate 
character of the wave functions employed in some 
recent work,?? the 12-parameter function employed 
~ * Work supported by the National Science Foundation. 

+ Watson ae Fellow, IBM. 

1H. A. Bethe and E. E. Salpeter, Handbook of Physics (Aca- 
demic Press, Inc., New York, 1957), Vol. 35, Atoms I, pp. 204-278. 

* Tt. Kinoshita, Phys. Rev. 105, 1490 (1957). 

3 E. Hylleraas, Z. Physik 54, 347 (1929); 65, 209 (1930). 

4Su-chu Huang, Astrophys. J. 108, 354 (1948). 

5 Hylleraas gave 0.08761 X4Ruethc for the nonrelativistic ioniza- 
tion potential of the 2 4S state of helium. This calculation was in 
error and was later corrected by Hylleraas® to 0.0876015 X 4Ruethe. 
Huang employed a wave function which is formally identical 
with that of Hylleraas but obtained a value of 0.087600 X 4Ruyethc 
due, it must be supposed, to incomplete minimization. 


6 A. P. Stone, Proc. Phys. Soc. (London) A68, 1152 (1955). 
7 Tycko, Thomas, and King, Phys. Rev, 109, 369 (1958). 


here may be regarded as of intermediate complexity. 
In spite of this fact the total energy seems to converge 
very well, and indeed the agreement of our calculated 
value with experiment seems to be as good as was ob- 
tained by Chandrasekhar and Herzberg® for the ground 
state with an 18-parameter function. This is un- 
doubtedly related to the fact that the independent- 
particle hydrogenic wave function, to which the 
Hylleraas trial function with few parameters reduces, 
is a much better approximation for a state with one 
electron excited than it is for the ground state with both 
electrons in the same orbit. (See also the discussion of , 
mass polarization below.) 

An additional quantity of interest which can be 
compared with experiment is the total charge density 
at the nucleus which enters as a factor in the hyperfine 
interaction.’ 

The rather lengthy calculations of the relativistic 
corrections have not previously been done for the ex- 
cited states. It has appeared worthwhile to give an 
account of the methods employed in these calculations. 


II. NONRELATIVISTIC INFINITE NUCLEAR 
MASS PROBLEM 
A. Mathematical Preliminaries 


The nonrelativistic Schrédinger equation for the 
helium atom is 


h? Zé Zé @ 
ete (B+ + ye 0, (1) 


m r) ve 9 


8S. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1955). 

9W. B. Teutsch and V. W. Hughes, Phys. Rev. 103, 1461 
(1954). 





CALCULATIONS OF 


where 7; and rz are the radial coordinates of the elec- 
trons with the fixed nucleus as origin and rj, is the 
interelectronic distance. We choose the following units 


ao/4=1; 4Rch=1, (2) 


where do. is the radius of the first Bohr orbit and R is 
the “Rydberg for infinite mass.” (2) fixes the units of 
length and implies 


h?/8m=1:. e@&=2. (3) 
For this choice of units, (1) becomes 


1 1 
io v=o 
2rie 


"1 2 


E 


EA 
(V2+V2")y+ ( --+- 


The following “elliptic coordinates” are introduced: 


s=ntre; t=—ntre; u=nfio. 


The Schrédinger equation becomes 


4s 4t 2 
Vos t Pu tVuut— ve : Wit Wu 
e—P s—F u 


2s(u?— &) 2t(s?— u?) 


u(s?—£*) 


E 2 1 
+( + _ ~ \¥=0, (6) 
S$ fF & 


us 


u(s?—f*) 


where the subscripts indicate differentiation. 
Following Hylleraas we replace (6) by the varia- 
tional formulation 
\=(M-L)/N, (7) 
where 


u-f as f auf diLu(s?—?)(ye+v?+y.2) 


+2s(wW—P)Pabut2t(se—v py, ], 


L=f asf auf dil 2su—}(s'—Ff) ly’, 
0 0 0 
v=af asf auf dtyu(s?—F). 

0 0 0 


The limits of integration come from the following con- 
siderations. Triangle inequalities imply —u<igugs 
<o, Since the integrands in (8), (9), (10) are even 
functions of /, we can restrict ¢ to positive values and 
double the volume element. 

We choose as trial functions 


(10) 


v= L civi(s,t,u). 


i=] 


THe. 2 8S 
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Let 
vilS,tu) =Wilks clu). 

Let 

Wi(5,0,4) =e} 85? 't%u7' f (Zot), 
where 
| sinh (3c?) 
fi (Zot) =} F 
| cosh (30?) 


We note that there are two nonlinear parameters o, x, 
while for the ground state only one such parameter is 
used. Our trial function is a generalization of an anti- 
symmetrized product of two hydrogen-like wave 
functions. 

Equation (7) becomes 


A= (x°-M—«L)/N. (12) 
M, L, N become quadratic forms in the ¢;, for our 
choice of y, with matrix coefficients functions of o only. 


M= > 
i,7=1 


cic;M, (oa), 


N= - cic;N;;(c). 


In series (11) we restricted ourselves to p,, gi, ri:20. 
It has been pointed out" that such a series cannot 
satisfy the Schrédinger equation formally. Kinoshita 
removed this restriction, replacing it by the require- 
ment that his function obey Kato’s boundary condi- 
tions.'! The question as to how closely a series with our 
restriction can approximate an eigenfunction has not 
been decided. Since we achieved a very definite improve- 
ment over the six-parameter result, we have limited 
ourselves to positive powers in this investigation. It 
should be pointed out that introduction of negative 
powers would complicate formulas for the matrix 
elements, but would otherwise cause no new difficulties. 

To calculate the expectation values of the various 
operators encountered in this paper, three types of 
integrals were needed. To establish notation we list 
them all below: 


U(p,9,7,4) -f asf auf dt e~*s?t%" 
0 0 0 


(sinh? (3ot) 
| 


x4 sinh (30?) ssi: (14) 


cosh?(3o?) 


10 Bartlett, Gibbons, and Dunn, Phys. Rev. 47, 679 (1935). 
1 T. Kato, Trans. Am. Math. Soc. 70, 195, 212 (1951); Commun 
Pure Appl. Math. 10, No. 2, 151 (1957). 
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when p20, g20, r> —2, 


” 3 Z sPtvu’ 
V (p,9,7,d) = J ds J du if dt ¢~*-—— 
0 0 0 sti 


sinh?(3o1) 
+4 sinh(3et) cosh(30t) -, (15) 
\cosh?(4o/) 
when p20, g20, r> —1, 


sa ° : Rd ar) 
W (p,q,7,d) -{ as f auf dt e~*— 
0 0 0 5—f 


sinh?(3ot) 
X4sinh(3et) cosh($ot)?, (16) 
Lcosh?(3o?) 

when p20, ¢20, r> —1, 
where 

d=1 corresponds to sinh?(3c?), 
d=0 corresponds to sinh(3ot) cosh(}o?), 
d=—1 corresponds to cosh*(3o?). 


B. Calculation of L, M, N 


Any of our y; can be represented by a four-tuple of 
numbers (;, gi, 7:, 9:), where 


6;=3 


=—3 


if f;(}0t)=sinh (Sof), 

if f:(}0t)=cosh($ot). 

Note that multiplication of 6; by —1 is equivalent to 
interchange of sinh(4ot) and cosh(3et). That is, —1 
operating on 6; is equivalent to (2/0)(d/dt) operating 
on fi(Sot). 


TABLE I. Summary of nonrelativistic values. 





10Pit@itric; 
6-Par. 12-Par. 


1.0000000 1.0000000 

— 2.9048000 — 2.8596935 
— 2.8390000 —2.7618353 
—0.8218000 —0.9133951 
—(0).6630000 —().8072628 
1.1300000 1.1314343 
0.2711045 

—0.0019456 

—0.0981906 

0.3274611 

~0).0331554 

0.0369968 


, le 


v=) 


_— 





0.66444 
0.55000 
250.08928 
188.19418 
76.392594 
— 1.0876088 


0.67504 
0.55000 
304.61561 
225.62677 
94.53310 
— 1.0876015 


AND 


a. MM: FOLLY 


Let 
U (pit pyt+a, gitqj+4, rit+rj;t+e, d)=uj;(a,b,c,d), (17) 
then 


Lj5=2ui;(1, 0, 1, 0:+6;)+3[ 10:;(0, 2, 0, 0:+6;) 
—uj;;(2, 0, 0, 6:+6;) ], 


M 5;= pip,{_ui;(0, 0, 1, 0:+8;) 
—i;(—2, 2, 1, 0:+0;) ] 
—3(pitp,)[ ui; (1, 0, 1, 0:+8;) 
—u;;(—1, 2, 1, 0,+6;) ] 
+4[:;(2, 0, 1, 0;+6;)—,;(0, 2, 1, 0,+6;) ] 
+ iqj[. ui; (2, — 2,1, 6;+6;) 
—u;,(0, 0, 1, 0+8,)] 
+}oqi{ u;;(2, —1, 1, 0:—8;) 
—u,;(0, 1, 1, 0;—8;) ] 
+ 30q;[ u;;(2, —1, 1, —0;+6;) 
—u,;;(0, 1, 1, —0;+6;) ] 
+46°[ u;;(2, 0, 1, —0;—8;) 
—u:;(0, 2, 1, —0;—6;) | 
+rirj{ u;;(2, 0, —1, 0:+86;) 
—u;,(0, 2, —1, 0;+6;)] 
+ (parjt+pyri)[ui;(0, 0, 1, 0:+6;) 
—ui;(0, 2, —1, 0:+6;) ] 
—$(ri+r;)[:;(1, 0, 1, 0:+6;) 
—uj;(1, 2, —1, 0:+6;) ] 
+ (girjtqyri)[ui;(2, 0, —1, 0:+6;) 
—u;;(0, 0, 1, 0:+6,) | 
+4or{ u;;(2, 1, —1, 0:—8;) 
—u,;(0, 1, 1, 0;—6;) ] 
+ 3or,{ u;;(2, 1, —1, —0;+0;) 

—;;(0, 1, 1, —0;4-0;) ], 


N 5 ;=${ i;(2, 0, 1, 0:4+0;)—u:;(0, 2, 1, 0;4+6;) ]. 


(18) 


(19) 


(20) 


C. Minimization 


Let us consider ¢ held constant. Then minimize (12) 
as follows. First we minimize explicitly with respect to 
x by the condition dA/dx=0. Thus one parameter is 
determined by x= L/2M and (12) becomes 


A= —417/MN. (21) 
Equivalently, we maximize 
f(ooc)=L?/MN; c=a,--°, 


by an iterative procedure” 


of of 
ctimeta] ne] /| one’ 
ac, 0c? 


i=1,---,m, 


(23) 


2 This procedure is based on ideas of T. Kinoshita (private 
communication). 
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where b is a suitably chosen scalar which will be dis- 
cussed later. By differentiating (22) we see 


of 2L; M; N; 
—=2)(—-— — ), 
Oc; i M WN 


af 1sdfy,? 2 
sie has ( ) +24] (LLis—2L 7) 
Oc? fre; i? 


1 
——(MM;,—2M ?)-—- 
M? 


where 


n 
Li= Lo Lisc;; 
7=1 


M;=> Mi¢;; Ni=X Nie; 


1 j=1 


By using the same 0°//dc; for a large number of 
iterations, the machine time per iteration becomes small 
since only df/dc; need be calculated at each step. 
After iterating a few hundred times, we extrapolate the 
c; for a few hundred iterations and then start iterating 
again with these new c;. We choose 6 so that there is 
little oscillation in the c; and df/dc;. This descent 
method has the advantage that round-off error cannot 
build up. 

To minimize the energy with respect to a, we select 
a value of o (from a lower order calculation, for ex- 
ample) and calculate L;;, M;;, N;;. For this value of o 
we can determine x, ¢, \ by the process discussed above. 


We repeat this procedure for a number of values of o. -- 


We thus obtain a set of pairs (0;,\;). By interpolation 
or extrapolation we can determine the value of o corre- 
sponding to the best value of \ and use this ¢ to make a 
final choice of the remaining parameters and of ). 

The numerical values of the wave-function param- 
eters and the energy at minimization for the 6- and 12- 
parameter functions are listed in Table I. 


III. CORRECTION FOR NUCLEAR MOTION 
AND RELATIVITY 


A. Nuclear Motion 


In a coordinate system with respect to the center of 
mass of the atom, the Schriédinger equation becomes! 


ie 
|- (V?2+V22)+V— 
Qu Mue 


it vy =p, (26) 
le 


where My, is the mass of the helium nucleus and 
u=mM y./(m+Mne). 

Motion of the nucleus has modified the Schrédinger 
equation in two ways. 

(1) The actual mass has been replaced by the re- 
duced mass of the electron. This can be dealt with by 
replacing the Rydberg for infinite nuclear mass R, by 
R.(1—m/My-) when we express our energy in wave 
numbers. 

(2) A perturbing term is added which changes the 
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STATE OF He 
energy by 
h? 


e= fvcvrvedar 


ane (27) 
Mu. 


Integrating by parts and introducing Hylleraas units, 


we have 
8m 
e=— fv vatdr, 


4 He 


(28) 


or for our functions 


mn 


e=— [vw ver, 
MyeN 
={ asf auf dt Vi: Vu(s?—P) 
0 0 0 
-f asf auf dilu(s?+f—2u*) (y2—y?) 


-u(sr?—P)p,2—2s(W— Pu, 
— 2t(s?—12 i J. 


Note that 


p=- u+2f asf du 


xf dilu(s?—wv)p?—u(P—w)y?], (31) 
where M was defined by (8), and is known for a given 
value of o. Therefore we can shorten our calculations 
considerably by calculating the integral expression on 
the right side of (31). For our functions 
R= % c.c;Rij=P+M, 
i,7=1 
Rij=2pip Luis (0, 0, 1, 0,-+0;)—u;;(—2, 0, 3, +8,) ] 
—(pitp;)[uis(1,0, 1,6:+0;)—;;(—1,0, 3,6:+0;) ] 
+4[ u:,(2, 0, 1, 0:+0;)—u,;(0, 0, 3, 0:+6,) ] 
— 2q,q ;{u:; (0, 0, 1, 0,+0;)—u:;(0, —2, 3, 0:4+6,;) ] 
~o9;(4:;(0, 1,1, -0,+0,)—;;(0, —1,3, —6,+8,)] 
—ogius;(0, 1, 1, 0:—0;)—u;;(0, —1, 3, 0,—8,) ] 
—}o*[ u;;(0, 2, 1, —0,;—0;)—,;(0, 0, 3, —0;—6;) ]. 
(32) 
Results of Mass-Polarization Calculations 
12-parameter 
5.13 10-7 Hylleraas units 
0.225 cm7 


6-parameter 
5.27X 10-7 Hylleraas units 
0.232 cm 


We note that the mass-polarization term, which is a 
measure of the electron correlation, is only 1/20 of the 
value 4.79 cm™ calculated for the ground state.! This 
seems to be a rather striking evidence of the independent 
character of the motion of the two electrons in this state. 
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B. Relativistic Corrections 


The Breit equation in Pauli approximation in position 
space is! 
6 
> HW=Fy, (33) 
i=0 
h? 
Hy=V——(V2+V?). 


2m 


(34) 


Ho is the Hamiltonian for the nonrelativistic equation. 
— jh! 

H,=——(Vi'+ V24). (35) 
8mic* 


H is the relativistic correction due to variation of mass 


with velocity. 
1 u-(u-V1) V2 
H,;=—— (viet — “). (36) 


2(mc)? u uw? 


H, corresponds to the classical relativistic correction to 
the electromagnetic interaction between electrons. 


(H;)=0 for all S states. 
eh? 


ew ie €:+ V2: &2). 
(2mc)? 


y= 


H, is a relativistic term characteristic of the Dirac 
theory. 


(H;)=0 since it is proportional to (6°(u)), and (H.)=0. 


(A) Calculation of (H;) 


—fs 
(H;)=——((i) (V3), 
8m? 


(Vi4)= J WVi'vdr. (39) 


It has been pointed out” that using this integral leads 
to difficulties which can be avoided by using the form 


S (Vrv)*dr, 
4 
ViW(s,t,u) =YPes— ert but — We W) +Yuw 
gis 


2 —st-+o* 
+-¥.42(———) (Wus—Wut), 


u u(s—t) 


4 
V2b(s,t,u) — West stain aladdin 
$ 


9 


2 st+uv? 
+pat2/ ) arts. 
u(s+2) 


18 J. Sucher and H. M. Foley, Phys. Rev. 95, 966 (1954). 


AND 


H. M. FOLEY 
Note 


Viv(s, t, u)=—VeW(s, —t, u), (42) 


where the minus sign is due to the antisymmetric char- 
acter of our wave functions. Since the operators V;? and 
V’ are not even functions of ¢, we cannot restrict our- 
selves to positive powers of /. Instead we note that 


fovenra-f asf auf dt(Vi>y)*u(s?—P) 
0 0 —u 
-{ asf auf dt(V;>y)?u(s?—#) 
0 0 0 
+f asf au f dt(Very)u(s?—F). (43) 


With these limits of integration we can make use of the 
integrals defined in (14)—(16). Note that 


(Viv )?\ = ((Vey )?). 


We shall carry out in some detail the calculation of the 
first integral on the right side of (43). The second in- 
tegral can be done similarly. 

If we try to express this integral in terms of U, V, W 
[ (14), (15), (16) ] integrals we would arrive at an ex- 
pression which has on the order of 1000 terms. We show 
how to avoid such a formula. Let 


Viv=AWt+By/(s—?), (44) 


where 
(45) 
(46) 


A W=Ye— WeartWutWuut (2/ u Wu 
BwW=4(¥.—W) +2[ (— st+0)/u](Wus—Wut). 


Then 


f asf auf dt(V;*p)*u(s?— Ff) 
=f asf auf dt(Aw)*u(s?—f) 
+2 f ds f du f dt(AW)(Buy)u(s-+2) 
0 0 0 


» , u u(s+t) 
+f asf au f dt(By)*— : 
0 0 0 st 


The first two integrals on the right side of (47) require 
only integrals of type U(p,q,r,d). The last integral 
requires type W(,q,r7,d). We separate our calculation 
into three parts because of the limited storage capacity 
of our machine. 


(47) 
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We note again that the y; can be represented by a 
four-tuple of numbers (;,9:,7:,0;). Let 


G,(a, b, c, +0;)= (pita, gitb, ritc, +6;), (48) 


then 


Awis=}(1+07)G,(0, 0, 0, 6;) 
+r,(r;+1)G,(0, 0, —2, 0.) 
+ 9,G;(0, —1, 0, 4;) 
+49:(qi—1)G;(0, — 2, 0, 6;) 
— piG;(—1, 0, 0, 4;) 
—2piq:Gi(—1, —1, 0, 0,) 
+ p:(pi—1)G,(—2, 0, 0, 0;) 
+46G;(0, 0,0, —6;) 
+09,G;(0, —1, 0, —6;) 


—op:Gi(—1, 0,0, —0;). (49) 


i=r,G,(1, 1, —2, 6;) 

+2r.9:G;(1, 0, —2, 6;) 
—2p7G;(0, 1, —2, 0) 

— (r;+2)G;(0, 0, 0, 4) 

— (49:+2r.g,)G,;(0, —1, 0, 4;) 
+ (4p:4+2p7:)G;(—1, 0, 0, 6;) 
—o(r;+2)G(0, 0, 0, —8;) 

+orG;(1, 1, 


2, —6;). (50) 


To illustrate the calculation of (47) we consider in 


detail 
« 8 u u(s+t) 
f asf du dt( Bw)? B,’, 
0 0 “0 s—l 


Bwi=Xp F F(0)G;(a°,b8,c8,d*0,) ; 
where d6=+1. 


B?= Pm 6:¢;B,,;, 
i,7=1 


where 


u(s+l) 
Bi;7= f asf inf dt(Byw,)(Bw;) 
comm J 


=D py FA(0)F (0) J i f du 
xf dtG 
=YayF P(o)F rio)f a sf auf a 


X[G,;(a8+a7+1, b°+7, c8&+c7+1, d*0;+00;) 
+G6;;(a®+a7, b°+67+1, c®+c7+1, d°0;+d0;) ] 


u(s+é) 
;(a°,b°,c8,d°0 ;)G ;(a7,b7,c7,d0 ;) ——— 
Fae 


1 
x—. 
s—t 


(53) 
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In Eq. (53) 


G;;(a, b. c, d)= (pit pita, gitg;t+), ritrj;tc, d). 


Let 


W (pit pjta, gitgqj;+), ritrjtc, d) 


=wi;(a, b, c,d), (54) 


where W was defined by (16). Then 


By;7= ds. 7 F§(0)F ;7(c) 
X [wi;(a8+a7+1, b°+-57, c§+-¢7+1, d*0;,4+-70;) 
+w;;(a®+a7, b®+b7+1, c8&+c7+1, d°0;+d70;) ]. 


us to calculate these matrix elements, 
the tabulated 
integrals, the four-tuples (;,q:,7:,0;) and the four-tuples 
G;(a°,b*,c8 dd). 
to form all matrix elements. 


Results for (H,).— 


To enable 


we have to load into the machine 


The machine can then be programed 


6-parameter 12-parameter 


— 5.229764? Hylleraas units — 5.22052a? Hylleraas units 


— 122.009 cm 
(B) Calculation of (H2) 


Ch? Vi'Ve2 -(u- Vi)V2 
(H2)=— fu- ves =) dr. (55) 
2(mc)? u 1“ 


Let x;; be the jth coordinate of the ith electron rela- 
tive to the nucleus. 


u-(u-V1)V2 


= Lea) (Xe 


Vi'Ve2 “(a Vi)V2 
mje 
u iw 
“s . . oe 
if asf auf ind (s i ales -3u') 
0 0 0 u- 


4t 
~(e — 0 )Weut— 


u 


0? 
k—X1k)- - | (56) 
021,024 


= yar 


X (Wes Wt (u?— $s? )Wey 


)? 
=2(8— Piha Ave (57) 
u 
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> c;Di;;, 
i,j7=1 
1(1—o2)u,;(2, 2, —2, 0,+8,) 
+4(1—o0*)u;;(2, 0, 0, 0;+6;) 
—[2r +41 595+95(q5— 1) +2r;(r;— 1) ] 
Xu,;(2, 0, —2, 0;+6;) 
—9;(q;—1)u,;(2, —2, 0, 0;+6;) 
— (pj;+2r;)u;;(1, 2, —2, 6:+6,) 
— (pj—2r,)u;;(1, 0, 0, 0;+8;) 
+13(1—o7)u;;(0, 2, 0, 6;+6;) 
+[2r;+4p 975+ p)(pj;— 1) +2r;(r;—1)] 


Xu, ;(0, 2, —2,6;,+0;)—$(1—07)u,;(0, 0, 2,0;+6;) 


+[4r59;- Ar pst pi(pi— 1)—9;(q;- 1)] 
X u;;(0,0, 0,6; +6 ;) +39;(¢;—1)u:(0, —2 


,2,0;+0,) 


— pji;3(—1, 2, 0,0;+0;)+3p;;(—1, 0, 2,6;+6;) 


+ p;(p;—1)u;;(—2, 2, 0, 6:+6;) 
—3p;(p;—1)u;;(—2, 0, 2, 0:+6,;) 
—o(q;+2r;)u;;(2, 1, —2, 0;—4;) 
—ogu;;(2, —1, 0, 0;—4;) 
—o(g;—2r;)u;;(0, 1, 0, 6;—8; 

+ 3g ju; 5(C 


Results for (H2).— 


6-parameter 12-parameter 


— 8.46 10-‘*a? — 7.99 10~*a? 
Hylleraas units Hylleraas 


units 


—1.98X 10 cm™ —1.87X107 cm™ 


(C) Calculation of (Hs 


1° 1+ V2: &o), 


where 6;=—Y,V is the Coulomb field due to the nu- 


cleus plus the other electron. 


4neh?Z 
(H,)=———{8(n))); 
(2mc)? 


where 


ed 
(8°(r;))= 2 0)d7, 
167°N 


*dr;. (61) 


Let 


o-f V(ri)redrn= CC ii, 


i,j=1 


Ou f Vilri¥;(nirvrdn,, 
0 
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V(r1) =¢ brig pit ir v6 f | Sori), 


Os=4 (pet dstart+qitritrst2)! 
XA 88, 8C, ec(O, Pit pitaqitgstrit é eis 
(See Appendix A.) 


Results for (H,). 
6-parameter 12-parameter 
4.1481? Hylleraas units 4.1435a° Hylleraas units 
96.945 cm7! 96.838 cm7! 


IV. CALCULATION OF D(0) 


Do)=4rar| f Yin.) drt f [v0.9 *2r (66) 
TI rT? 


where (rire) is the normalized two-electron wave 
function and ap is the radius of the first Bohr orbit of 
hydrogen. We summarize our results. 


6-parameter 12-parameter Experimental" 


D(0) 33.18456 33.14795 33.18388+0.00023 


V. RESULTS AND DISCUSSION 


It is instructive to compare the results of the present 
calculations, Table II, with those made for the ground 
state of helium with various numbers of variational 
parameters as presented by Kinoshita.? Referring to 
the nonrelativistic energies obtained directly from the 
variational calculations, we note that the increase in 


TABLE II. Summary.* 


a? = 5.32504 X10-5; Rites = 109722.267 cm 
Six parameters Twelve parameters 


(Ho) —1,0876015 Hyl. units —1.0876088 Hyl.. units 
—477 336.41 cm™ -477 339.61 cm™ 


¢€ =mass polar. 5.27 X10~7 Hyl. units 5.13 X10~7 Hyl. units 
0.232 cm™ 0.225 cm™ 


(H:) —5,22976a? Hyl. units 5.22052a? Hyl. units 
—122.225 cm“ —122.009 cm™ 


He —8.46 X10~4a? Hyl. units —7.99 X10-4a? Hyl. units 
—1,.98 KX10-? cm —1.87 X10™2 cm™ 


(Ha) 4.1481a? Hyl. units 4.1435? Hyl. units 
96.945 cm™ 96.838 cm~ 


Relativistic shift in 0.08245a? Hyl. units 0.077840? Hyl. units 
ionization energy 1.9267 cm™ 1.8192 cm™ 
=F; 
Ej —e 1.695 cm 1.594 cm™ 
6 parame tere 12 parameters Experimental 


Ionization 0.0876054 054 Hyl. units s 0. 0876124 Hyl. ur units 0.087 6181 Hyl. units 
energy 38 449.05 cm~ 8 452.12 cm™! 38 454.64 cm=! > 


D(0) 33. 18456 33.14795 33. 18388 +-0.00023 


Six parametei rs T we lv; e parameters 


Ionization energy shift 5.59 cm-l 2. 52 em™ 
(experimental- 
theoretical) 





® Constants taken from E. R. Cohen and 4 J W. M. Dumond: Handuch 
der Physik (Springer-Verlag, Berlin, 1956), Vol. 35. 
> F, Paschen and R. Gotze, Seriengesetze der Linienspektren (1922). 





“MR. Novick and E, Commins (private communication). 
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number of parameters from 6 to 12 in the 2 *S calcula- 
tions resulted in a lowering of the nonrelativistic energy 
by only 3 cm. This is approximately the amount by 
which the energy was lowered in the ground state work 
on increasing the number of pacemnstors from 14 to 18. 
This apparent convergence of the 2 *S calculation for a 
moderate number of parameters is presumably an 
indication that hydrogenic single-particle wave func- 
tions are a much better approximation in excited states 
than in the ground state. The marked reduction in the 
electron correlation, measured by the mass-polarization 
term, as compared with the ground-state value is con- 
sistent with this interpretation. 

The evaluation of the expectation values of the rela- 
tivistic and other operators is @ priori much less ac- 
curate than that of the nonrelativistic Hamiltonian by 
the variational method. The fact that our net rela- 
tivistic correction differs by only 0.1 cm™ between the 
6- and 12-parameter functions is perhaps sufficient 
justification for the belief that these corrections can be 
applied, and a comparison of the total energy with the 
experimental ionization energy can be made which is 
significant. 

We note that the final theoretical value for the 
ionization energy is only 2.52 cm™ below the present 
experimental value. This is a very satisfactory result in 
view of the moderate number of variational parameters 
employed and is consistent with the remarks in the first 
paragraph of this section. We note that the greater 
experimental accuracy for the 2*S state as compared 
with the ground state, makes it a better state in which 
to compare theory, including higher order electro- 
dynamic corrections, with experiment. 

The comparison of the electron charge density at the 
nucleus with the experimental value derived from the 
hyperfine splitting has been discussed by Teutsch and 
Hughes.’ The “experimental value” D(0) is derived with 
neglect of nuclear structure effects. We note that while 
a six-parameter wave function yields a value of D(0) 
which agrees almost exactly with the experimental value, 
the value which we obtain with our 12-parameter func- 
tion differs by 1 part in 10* from the experimental value 
deduced by Teutsch and Hughes. The following rough 
argument indicates that no better 
be expected with the wave function available. From the 
apparent rate of convergence of the variational energy 
with the degree of agreement with the 


agreement can really 


value together 
experimental ionization energy one cannot argue that 
(nonrelativistic) 
*S state. Because of 


the variational energy is closer than 
1 part in 10° to the energy of the 2 
the minimal property of this energy value, the wave 
function, on the average, is not better determined that 
1 part in 10°. The observed accuracy of our 12-param- 
eter value of D(0) is consistent with this estimate, and 
the closer agreement with experiment found with 6- 


parameters must be regarded as accidental. 
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APPENDIX A 


To evaluate the numerous integrals encountered in 
this investigation, we define the following functions. 


For m an integer: 


F< yr B < 1 > 


D 


rian) f et" Ei(d)dt, 
x e x 
i= f —dx. 
x 


t 


where 


For B+0, 


n! 
Y (68,n) =——| (—1)**? In(1—8) 
grt 
Lae B \'1 
= | 1 
Y (0,2) =n!/n+-1. 
Recursion: 
For 8B#0 
Y (B,n) = — (n/B)V (8, n—1) + ( 


For n an integer: 


L(3,n)= f ett” Ei? (tdi. 


B)V(B-1, 


For B< Zz. 


Recursion: 


L(8,n) = — (n/B)L(8, n—1)+ 


2 (—1)? 


? 
+-> (1—8) 
B i= 


- 
L(8,0) = 
68 


f 

In particular we need 
L(1.55, 0) = 1.90403182, 
L(0.45, 0) = 1.48382912, 
L(A, 0) 


e~7* Inx 
H(g, =f ebty “af * dx. 
l ~~ 


= 7/6. 
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To tabulate these functions for the required values of 
8 we sum the following infinite series. 


: ng)? 
Oe ee —+|ng In(1 —B) 
(1 —£) n+1 - 


eC 0.45 
© 1 sp—1\! n | (—) = —0.69310353, 
-> —( = -) —In(i—g) > - i= 7 \0.55 
m1 PX B i=l j 


; ; » 170.55\? 
SF i /b-1\"" a { ) =(.39257179. 
toe on jm PAL.SS 
For 6<3, and B40, is 
“Or 7k: , : 
” ' Rather than the functions (A1, A2, A3, A4) defined 
- above we actually need certain linear combinations of 
H(6,n)= - | +4Lin(1—8) F these functions. For any C(8,n) we define: 

(1-8) 
F : 8 i aa ae ye C,.(B(c),n)=C[B(c),n ]+ClB(—c),n ] 

= eed, —2C[B(0),n] 

pir Ff B(O),n}, 


7=1 7= 1j 

B-1\/ » -11 /8-1 C.(B(c),n)=C[B(c),n ]—C[B(—o),n], 
x( my, "SEG ) } (A) C..(B(0),n) =CLB(0),nH-C[B(—0),n] 
+2C[B(0), }. 


(A5) 


n | 
H(0#)=n'(—— > -), 
6 ear The symbols Cys, sc, ec(8,a) which occur in the follow- 
1 . ing formulas should be interpreted as follows. For 
A(B,n) = (. ). sinh*3o¢ integrals use C,,(8,n), for sinh}ot cosh}ot in- 
1—, tegrals use C,.(8,n), for cosh*}o¢ integrals use C..(8,m). 
For p20, 20, r20, 


sinh*3ct 


Pe. 
U(p,q,7, =f asf inf dte~*s”t%"< sinh}ot cosh}ct 
‘a r+1 


cOsh*}al 


x (p+r+1)! a  -_ “Ass, sc, ec\F, qt+j+i)— p! ” Ansncleatrt2+3)| (A6) 


ptr+1 (q+ j)! a tr+1+j)! 
7=0 j: 1=0 J: 
For p20, g20, 
sinh*3ot 


w 8 u gP{@ 
U(p, q, —1, a= asf auf dte~*—— sinh}et cosh}ot 
0 0 0 u 


cosh*3at 


pl 3 ikea ” 
! a aie: A oe, 8¢, eo(G, qtk+1)+p! Y 88, 8C, CC (7,9) P (A7) 
i=0 io B\(j+1) 
For p21, g21, 
sinh*3ot 


x 8 u sPt4 
U(p, q, —2, a= asf auf dt e~* sinh3at cosh}ct 
0 0 0 


ue 
cosh*}at 
p-1 (p— j)(q+j—1)! 
: z ee ee. $8, 8¢, ec(G, +A}. (A8) 
j! 
For g21 
sinh*}ot 


2 * u e~*{7 
U(0, q, —2, a= f asf auf e-— sinh}ot cosh}ot}=43[(g—1)!A uz, sc, cine ss, sc, cc(0,9)]. (A9) 


0 0 0 uv 
cosh*3ct 
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For p20, r20, 
sinh*}ot ) 
shit? | 


V(p09d)m f asf auf dt e~*——— sell 


cosh*3at 
ptr j§ (—1)Ptrti7!(p+qt+r+k—)! 
~ 
k! 


Ags, sece(0, pt gtrt+1+k— j) 


(—1)?+4j!(p+q+r+k—j)! 
- vie 
k! 


(c, p+gt+r+i+k—j) 


(—1)°[(—1)"#"-1] 
hs: Y., <LMo+1), ptatr+t]] (A10) 


Vptaqtr+2 


jsinh*}o/ 
‘srtt| 


V(p, g, —1, d): =f sf df a’ " ’ sinh4et coshiot 
us+)| 


cosh?}ct 


For p20, ¢g20, 


pi 1 bb (—1)9t+I71(9+-¢-+1—7—1)! 
= ip > + ——— —— A ss, ac,ec(a, P+gtl— 7) 
i-G 4! (k+1)I! 


1 
+ (—1) PHY, 2. colo, P-g— j—1)+ 


0 


Liv, ec.ec(1 +o, p+q) |. (A11) 


(—1)? 
: 


For p20, ¢20, r20, 
sinh*}ot 


ve : : sPtmy" 
pard= | as | auf dt e~*——-¢ sinh}et cosh}at 
0 0 0 s—f 


cosh*}at 


j\(pt+qtr+k—j)! 
: — An, e,ce(0, Pt gtr+1+k—j) 
k! 
p-l j iMetg +r-+k—}) 
-> ae : Annales ptatrtith)] (A12) 
j=0 k=O k! 


For p20, q290, 
sinh*3ot | 


g*g{t 
W(p,q, -—1,d)= f asf du fav: dt ————< sinh}ot ow 
4(s—t?) 


cosh*}at 

et ots Sptetl 7-2) 

=4 ae pS ~— se 4 een CB p+qtl—) 
j=0 k=0 l=0 IN k+1) 


p—1 
+ Yo i! Vos, seeclo, PHQ— j—1) +H ex, se, ec(, p+o| (A13) 


7=0 


associated with each operator were found, and finally 

All computations were done on an IBM. 650 com- we computed the expectation values of these operators. 
puter, a medium-size machine with 2000 storage loca- For a computation of this size many checks are neces- 
tions. First all functions such as Y,,(8,2) were tabulated sary. A typical example is the following. The fastest 
and used in computation of the integrals. There were way to generate the Y (8,7) is by the recursion formula. 
some 600 integrals of each type. Next the matrices In addition, however, we employed the explicit formula 
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for Y(8,) to find its value for a large n and compared 
it with the value predicted by recursion. 

Almost all matrices encountered were symmetric. 
This property was used as a check in the initial phases 
of each machine computation. 

The most powerful check was the following. We 
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AND 


HM. OCEYV 

chose f;(30t)=cosh (et), took o=0, and picked i, qi, 7: 
so that we had functions suitable for the ground state. 
By setting o=0 in our programs we tabulated functions, 
integrals, and matrices for this state. All energy correc- 
tions were then calculated and compared with published 
results. 
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Analytic Hartree-Fock Solutions for O-+ 


RIcHARD E. WATSON 
Vassachusetts Institute of Technology, Cambridge, Massachusetts 
(Received April 25, 1958) 


O™ ions exist in solids but not in a free state. Analytic Hartree-Fock solutions have been obtained for 
the 4§ state of O~ which can be applied to work in solids. The solutions utilize stabilizing potential wells 
of positive charge and the results are compared with other published work. 


INTRODUCTION 


NUMBER of the oxide crystals are of interest 

because of their magnetic properties. They are 
ionic in nature, their oxygens having double negative 
charges. Because of this, it seemed desirable to obtain 
1$(1s)?(2s)?(2p)® O= wave functions of a form which 
might be useful in discussions of the properties of the 
solids. No one has experimentally observed free O= 
ions. It is doubtful that a Hartree-Fock solution, which 
is a single determinant s.c.f. (self-consistent field) 
calculation, would converge to a state with all ten 
electrons bound for a free Om. Crystalline O™ ions are 
stabilized by their environment and because of this it 
is reasonable both to talk of O= ions in crystals and to 
hope to get meaningful single determinant O* solutions 
for further work in solids. It was decided to do analytic 
Hartree-Fock calculations using stabilizing potential 
wells which are described below. 


PROCEDURE 


The technique used was the Roothaan procedure! as 
modified by Nesbet? for use on the Whirlwind digital 


TABLE I. Parameters of the basis functions (n;’s). 


Zi 
7.700 
1.490 
2.803 
1.776 
0.714 
3.412 
1.384 


7 The research reported in this document was supported 
jointly by the Army, Navy, and Air Force under contract with 
Massachusetts Institute of Technology. 

1C. C. J. Roothaan, Revs. Modern Phys. 23, 69 (1951). 

2R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 


computer at M.I.T. In this method, one starts with a 
set of one-electron basis functions of the form 


ni (lm) = rAitte-ZirV (9p). 


An s.c.f. calculation is then done, subject to the 
limitations imposed by the choice of the set of ,’s. 
A final set of orthonormal one-electron functions 
results with each function having the form 


vy, (l,m)=>°; Cyn, (lm), 


where the summation is over all »,’s with the / and m 
values of the ¥; in question. The computer programs 
had the facility for adding potentials due to charged 
environments other than and in addition to the nuclear 
potential. In the calculations described here, a sphere 
of uniform positive charge was added. Such a sphere 
causes a discontinuity in electric field rather than in 
potential at the sphere radius giving us a ‘“‘shouldered”’ 
instead of square-well potential. 

At first, a set of wells was used whose radii were 
equal to the nearest-neighbor distances in several of 
the oxides and whose charge gave the wells a depth 
equal to the Madelung potential. Such a choice was 
not at all satisfactory since it did not include the 
nearest-neighbor electronic repulsion. Professor Slater 


TABLE IT. Analytic form of the wave functions. 


+1 Well solution 


Ya» =42.3020391 +0.19342n2+0.85427n3—0.47313n4 
Vos) = — 10.38130m:+0.13332n2+6.21035n3+2.94794n, 
Y2p) = 0.116175 +8.74998n6+ 1.49205m, 





+2 Well solution 


Yrs =42.3012971 +0.19240n2-+-0.85365n3—0.47 105, 
Lio.) = — 10.2497 5m +-0.1627 192 +5.97706n3-+-2.97325m, 
y (2p) = 0.07800n;+ 8.51 7936+ 1 .66494n; 
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suggested another well based on the following argu- 
ment: consider the potential energy that one electron 
sees due to the nuclear charge of +8 and the other 
nine electrons. At the nucleus the potential energy has 
gone to — © and as the electron moves out radially, 
the potential energy increases, goes through a maximum 
and then drops off slowly due to the net charge of —1 
of the rest of the ion. A sphere of charge +1 at the 
maximum would destroy the repulsion for large r 
while leaving the “correct”? potential for the interior. 
In many atomic calculations, there is included a tabu- 
lation of the total charge within a radius 7 as a function 
of r. Hartree® has published this for Cl and it can be 





1.0 


0.9 
77 es Functions 
0.8 ~ 
Pan (r) and P(r) vs © for O= 
0.7 2s by s.c.f. calculation in + 
well of + | charge 

| 2p by s.c.f. calculation in 
0.6 well of + | charge 


0.5 2s Hartree-Fock O° functions 
used by Yamashita and 
Kojima 
0.4 

a Calculated by 

| Yamashita and Kojima 
0,3 


2p Functions 





———— Radius of spheres of charge 


well of + 2charge 


2p by s.c.f. calculation in 
well of + 2 charge 


\e by s.c.f. calculation in 


\ 








7 Extrema of curves 


rn 1 ik lL i ! 
| 


2 3 4 S 6 
r (au) 











Fic. 1. Pep(r) and P»,(r) vs r (in atomic units) for O~. 


seen that the neutral-charge radius comes at about the 
commonly tabulated ionic radius. It was decided to use 
the O= ionic radius for the sphere of charge. There is 
some disagreement as to what its value is. In this work, 
the most common value of 1.40 A or 2.66 au (atomic 
units) was chosen. 

Argument for using a stabilizing well of +2 charge 
can be made since the net charge produced by the 
remainder of a crystal would be just that. The results 
presented in this paper describe the +1 well calculation 
fully but also give the wave functions resulting from a 
+2 well calculation, with the same radius, involving 
the same 7,’s. 


’—D. R. Hartree, Proc. Roy. Soc. (London) A141, 282 (1933). 
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TABLE III. One-electron energies, well potential energies, and 
nuclear potential plus kinetic energies for the +1 well solution. 


Values in Rydbergs 


One-electron energies 
(including well 
potential) 


5C1,= —40.315872 
ICog= — 1.573926 
Ho,p=— 0.160166 


Well potential 
energies 


Vis= —0.763908 
V2,= —0.761838 
J 


= —().736926 


9 
2p 


Nuclear potential 
plus kinetic 
energies 
K i.= —63.832428 
Ko,= —13.516988 
K2,= —10.887736 


RESULTS 


- Table I gives the values of the n; parameters for the 
reported calculations. One 7; was supplied for the 1s 
function (J=A,;=0) and this was also used for the 
inner loop of the 2s function. Three 7,’s were supplied 
for the outer loop of the 2s function (/=0, A;=1) and 
three were also used for the 2p function (J=1, A;=1). 
A series of calculations was done varying the Z,’s in 
order to obtain a best set. A number of applications of 
the method of steepest descents were made. The 
criterion was the minimization of the total ionic energy 
(including the well). The number of parameters and 
their interdependent effects on the energy made system- 
atic parameter variation very difficult and as a result 
there is some uncertainty as to how close the results 
are to the best possible energy for seven 7,’s. The 
author believes that the energy differs from such a 
best possible energy by no more than 0.02 Rydberg or 
slightly more than 0.01% of the total energy. Energy 
can be improved by adding more 7,’s and in fact a 
calculation was done with an extra 2p giving an 
improvement of 0.024 Rydberg. Adding »,’s is unde- 
sirable since it makes the final function more cumber- 
some for use in solid-state work. 

Table II gives the wave functions for the two wells 
in their analytic form and the 2s and 29 functions are 
plotted in Fig. 1 along with the results of Yamashita 
and Kojima.‘ The one-electron energies (5C), the well 
potential energies (V), and the nuclear potential plus 
kinetic energies (AK) are presented in Table III for the 
+1 well solution. The one-electron energies include the 
well potentials. In Table IV the two-electron integrals 
for the +1 well are given in the form of G* and F* 
integrals as defined by Condon and Shortley.® Table V 


TABLE IV. Two-electron F* and G* integrals for the 
+1 well solution, in Rydbergs. 


F°(1s,1s) = 9.494122 G#(15,21) =0.139619 
F°(2s,2s) = 1.490274 G'(25,2p) =0.755039 
F°(2p,2p) = 1.153652 F°(1s,2s) =2.158288 
F2(2p,2p) =0.478903 F°(1s,21) = 1.792862 
G(1s,2s) =0.147794 F°(2s,2p) = 1.300147 


‘J. Yamashita and M. Kojima, J. Phys. Soc. (Japan) 7, 261 
(1952). 

5E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1953), in 
particular, p. 177. 
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TABLE V. Energy relations. 


“ret Viet F°(1s,15)+2F° (15,25) 
— G°(1s,2s)+6F*(1s,2p) —G'(1s,2p) 
voe-t+ Vo, +2F°(1s,2s) —G (15,25) 
+F°(2s,2s)+6F°(2s,2p) —G'(2s,2p) 
+ Vo,+2F°(1s,2p) — 4G" (15,26) +2F°(2s,2p) 


—4G"(2s,2p) + 5F°(2p,2p) — 3F2(2p,2p) 


all electrons 
Total energy= Yi = 4 (Vi t+ K:+H,) 
= 2K 1.+2Ko,+6Kopt+2Vist2V2.+6V 2, 
+ F°(1s,1s)+ F°(2s,2s)+15F°(2p,2p) 
- (6/5) F?(2p,2p) +4F°(15,2s) 
—2G°(15,2s)+12F°(1s,2p)+12F°(2s,2p) 
~2G'(1s,2p) —2G(2s,2p) 


expresses the 5’s in terms of the other integrals and 
gives the expression for the total energy. The total 
ionic energy (including well energy) was — 156.1194 
Rydbergs for the +1 well and —163.4968 Rydbergs 
for the +2 well. 

Yamashita and Kojima took 1s and 2s functions 
from an existing Hartree-Fock solution® for O- and 
calculated an analytic 2p function variationally. They 
used two 2p ’s and their stabilizing environment con- 
sisted of six Mg** ions at the MgO nearest-neighbor 


6 Hartree, Hartree, and Swirles, Trans. Roy. Soc. (London), 
238, 229 (1939). 


BE. 


WATSON 


distance. Gaspar and Csavinszky’ also have obtained 
O= solutions but they used a single exponential for the 
2p function and the author believes that this is a severe 
limitation. 

Wave functions outside of the radii of the spheres of 
charge (=ionic radius) are of little interest since this 
is just the region in a solid where the atomic description 
of O= breaks down. In the “‘inner’’ region, the +1 and 
+2 well solutions have the same general form. The 
author obtained solutions for other and violently 
different wells and was impressed by how insensitive 
the “inner” part of the functions are to environment. 
There is greater difference between the author’s and 
Yamashita and Kojima’s results. The maxima of the 
author’s 2 functions lie inside and the 2s outside of 
theirs. The way the 2s and 29 functions shift to com- 
pensate each other suggests that the difference in 
results is primarily due to their not obtaining a 2s 
function variationally. 
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Analytic Wave Functions. I. Atoms with 1s, 2s, and 2 Electrons* 


R. G. BREENE, JR. 
Missiles and Ordnance Systems Department, General Electric Company, Philadelphia, Pennsylvania 
(Received January 24, 1958; revised manuscript received April 28, 1958) 


Analytic wave functions are utilized to obtain a general expression for the atomic energy for atoms having 
one or more electrons in the 1s, 2s, and 2p orbitals. A minimization of this energy expression, containing 
three independently variable parameters, has been programed on the IBM 704 electronic data processing 
machine. As an example, this program has been utilized for obtaining the best analytic wave functions for 
the single ground configuration of O~ and the three ground configurations of O. 


I. INTRODUCTION 


HE best single determinant atomic wave functions 

are, of course, obtained by a numerical solution 
of the Hartree-Fock equations. Although the Slater- 
type determinants composed of analytic orbitals ob- 
tained from a variation treatment of the atomic energy 
cannot be expected to yield equally good functions, 
linear combinations of these determinants hold out the 
hope of even better and more descriptive functions. 
With this in mind we have chosen certain forms for the 
orbitals in question and programed a_ variation 
treatment of the energy expression resulting from these 
orbitals. The program has been written for and carried 
out on the IBM 704 electronic data processing machine. 
Because of the complexity involved in the inclusion of 
the higher orbitals in the calculations, two different 
methods of calculation and, hence, two separate 
programs have been undertaken. The first and simplest 
of these applies to atoms composed of 1s, 2s, and 2p 
electrons, and it is on this program that we report here. 
The second of these programs concerns itself with 
atoms having 1s, 2s, 2p, 3s, and 3p electrons in ground 
and excited configurations, and we shall report on this 
program in a later paper. Although this latter program 
is functioning satisfactorily, the calculational technique 
appears to be sufficiently different to warrant separate 
treatment. The programs have been set up so as to be 
readily adaptable to any atoms having the requisite 
type electrons, and we concern ourselves here with O 
and O- only as examples. Thus, our first program yields 
the determinantal functions associated with the three 
configurations (1S, \D, *P) described by (1s)?(2s)?(2p)4 
and the single configuration of O-(?P) described by 
(1s)?(2s)?(2p)5. 


II. GENERAL EXPRESSION FOR THE ENERGY 


In obtaining the general expression for the energies 
we must first choose a desirable form for the analytic 
orbitals.! The expressions which we have developed are 


* Based on work performed under the auspices of the U. S. Air 
Force Ballistic Missiles Division. 

! For the various previous choices see: J. C. Slater, Phys. Rev. 
36, 51 (1930); C. Zener, Phys. Rev. 36, 51 (1930); Morse, Young, 
and Hurwitz, Phys. Rev. 48, 948 (1935); L. Goldberg and A. M. 
Glogston, Phys. Rev. 56, 696 (1939); W. E. Duncanson and C. A. 
Coulson, Proc. Roy. Soc. (London) A62, 37 (1944); Boys and 


largely adapted from hydrogenlike orbitals and may be 
written down as 

R,,= 2Z,'r exp[ — Zr], (la) 
Ro, = (1/2V2)Z2'Z53[Z4—ZoZ sr |r exp —Zor/2], (1b) 
(1c) 


(1d) 


Ro p= (1/2/6)Z3'r? exp[ — Z3r/2 ], 
R3,=Z7'9(Z3— ZZ 7 +Z7Z or") expl —Zrr 3], 


R3p=Z11'9? (Z9— 2112187) expl —Zur 3 1 (le) 


where, of course, 
V nim(7,0,¢) - [Rail r) 7 ]Oim (OVP rn ( ¢), 


with the angular portion of the wave function supplied 
by the well-known spherical harmonics. 

We shall here consider only Eqs. (1a)-(1c). Nor- 
malization is obviously inherent in Eqs. (1a) and (1c). 
Normalization for the 2s function and orthogonality 
of the 1s and 2s functions are furnished by the parame- 
ters Z, and Z;. In addition these parameters furnish a 
degree of control over the node of the 2s function. In 
order to guarantee the requisite orthonormality we 
shall maintain the following relationships between the 
dependent parameters Z; and Zs; and the independent 
parameters Z,, Z2, and Z3: 
a= (2Z,+Z2)/6Z2, 


Zs=[4a?/(1—6a+12a2)}", (1f) 


M=Zy a. (1g) 


Let us now recall the familiar expression for the 
atomic energy : 


E=> q(nb)I nt} & a*(l¢m,l’m®) F* (nl2,n*1°) 
a,b.k 


nl 


—>> S bE (l¢m2,1>m)G*(n2l2,n*l"), (2) 
k ba 


where these energies are, of course, the diagonal 
elements of the Hamiltonian: 


Z b A 1 
H=> (-ive+—) +5 — 


ss . i=] '; >1%i; 
Sahni, Proc. Roy. Soc. (London) A246, 463 (1954); Per-Olos 


Léwdin, Phys. Rev. 103, 1746 (1956), and others 
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in atomic units, with 


: @ 22 Ui+1) 
[> -1f Rnilr) Senge —— | 
0 


dr or r 


k(yo]o nn) f fe al (Rn? (r’) 
+l) drdr’, 
G*(n2l2,n*l) -f fr nN Rvv (Rul) Rnv(r’) 


XK (ret /rs*)drdr’. 


XRrdr, (3a) 


(3b) 


(3c) 


We remark that Eqs. (3a), (3b), and (3c) are the 
energies of the bare nuclear field, the Coulomb inter- 
action, and the exchange interaction, respectively. The 
a* and 6* are the results of integrating the angular 
portion of the wave function multiplied by the angular 
portion of the expansion of 1/r;; over the angular 
coordinates. These, of course, have been evaluated once 
for all by Slater.? Our task then is simply the evalu- 
ation of Eqs. (3) utilizing Eqs. (1). Our results are as 
follows: 


I,=—Z?/2-Z[Z—Z,], 
Top= —H{[—Z2/44-Z32/24+Z4/2—325/2] 
XZ223/44[Z2/4—ZiZs 
4322/2]Z20Z3}, 
2)[$+3(Z—Z;)/Zs], 


(4a) 


Iop=Z¥/12—(Z37/1 
F°(1s,1s)=5Z,/8, 
F°(2s,2s) = (Z2Z5°/512)[10Z4'— 100232; 

+4322 7Z;°—924Z,Z3+837Z;5' ], 
F°(2p,2p) = 93Z3/512, 


P°( 15,25) = (223277 8)[- (4Z,+Z2) (2Z,+2Z:2) 


+1/Z2? |— (Z2'Z,Z;4/2) 
X[—(52Z14+2Z2)/(2Z1+Z2)'+1/Z35] 
+ (3Z2Z;°/4)[— (6Z,4+Z2)/(2Z,4+Z:2)5 
+1/Z2"], 
F°(15,2p) =Z3/4—Z55(6Z,+Z;)/4(2Z,+Z;)', (5e) 
F°(2s,2p) = (Z32Z38/16)[Ze—12Z°— 62,25] 
+[Z3'Z;3/16(Z2+Z;)*] 
Z¢(3Z2+Z3) 
x| 62.25 
(Z2 wr ) 
122Z;' (42Z2+Z;) 4Z; 42.225 (9Z.+4Z3) 
(Zs o+Z3) (Z2+Z;)* 
60Z°2Z;2(2Z.+Z3) 
: -| (50) 


(5d) 


— (Z.+2;)' 
C. Slater, Phys. Rev. 34, 1293 (1929). 
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F?(2p,2p) =452Z3/512 
G(15,2s) =[Z73Z,3/(2Z:+Z2)* ] 
X [202.°Z7,2— 2002 2'Z,Z;5 
+5282Z.5Z,?/(2Z,+Z2)? |, 


(2Z,+2Z2) 
(6a) 
G°(2p,2p) = F°(2p,2p), (6b) 
G*(1s,2p) = 112Z,8Z55/(2Z,+Z;)? 
(2s, 2p) =[Z3°Zs8/(Z2+Z;)"] 
X [7232 2/2—49Z'Z4Z5/(Z2+Zs) 
(Z.+Z;)*], 


(6c) 


+ 1852.52 ;" (6d) 


G?(2p,2p) = F?(2p,2p). (6e) 

Now Eqs. (2)—(6) may be combined with the help 
of the Slater coefficients in an obvious fashion to obtain 
a particular energy expression. 

Equation (2) with the indicated substitutions has 
been programmed on the IBM 704 electronic data 
processing machine. In so doing the 7;, Zs, and Z; have 
been programmed as independently variable parame- 
ters, the upper and lower limits of their individual 
values being input data. Finally, the g(m/), a*, and b* 
have been left as input data so that various atoms and 
configurations may be treated by an adjustment of 
these parameters. This then is the general problem 
readily adaptable to various atoms, and we have now 
but to consider our results for the atoms of our par- 
ticular interest here. 


III. RESULTS FOR O AND O 


We have mentioned our intention of 
three configurations of oxygen (1S, \D, *P) arising from 
the electronic distribution (1s)*(2s)?(2p)*. A prefatory 
remark is in order here. First, let us specify an electron 
configuration possible to this distribution by specifying 
the distribution of the 29 electrons, e.g., Ya(—1-001+) 
where the m, values are indicated by the digits and the 
spins by the superior signs. Now a Slater diagram’ tells 
us directly that a single determinant yields the proper 
wave functions for both the *P and the 'D configu- 
rations. On the other hand, the 4S state must be a 
linear combination of three determinants as we may 
observe from a consideration of the same diagram. 
This means that we must diagonalize the corresponding 
3X3 block of the Hamiltonian in order to obtain such a 
linear combination. This we have done, with the fol- 
lowing result: 


¥ (45) =0.00061 9; (— 1-001+) +0.999998y7;(— 1—111) 
+0,00061 i111 (— 1*001-). 


treating the 


On the basis of this result we have chosen the single 
determinant ¥ to represent ¥(1S). 


3 The applicable one here appears as Fig. 1(c), p. 1298, of J. C. 
Slater, Phys. Rev. 34, 1293 (1929). 
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TABLE I. The parameters and energies corresponding to the 2P configuration of O~ and the 1S, 1D, and *P configurations of O. 
All energies are, of course, negative. 


S 


43 


3.942 
4.346 
4.361 
4.389 


Configuration 


=~ 
= 


O- +P 
O'S 
O'D 
O*P 


wmmuu 
Nsw 


— how 
oO OO 


Our results are given as Table I. In this table we have 
displayed the values of the independent parameters 
giving minimum energy in each case. There appears to 
be no reason for listing the values for the dependent 
parameters as they may be obtained immediately from 
Eqs. (1d) and (le). These parameters through Eqs. 
(1) provide the best analytic functions obtainable 
under the present stipulated conditions. Let us con- 
sider the energies appearing in the table. 

We have listed the energies in atomic, electron volt, 
and reciprocal centimeter units, since we shall have 
reason to utilize each of these units. First off, the energy 
expression was written for the machine in atomic units, 
since these are far and away the most convenient. We 
may remark that we have obtained the energy minimum 
accurate certainly to seven digits and probably to eight. 
There is uncertainty in the last digit due to roundings 
off which must occur in the machine during the calcu- 
lation. This, by the way, is the limit of the machine. 
Such accuracy allows four-digit accuracy in the variable 
parameters but this constitutes the limit. Thus, we have 
restricted ourselves to parameters containing four 
figures. In comparing our results with experiment, let 
us first consider the energy in electron volts. 

Although earlier data supported a binding energy of 
2.2 ev for the outermost 2f electron in the negative 
oxygen ion, it would appear from the results of Brans- 
comb and Smith that this value should be 1.45 ev.* We 
obtain the binding energy of this electron by deter- 
mining the difference between the atomic energies of 
O and O-. A study of Table I shows that our outermost 
2p electron is unbound. The minimum energy of this 
electron or lack of binding is obviously 3.68 ev ('S 
configuration for O). We might now consider the level 
separation in oxygen. 

According to Dieke,® the separation of the 'D and *P 
levels is 16 400 cm“, while it is apparent that we have 

‘L. M. Branscomb and §. J. Smith, Phys. Rev. 98, 1127 (1955). 


5G. H. Dieke, in American Institute of Physics Handbook 
(McGraw-Hill Book Company, Inc., New York, 1957), p. 7-30. 


Energy 
observed 
(ev 


Energy 
(ev 


Energy 
au 
2 2044.75 
5 2039.1 
) 2041.3 
2043.3 


16 222 
16 252 
16 262 


16 282 451 


2010.84 
2014.52 
2015.77 


2018.28 


73.927846 
74.063166 
74.109080 
74.201366 


4 
1 
1 


5 
2 
Qe 
5 


obtained 20252. This would indicate that our 2p 
electron energies are rather good. Dieke gives a sepa- 
ration of 33 600 cm™ for the separation of the 1S and 
’P levels while we obtain 30 327 cm™, and the same 
comment could be made about the 29 energies. In order 
to compare the energies of the innermost 1s electrons, 
let us consider O vit and O vit. We may minimize Eq. 
(4a) directly to obtain Z;=8 and an ionization potential 
of 870.4 electron volts while Moore® gives an experi- 
mental value of 871.12. By utilizing Eqs. (4a) and 
, we may obtain for O vi an energy 


E or 22Z2,+22Z), 


(5a 


minimization of which yields an energy of 1607.46 volts 
for Z;=7.688. This means that our ionization potential 
for O vit is 737.06 volts as compared to Moore’s 739.11 
volts. The fact that these energies agree quite well is 
certainly not startling, but we did wish to point up the 
fact that the innermost and outermost electrons seem 
to be provided quite good energies by this calculation. 
Therefore, differences which occur between theory and 
experiment can be expected to arise chiefly from the 
inner 2/ electrons, and differences do arise as is apparent 
from Moore’s experimental value of 2043.3 volts as 
opposed to our value of 2018.28 volts. We shall consider 
the origin of these discrepancies in a great deal more 
detail in a subsequent paper. 
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Theorem for Generalized Oscillator Strengths 
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(Received April 22, 1958) 


A theorem for generalized oscillator strengths is presented. The theorem should prove useful in the 
interpretation of experimental and theoretical electronic collision cross sections. 


HE connection between excitations by electron 

impact and by the absorption of radiation has 
been recognized for a number of years.! This connection 
has been used for the determination of optical oscillator 
strengths throughout the spectrum from electron 
collision cross-section data.2 The optical oscillator 
strengths are obtained from the electron impact data 
by extrapolation of the f vs K? curve to K*=0. Here f 
is the generalized oscillator strength defined by Bethe! 
and K is the change in momentum on impact of the 
electron. If the optical oscillator strengths are known 
throughout the spectrum, they may then be used to 
test certain consequences of quantum theory by calcu- 
lating other properties of the atom or molecule, or, 
conversely, if these properties are known from other 
measurements, to test the methods and assumptions 
of the electron impact technique. There are a number 
of atomic and molecular properties which can be 
calculated from the optical oscillator strengths.* There 
are, however, very few general theorems which are 
applicable to collision cross sections or to the generalized 
oscillator strengths derived from the cross sections. 
It is the purpose of this paper to present such a theorem 
for generalized oscillator strengths which should be 
useful as a check on the accuracy of the experimentally 
determined quantities. Hartree atomic units will be 
used throughout. 

In the treatment which follows we shall consider, for 
simplicity, only the case in which all transitions are 
from the ground state. The theory is easily generalized 
to other cases. In addition we must restrict ourselves 
to the case of impacts by fast electrons, for which the 
Born approximation is valid. The generalized oscillator 
strength has been defined by Bethe! as 


2W 
fn(K)=- 


9 


| 6n(K)|?, 


where f,,=generalized oscillator strength for the transi- 


1H. Bethe, Ann. Physik 5, 325 (1930). For a more recent 
discussion see E. N. Lassettre, Ohio State University Research 
Foundation Scientific Report No. 1, May, 1957 (unpublished). 

2See, for example, S. Silverman and E. N. Lassettre, Ohio 
State University Research Foundation Scientific Report No. 7, 
June, 1957 (unpublished). 

3Good summaries of these properties can be found in A. 
Dalgarno and N. Lynn, Proc. Phys. Soc. (London) A70, 802 
(1957), and in E. A. Jones, Ph.D. dissertation, Ohio State Uni- 
versity, 1948 (unpublished). 


tion to the mth energy level, W,=Eo— E,, and 


é, -Y [ e*vabatar, 


where s indicates a summation over all atomic or 
molecular electrons. If the exponential is now expanded, 
we obtain! 


fn(K) =2W ol Sin? + (Sen? — 


2p 
=2W, > K? (x —1)8.n8-0») (3) 


ae | 


— 


= fon t+ X anpK??. 
p> 


The first term of the expansion gives us the optical 
oscillator strength (denoted here by fo,), and it is 
clear that in the limit, as A? approaches zero, the 
generalized and optical oscillator strengths become 
identical. In Eq. (3), 61, is given by 


1 
Em=- E | voltae (4) 
NG 


We now take the sum of the oscillator strengths for 
transitions to all levels. This gives 
> fa(K) =D footd Dd GapK??. (5) 


>I 


The sum of the optical oscillator strengths, by the 
well-known Thomas-Kuhn-Reiche sum rule, is equal 
to the total number of electrons. The sum of the 
generalized oscillator strengths, for any value of K, 
is also equal to the total number of electrons (see 
Bethe,! Mott and Massey‘). Hence it follows that 


O=L D GnpK?? = 2) KP (2, any); 


n p>l p>l n 


and, since this must be true for arbitrary A, that 


¥ dnp=0, (6) 


i.e., that 


° > 
61n53n) =9, 


a W n( E3n2—2banE4nt+26in65n) =9, Sic. 
n 


~4N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1949), second edition, p. 249. 
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We must now consider the question of whether these 
relationships are useful in the interpretation of collision 
cross-section data. From the angular distribution func- 
tion of collision cross sections we may derive the curve 
of generalized oscillator strengths, f,, versus the square 
of the change of momentum on impact, A®. The slope 
of this curve at any value of K? is given, from Eq. (3), as 


dfn 
OD (2p—2)dnpK?” . 
d(K*)  p>1 


If we now sum the slopes for the f, vs K? curves for all 
transitions, we obtain 


dfn 
>> > D, (2p—2)anpK??* 
n d(K?) n p>l 
> (2p—2)K??-3(d dnp) =0. 
p>! n 
Hence we have the result that the summation over all 
transitions of the slopes of the f, vs K* curves is equal 
to zero. The method used here may be generalized to 


GENERALIZED OSCILLATOR 


STRENGTHS 1115 
show that the sum of the mth derivatives, for all 
transitions, is equal to zero. These results, when taken 
in conjunction with the generalized oscillator strength 
sum rule, should be useful as a criterion for judging the 
accuracy of experimental and theoretical cross sections. 
Generalized oscillator strength vs A? curves are now 
available for several gases.° An examination of these 
curves shows that, in general, the slopes of the f, vs K? 
curves for discrete transitions and for points in the 
continuum not too far above the ionization potential 
are always negative over the angular range studied. 
For points further out in the continuum the slopes are 
positive at low K? and negative at high A*. The value 
of K? at which the slope is zero increases as one goes 
further out in the continuum. The behavior outlined 
here is general for all gases that have been studied thus 
far. It is clear that this type of behavior is exactly 
what is to be expected on the basis of the theorem 
presented in this paper, and thus constitutes at least 
qualitative experimental proof of its validity. 


5 See, for example, reference 2, and other reports in that series. 


PHYSICAL REVIEW VOLUME 111, NUMBER 4 AUGUST 15, 


Interaction of Slow Electrons with Atomic Oxygen and Atomic Nitrogen} 


MILTON M. KLEIN,* Aerosciences Laboratory, General Electric Company, Philadelphia, Pennsylvania 


AND 


KeritH A. BRUECKNER,} University of Pennsylvania, Philadelphia, Pennsylvania 
(Received April 16, 1958) 


The polarization potential for an electron in the field of an oxygen atom has been determined by utilizing 
recent experimental results on the binding energy of O~. The corresponding polarization potential for 
atomic nitrogen has been obtained from the results for oxygen by an extrapolation based on the theory of 
polarization. From these results the photodetachment cross section for O~ and the scattering cross sections 
for oxygen and nitrogen have been calculated. The photodetachment cross section is in good agreement 
with experimental results. The scattering cross sections are compared with other recent calculations. 

It is also shown on the basis of the general theory of the photodetachment cross section that the energy 
dependence of the cross section determines the scattering length for electron scattering. The agreement of 
the computed photodetachment cross section with experiment therefore is a direct check on the scattering 
prediction. 

I, INTRODUCTION sential. In this paper we shall utilize recent experi- 
mental results of Branscomb, Burch, Smith, and 
Geltman' on the photodetachment cross section to 
obtain improved predictions of the scattering cross 
sections. 

Calculations of the elastic scattering cross section 


HE properties of air at temperatures sufficiently 
high to dissociate the air molecules and ionize 

the resulting atoms depend upon the scattering proc- 
esses between slow electrons and the atoms of oxygen 
and nitrogen. Because of the difficulties involved in 
the experimental determination of low-energy scattering 
cross sections, good theoretical calculations are es- 


in oxygen and nitrogen have recently been made by 
Robinson? and Hammerling, Shine, and Kivel.? We 

! Branscomb, Burch, Smith, and Geltman (private communi- 
cation). The authors are indebted to Dr. S. Geltman for in 
formation on these results in advance of publication. 


+ Work performed under the auspices of the U. S. Air Force 
Ballistic Missiles Division. 
* Physicist, Missile and Ordnance Systems Department, General 


Electric Company. 


t Consultant, Missile and Ordnance Systems Department, 
General Electric Company. 


2 L. B. Robinson, Phys. Rev. 105, 922 (1957). This paper also 
includes a discussion of earlier work. 
3 Hammerling, Shine, and Kivel, J. Appl. Phys. 28, 760 (1957). 
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shall defer discussion of this work and comparison with 
our results until Sec. VI. 

The scattering of slow electrons by an atom may be 
determined if the potential acting on the electron is 
known. A first approximation to this potential is ob- 
tainable from the wave functions calculated by the 
Hartree-Fock method for the neutral atom. Such an 
approximation is inadequate in that exchange effects 
between the free electron and the bound electrons of 
the atom are neglected, and more important, the 
distortion of the wave functions of the bound electrons 
(polarization) by the incident electron is ignored. The 
latter effect may be represented by a polarization 
potential as discussed by Bates and Massey.‘ Such a 
procedure is probably adequate for most purposes but 
not sufficiently accurate when the incident electron 
and the atom form bound or virtual states of O~ near 
zero energy. The scattering cross section becomes very 
large for such states near zero energy and is very 
sensitive to the exact position of the resonance levels. 
Recognizing this uncertainty, Bates and Massey intro- 
duced an adjustable parameter into their polarization 
potential which could be adjusted to give a bound 3s 
state at any desired level for the additional electron. 
For a given value of the polarization parameter the 
photodetachment cross section for O~ could then be 
calculated. At the time of their work, insufficient 
experimental data was available to fix this parameter. 
The recent experimental work! on the photodissociation 
cross section for O~ enables us to fix the polarization 
parameter and thus obtain the scattering cross section, 
at least to an improved approximation. 

Even in the absence of information concerning the 
polarization potential, useful information may be 
obtained from the experimental photodetachment 
cross section. As will be shown later, the photodetach- 
ment cross section depends principally upon the 
continuum s wave scattering length and the normali- 
zation constant for the bound 2 electron wave func- 
tions. Observation of the photodetachment cross section 
as a function of energy thereby enables us to determine 
both these quantities. The s wave phase shifts are then 
obtained from the scattering length as a function of 
energy by an effective range formula.° 

As noted here, the calculation of the scattering cross 
section for oxygen depends upon the determination of 
the polarization potential from the photodetachment 
cross section for the negative ion O-. Such a procedure 
is not possible for nitrogen since it does not form a 
stable negative ion. The polarization potential for 
nitrogen has therefore been obtained from the results 
for oxygen by use of some theoretical work on polarizi- 
bility by Buckingham. 

4D. R. Bates and H. S. W. Massey, Trans. Roy. Soc. (London) 
A239, 269 (1943). 

5R. G. Sachs, Nuclear Theory (Addison-Wesley Press, Cam- 
a i, paliogines, Proc. Roy. Soc. (London) A160, 94 (1937). 
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In Sec. II we review briefly the theory of the photo- 
detachment process, while in Sec. III we discuss the 
procedures for fixing the polarization potential and 
determining the photodetachment cross section. In 
Sec. IV the results are compared with the experimental 
photodetachment cross section. In Sec. V we show how 
the polarization potential for nitrogen is determined 
from that for oxygen and give the scattering cross 
sections for both atoms. In Sec. VI the results are 
discussed and compared with those obtained in other 
recent investigations of this problem. 


II. THEORY OF THE PHOTODETACHMENT 
CROSS SECTION 


The cross section for the process 
O-+hyvy > O+e 
as given by Bates and Massey is 
8 mke*a 


(M?+2M/), 


hrc 
where 


uf U,(r)U2,(r)rdr, 
0 


x 


uf ta(r)Uoy(r)rdr. 
0 


The radial function m2,(r) is the ground-state wave 
function for the bound electron and has the normali- 


zation 
a 
f Pus, (r)dr=1. 
0 


The continuum functions u,(r) and ua(r) for the s and 
d states are normalized to the asymptotic forms 


(4) 


1 
u,(r) — — sin(kr+6,), (5) 

kr 

1 , 
ua(r) + — sin(kr+6.—7), (6) 
r 


where 6, and 64 are the scattering phase shifts for the s 
and d waves. 

We now consider some simplifying approximations 
that may be made in Eq. (1). Since the d phase shifts 
are small at low energy, it is an excellent approximation 
to use for w#a(r) the Born approximation value js(kr). 
In evaluating M, it is also sufficient to use only the 
form for the bound-state wave function valid outside 
of the range of interaction R. This is 


Ne~*" 1 
t2p(7) =—— -(1+-), (7) 
r Ar 
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where V is a normalization constant, \?= 2mE,/h’*, and 
Eg is the binding energy. The accuracy of this approxi- 
mation follows from the small contribution to the 
integral from the range of r<R where j2(kr) is of order 
r’. The integral for M, can also be simplified. As in the 
case of My, the contribution to the integral for r<R is 
small. This follows from the fact that the expectation 
value of the dipole operator depends largely on the 
outside form of the wave function, this effect being 
enhanced by the very slow fall off of the wave function 
for the weakly bound electron. In addition, the wave 
function of the s electron penetrates only weakly into 
the potential as shown in Fig. 2, the wave function 
having 3 nodes for r less than R. For these reasons it is 
an excellent approximation to use only the outside 
form of «, and us, and neglect the contribution from 
the interval r<R in evaluating Eq. (1). This approxi- 
mation has been checked numerically by using the 
actual wave functions determined in the next section. 

Using these simplifying approximations Eqs. (2) and 
(3) for M, and M, become 


Nek 


sin(kR+6,) 
M ,.=——— - - 
(2+)? 


{[ax+RAOe+ #9) 


Re 
+[a4o +R(d\*+k*) | cos(RR+6,)}, (8) 
d 


N2kP* 
Ma=— ; (9) 
A(A2+R*)? 


We express these results in a simpler form by writing 


2m 
k? = ——(w—wo) = 2mwo(x—1), 
h 


h2= 2mw/h. 


Equation (1) for the cross section o then becomes 


4dr (2may\~} (x—1)! 
o=—N* { — ) [/?+8(x—1)*], (10) 
3 hcN\ h # 


where 


2+ARx 
f=e as —-~ yt sin(kR+6,) 


(x—1 


+[2+(1+AR)] cos(kR+6,)}. (11) 


The simplified form of the cross section given in 
Eqs. (10) and (11) shows clearly the dependence of the 
cross section on the 2p-state normalization constant .V 
and on the s-state scattering phase shift 6,. There is 
also a very weak dependence on the interaction range 
R; this, however, can be approximately determined by 
only a rough solution of the problem and hence does not 
enter the theoretical formula as a sensitive parameter. 
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AND N 1117 
The normalization constant affects only the magni- 
tude of the cross section; the scattering phase shift is 
important, however, in determining both the magnitude 
and the energy dependence of the cross section. These 
features of the simplified equation for the cross section 
make it possible to determine the s-state scattering 
directly from the photo cross section. We shall use the 
effective-range expansion for the s phase shift 6,, 


1 7 
k coté, = —-+—’, 


a 2 


(12) 


where a is the scattering length and fo is the effective 
range. The results of the following sections show that 
ro is about 0.860 atomic unit; this value is relatively 
insensitive to approximations made in determining the 
s-wave scattering. Therefore, the photodetachment 
cross section really depends only on the p-state nor- 
malization .V and the s-wave scattering length. Ob- 
servation of the photodetachment cross section as a 
function of energy thus enables us to determine both 
these quantities. We shall return to this result in more 
detail in the following sections. 


III. DETERMINATION OF THE BOUND 29 
ELECTRON WAVE FUNCTION 

The 2p electron wave function for O~ may be ob- 
tained from the complete Hartree-Fock solution for all 
9 electrons, the configuration being (1s)*(2s)?(2p)°. 
This method, however, cannot be expected to give the 
binding energy with sufficient precision since the bound 
state of O- lies so close to zero energy. We therefore 
shall adopt an alternative procedure in which we take 
as a Starting point the Hartree-Fock solutions for 
neutral oxygen and add the effects of polarization and 
exchange by the inclusion of a polarization potential 
with strength to be determined to predict correctly the 
observed binding energy. 

We use the Hartree-Fock wave functions ¥1., Wo., 
and 2, for neutral oxygen as given by Hartree and 
Swirles.’ The interaction energy of an additional 
electron, neglecting polarization of these states and 
exchange is 


8e 
V.=- + f [22074200 LS Yo,2(r’)] 
r m 


e 


where, in the last term, the sum over m runs over the 
magnetic quantum numbers of the occupied p states. 
This interaction will not, in general, be spherically 
symmetric; we shall, however, drop the nonspherical 
terms by averaging V(r) over r. In this case, all p 


7 Hartree, Hartree, and Swirles, Trans. Roy. Soc. A238, 229 
(1939). P 
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1. Bound electron wave function ruz,(r) for O-. 
The wave function is normalized as in Eq. (4). 


electrons give the same contribution and we obtain 


9 


ce r yr”? 
V.=—-—8—+ or f (u1.°+2.2+2u2,")—dr’ 
r 0 r 


x 
+8 f (1° +t2.2+2u2,*)r'dr’. (14) 


This interaction potential is incorrect in that the 
effects of polarization and exchange have not been in- 
cluded. We shall account for these effects approxi- 
mately by adding a polarization potential V,(r), 


p 
v Aru —j——_—__, (15) 
(r,°+9°)? 


where p is the polarization parameter and r, the 
screening distance. The form for V, is the one usually 
chosen for a polarization potential. The exchange cor- 
rection, however, adds to the polarization term an 
additional interaction of considerably shorter range 
than the polarization potential. Therefore its inclusion 
is approximately equivalent to a slight alteration of the 
strength and range of the polarization. Because the 
exchange effect is, in general, small compared to the 
polarization effect, and because of the theoretical 
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Fic. 2. Electron wave function ru,(r) for scattering by neutral 
oxygen. The wave function is normalized as in Eq. (5). 


K. A. BRUECKNER 


uncertainty in the strength and range of the polarization 
potential, we have felt it sufficient to treat both effects 
together. 

The screening distance r,, as determined by polari- 
zation theory, is approximately equal to the mean 
radius of the states polarized, which are almost entirely 
2p electrons. The value determined from the Hartree- 
Fock wave functions for neutral oxygen was r,=1.2 
atomic units. The correct value of the polarization 
parameter (which in our approximation also includes 
the exchange correction) was obtained by adjusting it 
to give a binding energy of 1.45 electron volts for the 
negative ion O-. The result obtained was p=5.589 
atomic units, which is close to the theoretical value of 
5.4 obtained by Buckingham, although the close agree- 
ment is probably somewhat fortuitous. The normalized 
wave function is given in Fig. 1; the normalization 
constant of Eq. (7) is found to be .V =0.374. 

With the polarization potential determined, the 
photodetachment cross section may now be calculated. 


EXPERIMENT 


RY 


| 


i620 22 2A 
fi w(ev) 
‘1c. 3. Comparison of calculated photodetachment cross section 
with the experimental results of Branscomb et al. 


The s wave continuum function required for the M, 
integral has been obtained by numerical integration at 
several energies, using the same combined exchange and 
polarization potential as for bound 2/ electron. The 
theory of the potential indicates that this is the correct 
procedure for the polarization potential above, since 
this is simply the polarization energy of a test charge in 
the atomic field and does not depend on the quantum 
number /. This does not quite hold for the exchange 
terms which we have combined with the polarization 
potential; consequently we should expect a weak / 
dependence in the combined exchange and polarization. 
This effect vanishes, however, in the Slater approxi- 
mation to the exchange term® and in general is expected 
to be only a small perturbation on the already relatively 
small exchange term. We therefore have assumed the 
same polarization parameters for the continuum state 
and the bound 2 state. The normalized s wave con- 
tinuum function at zero energy is shown in Fig. 2. The 
results for the s wave at several energies also determine 


8 J. C. Slater, Phys. Rev. 81, 385 (1951). 
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the effective-range and scattering-length constants of 
Eq. (12) which are 


ry=0.860 atomic unit, a@=1.613 atomic units. 


IV. PHOTODETACHMENT CROSS SECTIONS; 
COMPARISON WITH EXPERIMENT 


The results of the last section enable us to determine 
the photodetachment cross section. The approximations 
discussed in Sec. II can also be checked, using the com- 
puted wave functions, and have been found to give 
negligible error. The computed photodetachment cross 
section is shown in Fig. 3, together with the cross section 
deduced by Branscomb et al., from their experimental 
data. The theoretical curve is seen to agree quite well 
with the experimental curve in shape, but the predicted 
cross section is about 15% too small. The good agree- 
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Fic. 4. Photodetachment cross section in Born approximation 


for several scattering lengths. The curves have been normalized 


to the same value at 2.90 ev 


ment with regard to the form of the curves indicates 
that out prediction of the scattering length is nearly 
correct. This is shown in Fig. 4 where we have plotted 
the photodetachment cross section for a range of values 
of the scattering length. The figure shows that the 
photodetachment cross section is very sensitive to the 
scattering length and that values of a outside the range 
a=1 to 2 may be safely ruled out. 

The somewhat too small predicted cross section is 
very probably due to an incorrect normalization of the 
bound 2 wave function outside the range of interaction. 
This may be attributed to a too short range in the 
polarization potential since an increase in range would 
lead to a slower rise of the wave function toward its 
asymptotic form and hence to an increase in the nor- 
malization of the 2p wave function. We have not 
investigated this feature of the results in further detail. 
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Fic. 5. Total scattering cross section and s and p wave 
contributions for atomic oxygen. 


V. SCATTERING CROSS SECTIONS FOR 
OXYGEN AND NITROGEN 


As mentioned previously, the polarization potential 
for nitrogen may not be calculated in the same way as 
for oxygen since nitrogen does not form a stable nega- 
tive ion. We have therefore made use of some work on 
polarization by Buckingham which relates the polari- 
zation to the atomic number Z and the screening 
distance r». The relation may be expressed as 


p=constZr,'. (16) 


Evaluation of the screening distance r, by use of the 
Hartree-Fock wave functions for nitrogen® yielded 


r,=1.32 atomic units. 


Since the atomic number for nitrogen is very close to 
that for oxygen, the polarization potentials for the two 
atoms should not differ greatly. The polarization 
constant p for nitrogen was therefore calculated by 
extrapolating the corresponding results for oxygen by 
means of Eq. (16) to give 


p=7.084 atomic units. 


total 


! 
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;. 6. Total scattering cross section and s and p wave 
contributions for atomic nitrogen. 


Hartree and W. H. Hartree, Proc. Roy. Soc. (London) 
A193, 299 (1948). 
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;. 7. Comparison of several calculations of total 
scattering cross section for atomic oxygen. 


The continuum s and p wave functions for nitrogen 
were then calculated in the same way as for oxygen. 
The effective range and scattering length constants of 
Eq. (12) for nitrogen were 


ro=0.845 atomic unit, @=1.857 atomic units. 


The s- and p-wave scattering amplitudes o, and a, 


were calculated by numerical integration for both 
oxygen and nitrogen in the low-energy range 0 to 10 ev. 
The d wave contribution was found to be quite negli- 
gible in the energy range considered. The s and p wave 
contributions together with the total cross section for 
oxygen and nitrogen are given in Figs. 5 and 6, 
respectively. 


VI. COMPARISON WITH OTHER 
THEORETICAL RESULTS 
In this section we shall comment briefly on the 
results of Robinson and of Hammerling, Shine, and 
Kivel. Their predicted scattering cross sections for 
oxygen are given in Fig. 7. From these it is possible to 
deduce the scattering lengths which have the values 


a= 2.61 atomic units (Robinson), 


a= —5.86 atomic units (Hammerling ef al.). 


We have used these values of the scattering parameters 
to determine the photodetachment cross sections which 
are given in Fig. 8.§ The predicted curves have been 
arbitrarily normalized at an energy of 2.9 electron volts. 

The results of Robinson were obtained neglecting 
exchange and polarization effects which decrease the 
potential strength seen by the scattered electron. The 


§ Note added in proof.—We would like to emphasize that the 
curves labelled Robinson and Hammerling, Shine, and Kivel in 
Fig. 8 were obtained with our bound 2 wave function for O-. 
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Fic. 8. Comparison of the experimental! photodetachment cross 
section with the theoretical results obtained from the scattering 
predictions of Robinson and Hammerling ef al 


effect is to increase the scattering length from our value 
of 1.61 atomic units to 2.61 atomic units. The reason 
for this increase can be seen in Fig. 2, which shows that 
a decrease in the potential strength causes an increase 
in the slope of the wave function outside the range of 
the interaction with a resulting increase in the scat- 
tering length. Robinson’s value for the scattering length 
leads to a larger cross section and also, as is shown in 
Fig. 8, to a change in the shape of the photodetachment 
cross section. The latter result does not agree with the 
experimental result of Branscomb et al. 

The calculation of Hammerling, Shine, and Kivel 
included an estimate of the polarization potential and 
also an estimate of the exchange correction. The in- 
clusion of these terms considerably increases the 
effective potential strength with the result that the 
scattering length passes through zero and changes sign, 
now reaching the negative value of —5.86. This po- 
tential strength is very close to that required to bind 
the 3s electron at zero energy, which would correspond 
to a negatively infinite scattering length. Their large 
value for the scattering length also results in the large 
cross section which they predict at low energy and also 
to the sharp rise in the photodetachment cross section 
at low energy shown in Fig. 8. This prediction is again 
in disagreement with Branscomb’s observations. 


VII. CONCLUSIONS 


Our results show that it is possible to determine the 
parameters of the polarization and exchange potential 
seen by an electron added to neutral oxygen, making 
use of the experimental results on the binding energy 
of O-. It is then possible to determine the scattering 
cross section as well as the photodetachment cross 
section if the same polarization potential is assumed to 
act on a scattered electron. The internal consistency of 
this procedure is supported by the quantitative agree- 
ment of the predicted photodetachment cross section 
with the experimental results of Branscomb. 
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The alpha particle spectra from the T(¢,@)n,n reaction have been measured at a laboratory angle of 30° 


for triton energies ranging from 0.95 to 2.10 Mev and at laboratory angles of 30°, 60°, 90 


, and 120° for 


1.9-Mev incident tritons. Absolute cross sections are obtained. Analysis of the spectra in terms of a two-stage 
process involving the formation and breakup of He’ is discussed. Evidence for neutron-neutron correlation 
is observed but no evidence is found for a bound dineutron. 


INTRODUCTION 


HE use of accelerated tritons has added an 
important member to the list of projectiles used 
in nuclear physics studies. Measurements of the cross 
sections involved are of theoretical interest in the study 
of nuclear forces and of practical interest in the develop- 
ment of thermonuclear power The T+/ interaction has 
been studied by several experimenters.!~* The energet- 
ically possible interactions for triton energies up to 2 
Mev are: 


T+t T+ (elastic scattering), 
T+t—-He®+y7+12.24 Mev, 
T+teoatn+nt11.33 Mev, 
T+t—-He5+ n+ (11.33—e) 
He’ a+n-+e, 
T+/-a+n? (dineutron), 


where ¢ is the energy associated with the binding of 
He®. The elastic scattering (reaction 1) has been 
investigated by Holm and Argo! and the present 
writers.” The capture process (reaction 2) has not been 
studied. Because of the three-body nature of reactions 
3 and 4, continuous energy distributions of alpha 
particles and neutrons are produced. Allen et al.’ 
measured the alpha particle and neutron spectra at 90° 
for 220-kev incident tritons and conclude that the 
reaction proceeds mostly through a statistical three- 
body breakup. Agnew ef al.‘° studied the neutron 
and alpha particle yields at several angles for incident 
tritons in the 1-Mev energy range. Bame and Leland® 
measured the 0° neutron spectrum for 1.48-Mev 
incident tritons, and conclude that at this energy 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1D. M. Holm and H. V. Argo, Phys. Rev. 101, 1772 (1956). 

2R. C. Allen and N. Jarmie, Phys. Rev. 111, 1129 (1958), 
following paper. 

§ Allen, Almqvist, Dewan, Pepper, and Sanders, Phys. Rev. 82, 
262 (1951); 79, 238 (1950). 

4W. T. Leland and H. M. Agnew, Phys. Rev. 82, 559 (1951). 

5 Agnew, Leland, Argo, Crews, Hemmendinger, Scott, and 
Taschek, Phys. Rev. 84, 862 (1951); 79, 238 (1950); Atomic 
Energy Research Establishment G/M 68, Proceedings of the 
Harwell Nuclear Physics Conference, September, 1950 (un- 
published). 

6S. J. Bame, Jr., and W. T. Leland, Phys. Rev. 106, 1257 
(1957). 


reaction 4, the formation and breakup of He? in its 
ground state, is the most predominant. There is no 
significant evidence for reaction 5, the formation of a 
dineutron. 

This paper reports on experimental measurements of 
the alpha-particle spectra from the T(t,a)n, reaction 
at a laboratory angle of 30° for triton energies ranging 
from 0.95 to 2.1 Mev and at laboratory angles of 30°, 
60°, 90°, and 120° for 1.9-Mev incident tritons. 


APPARATUS 


A collimated beam of tritons, accelerated by one of 
the Los Alamos 2.5-Mev electrostatic generators, 
bombards a tritium gas target. The resultant alpha 
particles are analyzed in a double-focusing magnetic 
spectrometer and detected in a scintillation counter. 
A schematic drawing of the apparatus is shown in Fig. 1. 

The triton beam is steered and shaped by a steering 
magnet, an electrostatic deflector, and an alternate- 
gradient focuser. The beam energy is determined to 
+1.5 kev by sending the diatomic (T;*) beam through 
a calibrated electrostatic analyser. The tritons pass 
through circular collimating apertures (25- to 100-mil 
diameter), enter the gas target through a thin Pyrex 
foil,’ and leave through an aluminum foil thick enough 
to stop completely the H;+ component of the beam. 
The current is then collected by a Faraday cup con- 
taining a “barrier” to suppress secondary electron 
escape. The reaction fragments leave the gas cell 
through another glass foil and pass through a defining 
slit which is located 2 inches from the center of the 
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Fic. 2. The 22-inch diameter scattering chamber. Certain minor 
details have been omitted for clarity. 


target and is attached rigidly to the chamber wall. 
The fragments then pass through three scraping slits 
and enter the spectrometer through a second defining 
slit which is located 30 inches from the center of the 
target and is attached to the spectrometer. Details of 
the spectrometer and its detector are given in a previous 
paper.*® 

The entrance apertures, gas target assembly, reaction- 
product slit system, and Faraday cage are all part of 
an elaborate 22-inch diameter scattering chamber 
shown schematically in Fig. 2. Provision is made for 
two movable counters inside the chamber, which 
however, were not used in this experiment. External 
ports are placed every 15° around the chamber to service 
any exterior equipment, which in this case included the 
16-inch magnetic spectrometer. The defining slits, 
target assembly, and spectrometer may all be moved 
without breaking the high vacuum through the use of 
air-lock systems. All the dimensions of the chamber 
have been checked with precision equipment and are 
accurate to 1 or 2 mils. 

The use of Pyrex glass foils’ is an important factor 
in the resolution of the experiment. An average foil is 
12 kev thick to 1-Mev protons or about 60 ug/cm? 
(8 micro-inches), although thinner foils were often 
used. Such foils have successfully held up to 10 cm Hg 
pressure and have not been tested for the ultimate 
breaking point. The entrance foil of 100-mils diameter 
transmits 0.5 to 1 wamp beam (a typical value for this 
experiment), but eventually becomes brittle because of 
radiation damage and fails after many days of running. 
The glass exit foil has no significant beam through it 
and lasts indefinitely even though it covers a }-inch 


8N. Jarmie, Phys. Rev. 104, 1683 (1956). 
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diameter hole. The thickness of a foil is measured by 
observing the threshold of the T(p,7) He’ reaction when 
a proton beam passes through the foil into tritium gas. 
A “long counter’” is used for neutron detection. 


EXPERIMENTAL PROCEDURE 


At a given laboratory angle @ and alpha-particle 
energy &, the differential cross section for the reaction 
T(ia)n,n may be written o(6,£). With customary 


notation, 
o(0)= f 0(6,B dE, 
E 


and the total cross section is 


o -f a (6)dQ. 
2 


In this experiment the relation between o(@,E£) and the 
observed quantities is 


o(0,£)=sind R V(0,pm)CiC2/NnG2E», (1) 


where @ is the laboratory angle of the alphas; R is the 
resolution of the spectrometer and is given" by p»,/Apm 
where ,, is the central momentum of the particles in 
the spectrometer and Ap,, is the momentum interval 
corresponding to the detector slit width; Y(@,p,,) is 
the counting yield in the detector for the momentum 
Pm; C; is a correction factor for the distortion of the 
spectrum caused by the passage of the alphas through 
the target gas and exit foil; C2 is a correction factor for 
the charge exchange of the alphas; .V is the particle 
density of the target tritons; ” is the integrated number 
of beam tritons giving Y(0,p,,); G is the geometrical 
factor" and is equal to hab/ fc where a is the width of 
the first defining slit, # and b are the height and width 
of the second defining slit at the magnet entrance, f is 
the distance of the second defining slit from the center 
of the target volume, and c is the distance between 
the slits; and £,, is the energy of the alphas at the 
spectrometer. 

Optical methods were used for precise alignment of 
the chamber, entrance apertures, gas cell, defining slits, 
and spectrometer in order to insure proper geometrical 
interrelationships. These methods, aided by the long 
distance to the second defining slit, resulted in an 
accuracy of 3 minutes of arc for 6, the central angle of 
the alphas. The maximum included angle of the 
detected alphas was 2° for the largest slit system. 

The resolution R was measured by observing the 
width of the scattering edge of protons scattered 
elastically from a thick copper target.’ The accuracy 
of this measurement was at least 2%. 

® A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 

1 Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950). 
ae McGruer, and Findley, Phys. Rev. 90, 899 
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The uncertainty in Y (6,p,,) was determined in part 
by the statistical error in the number of counts observed. 
Each run was made long enough to give a statistical 
error of the same order as the other errors in the 
experiment. Other particles which came through the 
spectrometer were cleanly separated from the alphas 
in the detector because of the different sensitivities of 
CsI to various particles. Background runs were taken 
by blocking the path between the gas cell and the 
spectrometer. The background was small except at the 
lowest alpha energies. The amount of background was 
reduced by using the thinnest CsI detector crystal 
consistent with getting the largest signal from the 
alpha particles. 

The correction factors C; and C2 and the determina- 
tion of the alpha particle energy /,, are discussed in 
the next section. 

The measurement of .V included determining the 
temperature and pressure in the gas cell, and the 
fraction of target atoms in the gas. The gas purity was 
determined by analyzing samples of the target gas in a 
mass spectrometer to a precision of 1%. The tempera- 
ture of the walls of the gas cell was measured to 0.5°C 
(0.2%) and calculations showed that no correction was 
needed for local heating of the gas by the beam. The 
pressure was measured on a 100-mm Wallace-Tiernan 
gauge, which was in turn calibrated by a high-precision 
oil and mercury manometer system.! The accuracy of 
the pressure measurement was 0.2%. The usual 
pressure for the experiment was 5 cm Hg. 

The number of incident tritons, 2, was measured with 
a null type current integrator” that was calibrated with 


a precision current source from the Los Alamos Stand- 
ards Laboratory. Because of the thickness of the 
aluminum foil required to stop the H;* component of 


the beam, multiple scattering of the tritons was 
significant and the possibility existed that some of 
the beam might not be collected by the Faraday cage. 
Extensive precautions were taken and experiments 
were performed to investigate this possibility and 
prevent an error in current collection. The effects of 
changing the pressure in the gas cell, the thickness of 
the beam exit foil, the energy of the beam, the voltage 
of the barrier, and the distance of the Faraday cage 
from the gas cell, which essentially changed the 
acceptance angle, were determined. The operation of 
the electric secondary-electron barrier was also tested 
by adding a magnetic field to the entrance of the 
Faraday cage. It was found that no corrections for 
beam collection were needed except for lower triton 
energies. Rutherford scattering experiments were done 
with protons and tritons on krypton and argon as a 
function of energy to determine the correction curve 
for the multiple-scattering loss of beam particles. The 
errors introduced varied from 1% at 1.5 Mev to 6% 
at 0.95 Mev. 

(gs J. Helmer and A. Hemmendinger, Rev. Sci. Instr. 28, 649 
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The slit dimensions were measured with a travelling 
microscope and the distances were determined with 
precision micrometers and calipers. The resultant 
error in the geometry factor was 0.8%. A typical value 
of G used was (for the largest slit system) 10.4110 
cm. 

At the beginning of a day’s run, the detector elec- 
tronics were checked with artificial pulses and the 
current-integrator calibration was remeasured. As the gas 
target was filled, a sample was taken to be analyzed. 
Gas samples were occasionally taken at the end of a 
day and the degradation of the number of target atoms 
was found to be about 1%. Frequent readings of 
pressure, temperature, amplifier setting, and voltages 
were taken during a run. The beam strength, gas 
pressure, detector counting rates, and other parameters 
were varied to test for any experimental inconsistency. 

An important test of the accuracy of the experiment 
was given by observations of proton-proton scattering 
with this equipment. Measurements of this cross 
section were taken at intervals throughout the experi- 
ment and were within 1.4% of the published values," 
providing an over-all check on many of the parameters 
involved, such as G, pressure and temperature, current 
integration, proper function of the detector system, and 
absence of some unusual effect of an anomalous nature. 
Runs were made with D2, He, COs, No, CHs, and 
He in the gas cell to study the effects of possible 
contaminants. 

RESULTS 


Figure 3(a) shows an example of data observed at 
30° in the laboratory for 1.9-Mev incident tritons. The 
vertical lines represent the statistical errors. The poor 
statistics near the magnet current of 100 amp are due 
to lower counting rates necessitated by a high flux of 
scattered tritons on the crystal. All the sharp peaks can 
be attributed to known contaminants, and the locations 
of these products, shown in Fig. 3(b), agree with 
calculations predicted from known masses. The momen- 
tum resolution of these peaks is 0.5. 

The T(d,a)n reaction comes from a small amount of 
HD* in the beam. Of particular importance is the 
D(t,a)n peak at the high-energy end of the spectrum. 
Previous workers have been unable to separate dis- 
tinctly these alphas from the /-¢ alphas. However, both 
by the use of deuterium as a target and by the addition 
of deuterium as a contaminant to a tritium target, the 
location and shape of this alpha particle peak were 
determined. From the amount of deuterium in the 
target gas, as determined by mass spectrographic 
analysis, the approximate yield of the D(/,a)” peak was 
computed. For all the 30° data, the location of this 
peak was approximately as shown in Fig. 3(b), and 
merely broadened the high-energy cutoff. At other 
angles, this contaminant appeared as a sharp peak 
below the cutoff. It was easy to identify and was used 
to check the validity of the 30° analysis. Also, at angles 
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Fic. 3. (a) The alpha particle spectrum from the T(t,a)n,n 
reaction at 30° for a triton energy of 1.90 Mev. The vertical bars 
represent the statistical errors. (b) The locations of the important 
peaks of contaminant reactions. The heights are arbitrary. The 
effect of these contaminants is reflected in the spectrum of 
Fig. 3(a), as discussed in the text. 


other than 30°, the high-energy cutoff of the T(t,a)2n 
spectrum agreed exactly with the calculated maximum 
energy of the alpha. Thus, the calculated maximum was 
also used as an aid in determining the high-energy 
cutoff in the 30° data. Further evidence that the 
shoulders at the high-energy ends of the alpha spectra 
were not due to a deuterium contaminant is that the 
yields at the shoulders did not correspond to the known 
D(t,a)” excitation function (see Fig. 14). 

Smooth curves were drawn through the points after 
subtracting the contaminant peaks. Values from the 
smooth curves were then used for the rest of the 


TaB.e I. Laboratory cross sections for the T(t,a)m,n reaction. 








Relative 
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(mb/sterad) error (%) 


t 
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30 20.73 
60 13.6 

90 5.79 
120 2.50 


30 22.1 
30 21.2 
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calculations. At this point, the curves represented yield, 
Y (6,7), versus I, the magnet current. 

Next, corrections for saturation of the magnetic 
field were applied to give curves of Y (6,p,) versus I’, 
where /’ is the corrected magnet current and is directly 
proportional to the momentum. This correction, which 
was determined by measurements made with a proton 
resonance device, a null type torsion fluxmeter,® and 
known reactions, varied from 0% at a magnet current 
of 100 amp to 2.3% at 140 amp. 

The energy of the alpha particles at the magnet 
entrance was then computed from £,,=k/”, where k 
is a constant determined from known reactions. The final 
laboratory energy of the alpha particles at the center 
of the target, E, was then determined from E=E,, 
+L(E), where L(E) is the energy lost by the alpha 
particles in the gas and the exit foil. L(/) varied from 
0.2 Mev for 1.0-Mev alphas to 0.05 Mev for 7.0-Mev 
alphas. The variation of L(£) also introduces a correc- 
tion, C;, to the yield. This factor depends on the slope 
of the energy-loss curve and was 1.15 for 1.0-Mev 
alphas, 1.05 for 2.0-Mev alphas, and 1.01 for 4- to 
7-Mev alphas. 
correction was the charge- 
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Fic. 4. Experimental alpha spectra (lab system) for various 
incident triton energies. Lab angle 30°. The scale on the right 
is used with each curve by matching the zero with each base line. 
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exchange correction, C.. The fraction’ of total helium 
ions emerging from the glass foil in a doubly charged 
state (neutral and singly charged helium atoms were 
lost) is approximately 0.65 for E,=0.8 Mev, 0.94 for 
Em=1.9 Mev, and 0.99 for E,,=6.0 Mev. 

Calculations showed that the multiple scattering of 
the emitted alpha particles in the gas and foil was 
significant and its effect had to be determined. The 
half-width of the multiple-scattering distribution varied 
from 0.1° to 0.7° depending on the alpha particle 
energy.’ The half-angle of the small dimension of the 
rectangular spectrometer entrance slit, as measured 
from the exit foil, varied from 0.05° to 0.8° depending 
on the slit system used. The effects of multiple scattering 
were studied experimentally by observing protons, 
tritons, and alpha particles from known reactions with 
various slit systems. Also, alphas of a given energy from 
the T(t,a)n,2 spectrum were measured using different 
slits. All the experimental results indicated that no 
correction was required. In addition, an extensive 
graphical analysis using the method of Dickinson and 
Dodder'® showed that in all cases the multiple scattering 
was self-compensating to within 1%. That is, the 
number of particles scattered out of the collimating 
system by the foil was just equal to the number 
scattered in by the foil. Slit-edge scattering effects 
have also been shown to be negligible.! 

Figure 4 represents the spectra, o(0,E) versus E, of 
the alpha particles observed at 30° in the laboratory 
for various incident triton energies. The curves were 
calculated using Eq. (1). The fact that the lower energy 
peak is larger relative to the higher energy peak in 
these curves than in the raw data, typified by Fig. 3(a), 
is primarily due to the division by £,, in Eq. (1) and 
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Fic. 5. Lab system excitation function for the 7 (t,a)n,n reaction. 
6=30°. See Table I. 


to a lesser extent to the factors C; and C2. Each spectrum 
is characterized by two peaks with a shoulder at the 
high-energy cutoff. The differential cross section o(@) 
for 30° was obtained at each triton energy by integrating 
each curve over the alpha particle energy. This excita- 
tion function is given in Fig. 5 and Table I. Absence of 
resonances indicates th«' there are no levels just above 
12-Mev excitation in the compound nucleus, He®. 

Figure 6 shows the spectra observed at various 
angles for an incident triton energy of 1.90 Mev. The 
dashed parts of the curves represent extrapolations. 
From these data, values of o(@) were determined and 
are listed in Table I. A plot of (6) is given in Fig. 7. 
From this curve the total cross section of the T(t,a)n,n 
reaction for 1.90-Mev tritons was found to be 106+5 
mb. This result is lower than the 150+15 mb of Agnew 
et al.® 


The standard deviations for the cross sections are 
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Fic. 6. Experi- 
mental alpha spectra 
(lab system) for 
various angles. 
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8S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 779 (1953). 
“4H. Bethe, Phys. Rev. 89, 1256 (1953). 
© W. C. Dickinson and D. C. Dodder, Rev. Sci. Instr. 24, 428 (1953). 
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Angular distribution for the T(t,a)n,n reaction in the lab 
system. E,=1.90 Mev. See Table I. 
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formed by the usual composite of the errors in the 
various experimental quantities that appear in Eq. (1) 
and the errors in the integrations involved to get o(6) 
and the total cross section o. The errors in the specific 
experimental quantities have been discussed in the 
section above. The error in finding the area of the various 
curves graphically, using a planimeter, was no more 
than 0.5%. There is also the uncertainty involved in 
extrapolating the initial part of the curves back to 
zero energy Assuming nothing unusual happens, this 
turns out to be from 2 to 4% depending on the particular 
graph. In the unlikely event that something unexpected 
happens to o(6,E) at very low energies, the values of 
a(6) could be in greater error. A random composite of 
all the errors involved results in the values shown in 
Table I. These are standard deviations. Also given are 
the relative errors for the excitation function and the 
angular distribution. Because the uncertainties common 
to each set of measurements were small, the relative 
errors are only slightly less than the absolute errors. 
The error for any point on the o(@,/) curves is about 
the same as that for the corresponding o(@). 
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Fic. 8. T(t,a)n,n reaction, two-stage theory 
(c.m. system) E;,=1.90 Mev. 
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DISCUSSION 


Consider what happens when the reaction proceeds 
through a two-stage process (reaction 4)'* the first 
step being the collision of the two tritons producing a 
neutron and a He® nucleus and the second step being 
the breakup of the He® into another neutron and an 
alpha particle. The following assumptions are made in 
this calculation: (1) The tritons interact in an S state. 
The fact that they are identical particles is also impor- 
tant. (2) The He® nucleus exists either in a P; ground 
state or a P; excited state. Because He® decays rapidly, 
both these states are very broad and there is a distribu- 
tion of binding energies, «. (3) The relative probability 
that He’ is formed in one of these states with a particular 
binding energy is proportion to the respective n-He?* 
scattering cross section.!” 


1.00 MEV 130 MEV 


2-STAGE___ 
THEORY 
EXP 


70 MEV 
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Fic. 9. Theoretical and experimental comparisons for various 
triton energies. Lab angle 30°. 


The calculation then proceeds as follows: It is 
assumed that the He is formed with a given angular 
momentum and binding energy, and the spectrum of 
final alpha particles is calculated from the mechanics 
as outlined below. The result then is folded together 
with the distribution of binding energies deduced from 
n-He' scattering. These results for the P; and P; states 
are added to give the final theoretical curve. 

The assumption of an S-state interaction implies 
that the He® and final alpha particle angular distribu- 
tions are isotropic in the ¢-t center-of-mass system. 
Also, only one direction of motion of the He® nucleus 
in the ¢-¢ center-of-mass system need be considered to 
determine the energy distribution of the alphas in 
the ¢-t system. 


16 This discussion is a modification and extension of the theory 


discussed in reference 6. 
17 J. D. Seagrave, Phys. Rev. 92, 1222 (1953). 





LAB 6 *60° 
E, = 9 MEV 


| eh THEORY 
(ARBITRARY NORM.) 





i 4 4 = 
2 3 4 
ALPHA ENERGY, MEV 


o(8,E), MILLIBARNS/STERADIAN/MEV 


3. 10. Theoretical and experimental comparison for 60°. 


E,=1.90 Mev. 
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It can be shown that if the He® nucleus is formed in 
the P; state, the angular distribution of the alpha 
particles is isotropic in the He® center-of-mass system. 
For a given binding energy e¢, the energy distribution 
of the alpha particles in the ¢-¢ system thus becomes, for 
the P; case, a constant between a maximum and a 
minimum energy, both of which are functions of e. 
However, ¢ is a variable, and the final alpha particle 
energy distribution is a folding or a weighted sum over 
all possible values of ¢. The weighting function used was 
the P; component of the total -He* scattering cross 
section as discussed by Seagrave!’ and Dodder and 
Gammel.!® 

For the P; formation, the angular distribution of the 
alpha particles in the He® center-of-mass system is 
proportional to 1+3 cos*p where ¢ is the angle between 
the direction of motion of the alpha particle and the 
direction of motion of the He® nucleus in the /-¢ center- 
of-mass system. That is, the angular distribution of the 
alpha particles is predominantly forward and backward 
along the direction of motion of the He® nucleus, and 
thus the energy distribution for the P; case, in the 
t-t system, is peaked at both the maximum and 
minimum energies. Again, « is a variable, and the 
final alpha particle energy distribution is a sum weighted 
by the P; component of the n-He‘ scattering cross 
section. 
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Fic. 11, Theoretical and experimental comparison for 90°. 
E,.=1.90 Mev. 


18D. C. Dodder and J. L. Gammel, Phys. Rev. 88, 520 (1952). 





LAB @ = 120° 
E,* 1.90 MEV 


oe oe 
/ Ltwo-stace THEORY 
(ARBITRARY NORM) 


o(9,£), MILLIBARNS/STERADIAN /MEV 





ALPHA ENERGY, MEV 


Fic, 12. Theoretical and experimental comparison for 120°. 
E,.=1.90 Mev. 


An example of this calculation, done on an IBM-704 
computer, is shown in Fig. 8. It can be seen that the 
P; ground-state formation is the more predominant. 
The theoretical curves, transformed to the laboratory 
system,'’ are compared with some of the experimental 
results in Figs. 9 through 12. In each case the theoretical 
curve is arbitrarily normalized to the experimental 
distribution. These results show that, while there is no 
striking agreement, some of the general features of the 
experimental distributions are approximately explained 
by the two-stage theory. The agreement, particularly 
for the lower energy peak, is best for the 30° data. 
The central valleys of the experimental curves are 
higher than the theoretical curves, implying, perhaps, 
the existence of some uncorrelated three-body breakup 
with a purely statistical distribution. In Fig. 13 are 
shown the experimental distributions transformed to 
the /-t center-of-mass system, again with the angular 
isotropy assumption.” It is immediately evident, since 
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Fic. 13. Center-of-mass presentation of data assuming angular 
isotropy. E,=1.90 Mev. The theoretical curve is plotted low 
for clarity. 

1 The S-state assumption greatly simplifies the transformation 
between the laboratory and center-of-mass systems. For example, 
each laboratory alpha particle energy distribution observed at a 
laboratory angle @ not only transforms to a range of ¢-¢ center-of- 
mass alpha particle energies, Eg’, but also to a range of center-of- 
mass angles, 6’. The S-state assumption with the resultant isotropy 
in the ¢-¢ center-of-mass system, removes the 6’ dependency. 
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. 14. The variation of alpha particle spectra parameters as a 
function of bombarding triton energy. Lab angle 30°. 


the curves are not alike, that the reaction is not a pure 
s-wave interaction. The two-stage theoretical curve is 
also shown but plotted on a smaller scale for the sake 
of clarity. 

A striking feature in all the experimental curves is 
the knee near the maximum alpha particle energy. 
This maximum energy corresponds to the two neutrons 
going off in the same direction and with the same 
velocity. An indication that this knee is not due to the 
He® two-stage process is seen from the variation of the 
parameters of the distributions as shown in Fig. 14. 
The excitation function of the knee height has a 
distinctly different nature than those of the peaks and 
valley associated with the two-stage process. The 
increased yield of near-maximum energy alpha particles 
is probably due to an interaction between the two 
outgoing neutrons. A graph of the approximate yield 
of alpha particles of center-of-mass energy 4.04 Mev 
versus center-of-mass angle is shown in Fig. 15. These 
values were determined from the distributions given 
in Fig. 13, reduced by an estimated contribution from 
the two-stage process. The anisotropy again indicates 
that the reaction is not a pure s-wave interaction 
The yield of alpha particles due to the neutron correla 
tion is small and amounts to about 1% of the tota- 
alpha particle yield. Unfortunately, the peak cannot be 
resolved well enough to yield any significant information 
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Fic. 15. Center-of-mass angular distribution of alpha particle 
yield due to neutron correlation. The center-of-mass alpha 
energy is 4.04 Mev. E;=1.90 Mev. 
about the n-n scattering length®® or the virtual state of 
the two-neutron system. 

A bound dineutron would have caused a narrow 
alpha particle peak at some energy greater than the 
end point of the three-body spectrum. This region was 
carefully searched and no evidence for such a peak 
was found. An upper limit for the total cross section 
for the formation of a bound dineutron in this reaction 
is 10-*° cm. 

The alpha particle energy spectra are not explained 
by any one simple process. A simple statistical three- 
body distribution must be affected by final-state 
interactions» among the particles. As shown by the 
two-stage He® calculations, the P; and probably the 
P; n-a interactions are evident. The 5; n-a process 
must also affect the spectra. An n-n correlation is also 
indicated. Just how all these processes are related, 
with possible interference effects, is not clear. 
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Measurements of the D(t,~)m reaction cross section at triton energies of 1.9 and 1.5 Mev have been made 
to resolve a disagreement among previously published values. Corrections for published values of the 
He‘(t,t)He* and T(¢,t)T scattering cross sections are also suggested. 


INTRODUCTION 


ECENT measurements of differential cross sec- 

tions of the T(d,n)He* reaction! are in marked 
disagreement with D(t,a)n results.’ Since the equip- 
ment described in the preceding paper is well suited 
for studying the interactions of tritons with gaseous 
targets, it was decided to make a measurement of the 
D(t,a)n cross section at several points in order to re- 
solve this disagreement. Measurements® were made at 
laboratory angles of 30° and 60° for triton bombarding 
energies of 1.9 and 1.5 Mev. Cross sections of the elastic 
scattering processes He‘(/,/)He* and T(¢,/)T were also 
determined® for comparison with other results®? ob- 
tained with essentially the same equipment as used in 
reference 3. 


APPARATUS AND EXPERIMENTAL METHOD 


The equipment and method used were the same as 
described in reference 4 except for some modifications 
in the use of the magnetic spectrometer. The slit system 
at the entrance of the spectrometer was adjusted such 
that the included angle was only 6 minutes of arc. The 
two-body nature of the reactions studied and the small 
acceptance angle of the spectrometer slit system limited 
the energy spread of the particles entering the spec- 
trometer to the extent that it was possible to focus all 
the particles on the detecting crystal with the slit over 
the crystal removed. That is, there was a region of 
spectrometer magnet current where the number of 
counts was constant and equal to the total yield for the 
given solid angle. A typical counting rate curve is shown 
in Fig. 1. The cross sections were then computed from 
the formula 


o(6)=Y siné/NnG, 


*Work performed under the auspices of the U. S. Atomic 

Energy Commission. 
1S. J. Bame, Jr., and J. E. Perry, Jr., Phys. Rev. 107, 1616 

1957). 

2 A. Galonsky and C. H. Johnson, Phys. Rev. 104, 421 (1956). 
3A, Hemmendinger and H. V. Argo, Phys. Rev. 98, 70 (1955). 
4N. Jarmie and R. C. Allen, Phys. Rev. 111, 1121 (1958), pre- 

ceding paper. 
5N. Jarmie and R. C. Allen, Bull. Am. Phys. Soc. Ser. II, 2, 

305 (1957). This is a preliminary report of these measurements. 
6A. Hemmendinger, Bull. Am. Phys. Soc. Ser. II, 1, 96 (1956) 

.and private communication. 
7D. M. Holm and H. V. Argo, Phys. Rev. 101, 1772 (1956). 


where Y is the yield as determined from the flat top 
of the observed counting rate curves; @ is the laboratory 
angle; V is the particle density of the target gas; m is 
the number of incident tritons giving Y; and G is the 
geometrical factor (see reference 4). 

Experimental tests were made with -p scattering 
and the results were within 1.4% of the values reported 
by Worthington e/ al. Other checks were made with 
Coulomb scattering of protons and tritons by argon 
and krypton. 


RESULTS AND DISCUSSION 


The results are given in Table I. The counting sta- 
tistics were always less than 1.2%. Other errors are 
similar to those of reference 4 and are all less than 1%. 
A conservative estimate of the total standard deviation 
for values reported in this paper is 3%. 

Also given in Table I are the data of references 1, 
3, 6, and 7. The accuracy of the data of reference 1 is 
quoted as 5% while that of references 3, 6, and 7 is 
quoted as 3%. It is clear that the present results agree 
with the T(d,2)He* values of reference 1 and are about 
20% lower than the values reported in references 3, 6, 
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Fic. 1. Typical counting rate curve as described in the text. 
This particular case is for p-p scattering at 30° (lab) for 1.90-Mev 
protons. The statistical error of a point is about the size of the 
point. 


8 Worthington, McGruer, and Findley, Phys. Rev. 90, 899 
(1953). 
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TABLE I. Triton cross sections. 


Other 
results Difference 
(mb/sterad) (%) 
3 
20 
15 
1.9 
2.6 
3.0 
21 
2.0 
18 


@ (8) iab  (0" om 
(mb/sterad (mb/sterad) 


Giab 
(degrees 
30 
30 
30 
30 
60 
30 


Reaction 


He*(t,{)He' 
T(t,t)T 
T(t0T 


1060" 
343» 
328> 

16.0° 
15.4¢ 
20.6° 
24.24 
20.0° 
23.14 


875 
286 
: 287 
D(t,a 
D tia 
D (tia 


60 


* See reference 6. b See reference 7. ¢ See reference 1 4 See reference 3. 


lar distribution discrepancies between references 1 and 
3 are not resolved by the present work. 


and 7. After discussions with the experimenters of the 
latter references, who all used essentially the same 
equipment, it appears that a systematic error in their 
experiments involving the collection of the triton beam 
could explain the discrepancies, and that their absolute 
values are probably around 20% high. The slight angu- 
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Possible Experiments for Determination of Beta Interactions. II*+ 
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In Part I of this series we have proposed some possible recoil experiments to decide the relative strength 
of scalar and vector interactions and that of tensor and axial vector interactions in beta decay. The formulas 
in the analysis of these experiments have been given for decays involving beta-gamma cascades and 
K-capture gamma-gamma cascades. Here, similar formulas are given for decays involving beta-gamma 
gamma cascades, taking into account the nuclear resonance fluorescence and circular polarization of the 
gamma ray. The decay of Co® is discussed in detail. The degree of the circular polarization of the resonant 
gamma ray from Ni® is 2% left-handed if the beta interaction is axial vector and 23% right-handed if tensor. 


1, INTRODUCTION paper, we derive formulas for the other possible 
experiments listed in Appendix II of I. The formulas 
are derived in a manner described in I. We restrict our 
problem to the angular correlations? of the beta ray, 
the first gamma ray, and the resonant gamma ray, in 
decays involving the beta-gamma-gamma cascades. 
The relative intensity of the resonant gamma rays, 
which is useful in the analysis of the circular polarization 
of the resonant gamma ray, is also given. Explicit 
formulas for angular correlations of the nuclear recoil, 
the beta ray, and the two gamma rays may be obtained 
by a similar calculation. We shall consider measure- 
ments of the nuclear resonance fluorescence (or resonant 
scattering of nuclear gamma ray) and the circular 
polarization of gamma rays, but not of the polarization 
of beta rays. Furthermore, formulas will be derived for 


N the previous paper,' we have proposed thirty-three 
possible experiments to decide the relative strength 
of scalar and vector interactions and that of tensor and 
axial vector interactions in beta decay. For all the 
proposed experiments, it is necessary to measure the 
recoil of the nucleus directly or the nuclear resonance 
fluorescence caused by a gamma ray which follows the 
beta decay or K capture. Ten of the thirty-three experi- 
ments involve beta-gamma and A-capture gamma- 
gamma cascades. Formulas for the analysis of these ten 
experiments have already. been given in I. In this 
* Part I of this paper has been published by Morita, Morita, 
and Yamada, Phys. Rev. 111, 237 (1958). 
+ This work partially supported by the U. S. Atomic Energy 


Commission. 
tOn leave from Kobayasi Institute of Physical Research, 


Kokubunzi, Tokyo, Japan. Ernest Kempton Adams Fellow of 
Columbia University. 

1 Morita, Morita, and Yamada, Phys. Rev. 111, 237 (1958), 
referred to hereafter as I. Erratum: In that paper, in the first line 
of Eq. (1), F(Z,£) should read F(Z,E) pEg. 





allowed beta transitions alone. 


2 Both directional and polarization correlations. Here, polariza- 
tion means polarization of gamma rays only. 
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In Sec. 2, the beta-neutrino-gamma-gamma angular 
correlation is given. Using the result in Sec. 2, we derive 
the beta first-gamma resonant-gamma angular correla- 
tion, the beta resonant-gamma angular correlation, 
and the first-gamma resonant-gamma angular correla- 
tion in Secs. 3, 4, and 5, respectively. The relative 
intensity of the resonant gamma rays is also given, 
in Sec. 6. As an example, the decay of Co® is 


W ( p,q, ki,ke,71,72)dEdQ.dQ,dQ, 1dQy 2 
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discussed in detail in Sec. 7. In Appendix I some 
symbols used in the text are defined. Appendix II 
contains angular integrals involving the resonant 
condition. 


2. BETA-NEUTRINO-GAMMA-GAMMA 
ANGULAR CORRELATION 


B— J, ob 


We assume the decay scheme to be 7 
jx—y2 js where j, ji, j2, and j; are the spins of the 
nuclear states (see Fig. 1). The symbols y; and y2 
refer to the first gamma ray and the resonant (or second) 
gamma ray, respectively. The other notation is the 
same as that in I. The beta-neutrino-gamma-gamma 


angular correlation is as given below: 


= F(Z,E) pEg?d FdQd0,dQ dQy2t{(1+a (p-q/ Eg) + (b/E) }So(L1 j2j)So(Lejsj2) 
+7:[A’(p-ki/E)+B' (q-ki/g)+D'(p: (qXki)/ Eq) JR1( Lily joj1:)G0(Lejsj2)+e'[3 (p- ki) (q: ky) — pq] 
X (Eq) "Fo(LiLy jojs)Go(Lejsjo)+72LA ‘(p- ke/E) +B’ (q- ko/g)+D'(p- (qX ke) / Eg) 1G1(Li joj) 
XH ( Lele’ j3j2)+c'[3(p- ke) (q- ke) — p- q }(Eg)"Go(Li joj) 2( Lele’ jsj2)++:+}. () 


Here, &, a, b, c’, A’, B’, and D’ are linear combinations of the coupling constants in beta decay and they are given 
in Appendix I. § and G are given by the following expressions: 


n( LL’ jojo) = dot, wv’ (jal! LI} jo) (Jal) L’|| jo) (—) e- AL(2L4+-1) (2L’ +1) (2jo+1) |A(LL1—1| n0)W (jojoLL’ ; nja), 


(2) 


G,(Ljajo)=Lir(jal| LI! jo)?(—) "te HW (Jajajojo; mL)L(2ja+1)(2jo+1) J}. 


In particular, 
o( LL’ jojo) =GSo(L jojo) =D 1 (Jal|L!| j)?. 
Furthermore, 
Bn(LL joj 1)So(Ljsjo)=Gra(Ljojvhn(LL jsjo), 


if the decay scheme is j—j,:;~L—0 and the two 
gamma rays are pure 2” pole radiations. This is inde- 
pendent of the electric or magnetic character of the 
radiation. 

In Eq. (1) we have neglected the terms with higher 
powers in k, and ks, of which the geometrical coefficients 
are usually very small compared with those of terms 
in Eq. (1). Furthermore, we have neglected the terms 
kiko, (p-k;)(q-ks), and (p-k.)(q-k,). These terms 
would appear if we observe the circular polarization of 
the two gamma rays. We do not discuss such compli- 
cated experiments in this paper. The geometrical 


P=(Q for 


P(p,ki,ko,71,72,K1,K2)dEdK dK dQaQ, 1dQy2 


Coefficient for a term p-{k, Xk. | is equal to zero.’ The 
approximations of this paragraph are adopted through- 
out this paper. 

From Eq. (1) we can derive formulas to be used in 
the analysis of experiments on beta-ray spectra in 
coincidence with the nuclear recoil and gamma rays; 
on angular correlations of the nuclear recoil, the beta 
ray, and the gamma rays; and on the measurements of 
circular polarization of the one gamma ray in coin- 
cidence with the other gamma ray, the beta ray, and 
the nuclear recoil. 

3. BETA FIRST-GAMMA RESONANT-GAMMA 
ANGULAR CORRELATION 

When one integrates over the angular variables of 
the neutrino with the resonance condition,’ Eq. (1) 
becomes the beta first-gamma resonant-gamma angular 
correlation. The result is 


q<|p-ko+Kiki-ko+Kol, 


=F (Z,E) pEqd EdK dK dQ dQy1dQy2¢{ [1 —a(p- ke/ Eg) (p- ko+K ik, ko +Ke)+ (6/E) |S o(Lijoj1)Go( Leja je) 
+7,[A*(p-ki/E) —B’ (ki Ke/g) (p- Ko+ Kiki: ko+ Ko) ]§1 (Lily joj 1)G0(Leoj3 72) — 03 (pki) (Ki ke) — p- ke |] 
X (Eq)!(p: ko+ Kiki: ko+K2)¥2(LiL1' joj1)Go(Lojsj2)+72[A (phe E)— (B’ q)(p: k2+ Kiki: k.+ Ko) ] 
X Gi (Li joj ¥1( Lele’ jsj2) — 2c’ (p- k2/ Eq) (p- ko + Kiki: kot Ke)Go(Lijojs)§2(LeLe’ jsje) +--+} 


for gq |p: ko+Kik,-k,+ Ko}. (3) 


3 We have assumed that strong interactions are invariant under time reversal. Further discussion is given by M. Morita and R. S. 


Morita, Phys. Rev. 110, 461 (1958), Appendix. 
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Equation (3) is to be used in the analysis of experiments of the first gamma ray (the resonant gamma ray) but 
on the beta first-gamma resonant-gamma directional not of the resonant gamma ray (the first gamma ray), 
correlation, on the beta-ray spectrum in coincidence f ‘ 
with the first and resonant gamma rays, and on the 
circular polarization of the first or resonant gamma ray 
in coincidence with the beta ray and the resonant or The degree of circular polarization for the first 
first gamma ray. If we measure the circular polarization gamma ray is given by 


T2(71) in Eq. (3) should be replaced by zero. The same 
change should be made in Sec. 4. 


[P( p, Ki, Ko, T11= i 7T2=0, K,,K2)—P(p,ki,ke, 71> —1, 7T2=0, K,,K:) ] 
+[P(p,ki,ke, T1= i, T2=0, K,,K2)+P(p,ki,ko, = —1, T2=0, K,,K») |, (4) 





and by a similar expression for the resonant gamma ray. beta resonant-gamma directional correlation, on the 
In this definition, the gamma ray is right- (left-) beta-ray spectrum in coincidence with the resonant 
handedly polarized if the degree of the circular polariza- gamma ray, and on the circular polarization of the 
tion is positive (negative). resonant gamma ray in coincidence with the beta ray. 
The degree of circular polarization of the resonant 
4. BETA RESONANT-GAMMA ANGULAR gamma ray is given by 
CORRELATION j : 


> = oe ae one GEO 
When one integrates over the angular variables of [P(6, r2=1, E,Ki,K2)— PO, 72 1, E,Ki,K2) ] 


the neutrino and the first gamma ray with the resonant +[P(, r2=1, E,Ki,K2)+P(6, re==—1, E,Ki,K>) ]. 
condition, Eq. (1) becomes the beta resonant-gamma (6) 
angular correlation. The result is : 
5. FIRST-GAMMA RESONANT-GAMMA 
P(0,72,E,K1,K 2)dEdK dQ.dQy2 ‘ ANGULAR CORRELATION 
=F (Z,E) pEq@dEdK dQdQy2 In order to obtain the first-gamma resonant-gamma 
, correlation function, the angular integration with 
)o/E ‘ Rigs ; 
x#{LOrta cost POs 5) respect to the beta ray and the neutrino and also the 
+5(Q1/E) }So(Lij2j1)Go(L2jsj2) integration with respect to the electron energy should 
+c! cos6(3Qs—Qz) (p/E)o(LiL1' j2j1)Go(Lejsj2) be performed. The result is 


+ ref A’ cos6(pQ,/E) P(04,71,72,E20,K1,K2)dK dK dQ, 1dQy2 
+ B’Q2\G1(Lijoj1)§1(LeoL2’ jsj2) 
+2c¢’ cosO( pQ2/E)G2o(Lijoj1)%o( LoL’ jsj2)+- ++}. = dK AK Orda { P(Z,E) 


(9) X E{TRi+aRi+b(R1/E) ]Go(Lij2j1)So(Lejsj2) 
Here 6 is an angle between the directions of the momenta r Arp. , PY We Te 
of the beta and second gamma ray. () is defined by +11 cosbi[A’Rot B’Rs }§i(Lils’j2j1)Go(Lajaj2) 
+c'(3 cos’0:— 1) RiFo(LiLy’ joj1)Go(Lojsje) 


= (Sm) fan: ko+q-k.+Kiki-k2+K2)dQy:dQ,. + ref A’Rot+ B’Rs ]G1(Li joj) §1(LeLe' js je) 


+2c’RGo(Lijoji)¥2( Lele’ jsjo) ++: -}dE. (7 
The expressions for Q2 and Q; are given by the above PrlLajaj 00s re ) 


equation, if the integrand is multiplied by (q-k2/g) Here 6; is the angle between the momenta of the two 
and (q-k»/g)(ki-k.)?. respectively. The Q;’s are given gamma rays. R; is defined by 

in Table I. They have different forms which depend on 

inequalities involving |p cos#+Ke|,g,and K,;. Equation R,= (8e2)-1pE¢ [ (p- bea “ko+Kiky- ky+K,»)dQ,dQ,. 
(5) is to be used in the analysis of experiments on the 


TaBLe I. Q,’s in Eq. (5). The upper (lower) signs in column 3 refer to K=p cos+K220 (K <0). 











Inequalities 

involving 

q, Ki, and - > , , - 
=pcosd+Ke Kidq+|K| g+Ki>|K| pa~Ki q>Kit|K\ |K| >@+Ki 





1 1/Ky (q+Ki—|K|)/29K, ; 
Os 0 £[—¢+(Ki-|K|)*V4eK, ' 
Os 2qK /3K33 +f —3¢'+3Kit+K*—6¢K2+4|K | (2g’—K;3) 1/24¢K3 
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B INTERACTIONS 


TABLE II. R;’s in Eq. (3). The upper (lower) signs in column 3 refer to K’=K, cos#:+K22>0 (K’ <0). 





Inequalities involving 
p, d, and y 
K’ = Ki cos#i+K2 


p+9>|K'| >p~a 





Ri ae Eq(p+q—|K’|)/2 


Ry -K'? +q[ — p?+ (| K’| —q)?]/4 
R; +E[—g¢+(|K'! —p)?]/4 


Ry ~¢°/: [—2p*—2g— | K’|84-3) K’| (p2-+-¢2) 1/12 





The expressions for Ro, R3, and Ry are given by the 
above equation, if the integrand is multiplied by 
(p-k2/E), (q-k:/q) and (p-q/E£q), respectively. The 
R,’s are given in Table II. They have different forms 
which depend on inequalities involving p, g, and 
|K,cos#,;+Ko!. 

The integration over the electron energy may be 
performed numerically. If we neglect the effect of the 
nuclear charge on the electron wave function [namely, 
set F(Z,E)=1], the integration over the electron 
energy can be performed analytically. In this approxi- 


mation the expressions for /RidE are just the same 
as those for /gidE given in reference 14 of I, except 
for K being replaced by K’=K, cos#,+ Ko. 

Equation (7) is to be used in the analysis of experi- 
ments on the first-gamma resonant-gamma directional 
correlation and the circular polarization of the first 
(resonant) gamma ray in coincidence with the resonant 
(first) gamma ray. 

The degree of circular polarization of the first 


gamma ray is given by 


[P(0,, r1:=1, r2=0, Eo,K1,K2)—P(@1, 11= —1, 72=0, Eo,K1,K2) | 


+[ P(A, ™1=1, T2=0, Fo,K1,K2)+P (41, T1 


with a similar expression for the resonant gamma ray. 
The first and resonant gamma rays are unpolarized for 
A, if A, if F(Z,E)=1. They would be highly polarized 
for 7, if the decay scheme is appropriate.‘ 


6. RELATIVE INTENSITY OF THE RESONANT 
GAMMA RAY 


The relative intensity of the resonant gamma ray 
is obtained by performing integrations with respect to 
the angular variables of the neutrino, the electron, and 
the first gamma ray, and with respect to the electron 
energy. The result is 


P(rEaKK2)dKsd9ra= dK sda f P(Z,E) 


XE{(S1+-454+(S1 /E) \So(Lij2j1)Go(Lej372) 
B rof_A 'So+ B’S3\Qi(Lijoj 51 (LoL js je) 
+2¢'S,Go/( aj2J 6 2(LoLe’ jsj2)+ oes YE. (9) 


Here, .S; is defined by 


Si= (4nt)-1pe [a0 ko+q-k.+ Kik,-k.+K.) 


XdQ.dQ,dQy1. 


The expressions for S2, S3, and S, are given by the 
above equation if the integrand is multiplied by 


4T and A are abbreviations for tensor and axial vector interac- 
tions of beta decay. 


—1, r2=0, Eo,K1,K2) ], (8) 
(p-k./E), (q-ks/g), and (p-q/£q), respectively. The 
S,’s are given in Appendix IT. They have different forms 
which depend on inequalities involving p, 9, Ki, and 
Ky». The integration over the electron energy may be 
performed numerically for each case. It may be 
evaluated analytically with the assumption F(Z,E)=1 
(namely Z=0). 
In Eq. (9) we have omitted the term with 


§2(LiLy joj1)Go(Leojsj2) 


to avoid elaborate angular integration. This neglected 
term has, at most, the same order of magnitude as the 
term with So(Lijojih2(LoLl2’ js Je) in Eq. (9). It is, 
however, very small compared with the first term in 
Eq. (9). Then Eq. (9) may be good enough to estimate 
the degree of circular polarization of the resonant 
gamma ray, which is given by 


[P(r2= a FE, K1,K2)— P(t2= — i Eo,K1,K2) } 
+[P(r2= iE E,K1,K2)+P(1r2= = 1, Eo,K1,K2) |. 
(10) 


The resonant gamma ray would be almost unpolarized 
(highly polarized) if the beta interaction is A (T, 
and if the decay scheme is appropriate). 


7. DECAY OF Co” 


In general, the appropriate decay scheme for most 
of the proposed experiments is the one where the beta 
decay is an allowed transition and the gamma rays are 
pure dipole radiations. This comes from the fact that 
the geometrical factor for the dipole radiation is 
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usually large compared with that of the other radiations. 
The resonance scattering of the nuclear gamma rays 
has been measured only in a few nuclei. One of the 
most precise measurements is that of Metzger® on 
Co®, for which gamma rays are electric quadrupole 
radiations. We will therefore discuss the decay of Co® 
as an example. The decay scheme is shown in Fig. 2.° 
The formulas in this section will be given in the same 
approximation adopted in the previous sections. We 
also assume Cr=—C7’ and C4=C,4’.” 

(1) Beta-neutrino-gamma-gamma angular correla- 
tion: 


W (p,q,ki,ko,71,72) 
= F(Z,E) pEg{1+(p-q/ Eq) (3X/7) 
—[(p-ki)(q-k:)+(p- ke) (q-k.) ](X/7£q) 
—71(4)L(p-ki/E)+(q-ki/q)X J 


—72(4)[(p- ke E)+(q-ke q)X ]. (1’) 


Here X=(|Cr|?— |Ca\?)/(|Cr|?+/|Ca|?). 
(2) Beta first-gamma resonant-gamma angular corre- 


lation: 
P=0 for g<)| p-ky+2.29k,-k.+2.61 


P(p,ki,ko,71,72) 
= F (Z,E) pEq{1+[—2p-ket+ (p-k:) (Ki - ke) | 
X (p- ko+2.29k; - k2+2.61)(X/7Eq) 
— (7)p-ki+72p-k») (1/3) 
; + (ryky-ke+ 72) (p- k.+2.29k1- k.+2.61) (X/3q)} 
‘on 9> | p-ke-+2.29ky-ks-+2.61 |. (3") 
(3) Degree of circular polarization of the first 
gamma ray in coincidence with the beta ray and the 
resonant gamma ray: 


[— (p-k, E)+ (ky- ks) (p-ko+2.29k;- ko+ 2.61) (X q) | 
+3{1+[—2p-ko+(p-ki) (ki ke) J 


for 


5 F. Metzger, Phys. Rev. 103, 983 (1956). 

6 For example, see Poppema, Steenland, Beun, and Gorter, 
Physica 21, 233 (1955), Fig. 6. 

7M. Morita and R. S. Morita, Phys. Rev. 110, 2048 (1958), 
reference 16. 
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(4) Degree of circular polarization of the resonant 
gamma ray in coincidence with the beta ray and the 
first gamma ray: 


[— (p- k, ‘E)+ (p: k.+2.29k,-k.+2.61 )(X q) | 
+[The same denominator as that of Eq. (4’) ] 


for q= p:k.+2.29k,-k.+ 2.61 ‘ (4’’) 


(5) Beta resonant-gamma angular correlation: 


P(0,72,E,K1,K2) 
= F(Z,E) pE@{Qi+ (2Q2—Qs) (pX/7E)cosé 


—72(4)[ (pQ1/E) cos8+QoX }}.  (5’) 


Here @ is the angle between the beta ray and the 
resonant gamma ray. It should be noticed that the 
(,’s have a dependence on cos#. Correction factors for 
the beta-ray spectrum can be calculated with Eq. (5’). 
These for the assumptions of A and T are the same at 
6=90° and are different by less than 6% at 06=180°. 
Consequently, the beta-resonant gamma directional 
correlation is almost the same for 7 and A, in the case 
of Co®. 

(6) Degree of circular polarization of the resonant 
gamma ray in coincidence with the beta ray: 


—[(pQ:/E) cos0+QoX ] 


+3L0:+ (202—Q3)(pX/7E) cos6]. (6’) 


The degree of circular polarization of the resonant 
gamma ray in coincidence with the beta ray is shown 
in Figs. 3 and 4 as a function of the electron momentum, 
at 0=90° and 180°, respectively. The resonant gamma 
ray coming out at @=90° is 25-33% left- (right-) 
handedly polarized if the beta interaction is A (7). 
The resonant gamma ray coming out at 6=180° is 
almost 25% right-handedly polarized for 7. For A, 
the polarization varies rapidly with the electron 
momentum, as is shown in Fig. 4. 
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Fic. 4. Degree of circular polarization of the resonant gamma 
ray in coincidence with the beta ray at 6=180°, in Co, The 
resonant gamma ray is right-hand polarized if the beta interaction 
is 7. That for A is left- (right-) handedly polarized in the region 
of low (high) momentum 


(7) The first-gamma resonant-gamma angular corre- 


lation: 
P(01,71,72,/0,K1,K2) 
- f FZELR + (2—cos*0;)(X/7)R, 


— (3) (71 cos#;+72)(RotR3X) dE. (7’) 
Here 6; is the angle between the two gamma rays. 
It should be noticed that the R;’s have a dependence on 
cos;. In this case, the resonance scattering of the 
second gamma ray may occur only if 126° <@; <180°. 
The directional correlation is large. However, since 
there is no significant difference between assumptions 
of T and A, we do not write the numerical result here. 

(8) Degree of circular polarization of the first 
gamma ray in coincidence with the resonant gamma 
ray: 


— cosh f F(Z.) Re RAX)AE 


+ 13 f F(Z,B)LR+ (2—cos',)(X DRME (8’) 
The circular polarization of the resonant gamma ray 
in coincidence with the first gamma ray is also given by 
(8’), the cos; in the numerator being replaced by unity. 
Assuming F(Z,£)=1, the numerical result is as below. 
The first (resonant) gamma ray at 6,;=180° is 19°% 
left-handedly (19°, right-handedly) polarized for 7. 


¢ 
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E=(|Cs|?+| Cs’ |?+ | Cy |2+| Cr’ |2)Mr+(|Cr|2+ | Cr’ |2?+ | Ca |2+ | Ca’ |") Mar’. 
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For A, both gamma rays are unpolarized, whatever 
the value of @;. This can be easily understood if we 
put {/RdE= SRE in (8’). 


(9) The relative intensity of the resonant gamma ray: 


P(r,EoKigKs)= f F(Z,E)LSr+ (5X 21)S4 


— 72(4)(S2+S3X) dE 


«140,016 +72(0.106+0.126X). (9’) 
In the numerical calculation, the Fermi function has 
been taken into account.* Since the second term is 
very small compared with the first term, we conclude 
that the absolute intensity of the resonant gamma ray 
is insensitive to beta interactions. 

(10) Degree of circular polarization of the resonant 
gamma ray: 


( 


[0.106+0.126N ]+[1+0.016X ]=23% for T 


_ for <A. (10’) 
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APPENDIX I. DEFINITION OF SYMBOLS 


In the following equations, the upper signs refer to 
electron decay and the lower signs to positron decay. 
My and Mer are nuclear matrix elements for the 
Fermi and Gamow-Teller beta transitions, respectively. 
Assuming time-reversal invariance of the strong 
interactions, they are real and may be positive or 
negative. 6,j; is the Kronecker delta symbol and 


Jrnz= ji; 
- N=; 
jJrn=j-1; 


Njji1= :. 
1/(7:+1), 


— Jy (hi 3), 


(Al) 


Aji = 1 ’ 


a (271- 


1) (ji¥#1), (A2) 
Ji(2jr—1)/ (27143) (fit), 

y=[(1—(aZ)? |}, Z is the atomic number of the daughter 

nucleus, and a is the fine-structure constant. 


(A3) 


at=[(—!Cs|?— |Cs’ |\?+ [Cy |?+| Cv’ |*)F (aZ/p)2 Im(CsCy*+Cs’Cy*) |MF* 


+3 ( Cr\?+ |Cr’ |?@— lCa |2— ICa’ 2) (aZ /p)2 Im(CrC4*+Cr’C4"*) |Mer? 


(A4) 


8 We have used Tables for the Analysis of Beta Spectra, National Bureau of Standards, Applied Mathematics Series 13 (U. S. 


Department of Commerce, Washington, D. C., 1952). 
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bé=+2y Re[ (CsCy* +Cs'Cy"*)M e+ (CrCa*+ '7’Ca’*)Mer’ ]. 


Jt=[( Cr 24- Cr’ oes | OF 


AND 


R. S. MORITA 


(A5) 


2—1C4’|*)+ (aZ/p)2 Im(CrCa*+Cr’Ca*) Mor? 


X[(271:+3)(j1+1) 45 71(2); -1) tA; 1 (A6) 


A’t=2[+Re(CrCr'*—CaCa*)+(aZ/p) Im(CrC4*+Cr’Ca*) [Mor (frt1)/3j1 PAs 


— 2[ Re(CsCr'*+-Cs'C 


r*—CyC *—Cy'C [“) 


+(aZ p) Im(CsC 4’* +Cs’Ca*—CyCr'*—Cy'Cr*) |Mr- Mer 5) 36; a” 


B'&=2 Re{[+ (CrCr'*+CaCa'*)+(y/E) Im(CrC4"*+Cr'Ca*) [Mor l(jit1)/3 fi} Asi 


+[(CsCr’*+Cs'Cr*¥+CyCa*+Cy'Ca*) 


+(y E)(CsCa"*+Cs'Ca*+CyCr’*+Cy'Cr*) |Me: Merl 1) 35 ji}. 


D’§=2[ —Im(CsCr*+Cs'Cr’*—CyC i*—Cy G. Wed, 


+ (aZ p) Re(¢ sCa*+Cs'C4'*- CyCr*—Cy'Cr™) |\M; ‘Me r\ 4 ) 26, Jie 


APPENDIX II. S,’s IN EQ. (9 
The S,, = 1—4, in Eq. (9) are given in this Appendix. 
They have different forms which depend upon inequali- 
ties involving ~, g, Ai, and Ky». The inequalities are 
denoted by subscript Latin letters, a, 6, c, --- attached 
to S;. They are given by 
eae. We >pt+q, 
K,2>p+q2> |K_|+2p, 
K,2p+q2 |K_|+2g, 
K,2p+q2>K_2p~q, 
q2K,+?, 
p>K.+4, 
pt+q2K,2q—p2 |K-_|, 
p+q2K,2p—q2>|K_|, 
ptq>K,>K_>p~g, 
K,—K22> p+4q, 
K,2p+q2Ki—K22p~q, 
p+q2>K,2Ki—K22> pr~gq. (A10) 
Here we use K,.= K2+K,and K_= K2— K,. The explicit 
forms of S; are as follows: 


S;= (4m)-*pbe f (0 ko+q ‘kot Kiky-k.+ K») 
x d0,d0,dQ, ly 


Sia=0, 

Sin=4pEq(q—K_)/K,, 

S1-=4E@(p—K_)/Ki, 

Sia= Eq(K?+ p?+¢?—2K_p—2K_q+299)/K,, 

S1.=8pEq, 

Si=8E@’, 

Sig= — Eq Ky? + p++ 2(2K_—K,,)p 
—2K49q—2pq]/K,, 


Sy=— kg K?+p?+¢—2K.p 
+2(2K_—K,)q—2p9]/Ki, 
Si:=4Eq(—K.t+ p+), 
Si;=8pEq?/Ki, 
Sy=— Eq(K?+ p?+¢+2K_p+2K_q—6pq)/Ki, 
Sy=—2Eq(K2+K2+p?+¢—2K ip 
—2Kiq—2pq)/K;. (A111) 
S2= (41°) ‘pe? f (p-k:)6(p-ke+a° ke} Kk ket Ke) 
Xd2dQ,dQy1, 
Soa=0, 
Sex= —4p%q/3K,, 
Soe= 2g(@-+3K_2—3p*)/3K, 
Sea= —q(K3+2p'°—g—3K_*q—3K_p’ 
+3K_@?-+3p%q)/3K, 
Ss,=0, 
Sop= —8K 29", 
Sog=q(K42—2p'— 9? —3K 429 +3K 49° 
—3K,p'+3p"9)/3Ki, 
So= LK y°+2p'+¢—3(K42—2K_*)q 
+3K,97?—3Kip°—3p'¢ |/3Ki, 
Soi= (3)q(K2+3K2+39—3p?—6K 99), 
Sx=0 
Sx.=q(K_*— 29+ 9+ 3K_q—3K_p’ 
+3K_q’—3p'q)/3Ki, 
Su=29Kx(K2+3K 2—3p°+39?—6K 1q)/3K1. 


, 


(A12) 


S3= (4x°)—pEq f (q:k2)5(p-ko+q:ko+Kik,-ko+K2)] 


Xd0.d2,dQy1, 
S3a = 0, 


S3o= 2pE(p?+3K_2—39*)/3Ki, 





DETERMINATION 


S3e= —449?/3K1, 
— E(K_*— p°+2¢°—3Kp+3K_p* 
3K_¢?+3p9q*)/3K,, 


5 a 


S3e= —8KopE, 

S3,=0, 

S3g= ELK 3+ p®+ 2¢'—3(K42—2K_*)p 

+3K,~?—3K,¢?—3p¢? |/3K1, 

Su= E(Ki3— p*— 29¢°—3K42p+3K5p? 
-3K¢+3pq")/3Ki, 

S3=RE(K2+3K2+3p'—39?—6K op), 

S3;=0, 

Sx = E(K_§+ pi—29°+3K7p+3K_p’ 
-3K_q’—3pq")/3K1, 


S31 = 2EK o( K + 3K r+ 3p - 3¢° _ 6K 1p), ‘3K 1. (A13) 


S4= (47°) 'p9 f (B-a)8(p:ke-ba-ke-} Kiki ky K:) 


XK d0,dQ,dQy1, 


Sia _ 0, 
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ait, 


IN PERACTIONS 


54,=4K. p*/3K, 
Sic=4K_q?/3K, 
Sia= (K-*—3p'—3¢'+8K_¢+8K_p' 
+ 6p%q?— 6K _2p?— 6K_2¢°)/12K,, 
Sse= — (8/3) p?, 
Si —(8 '3)q°, 
Sig= —[Ky4—3p'—3g'+8(Ky.—2K_)p* 
+8K,q'—6K,2p?— 6K 29+ 6p°¢? 12K, 
Su=—[Ky!—3p'—3¢'+8K,p?+8(Ky—2K_)@ 
—6K,°p?—6K2¢?+ 6p7q? |/12K,, 
Sai= — (3) (KY2Kot K+2p'+ 2¢—3K op’ —3K 2¢’), 
S4=0, 
Su=(—K*+3p'+3q'+8K_p+8K_¢+6K_2p? 
+6K_2g?—6p'y-)/12K3, 
S41 = [K f+ KA-— 3p a 3¢°+ 8K ip ?+ 8K 19° 
-~6(Kf+K2)p—6(Ke+K2)¢ 


+6KYKe+6p%g?1/6Ki. (A14) 
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Spin of Neptunium-2387 


R. G. ALBrincE, J. C. Hupps, AnD R. MARRusS 
Radiation Laboratory and Department of Physics and Chemistry, University of California, Berkeley, California 
(Received April 14, 1958 


The atomic-beam magnetic-resonance method has been used to investigate 2.10-day Np** in the low- 
field or Zeeman region of hyperfine structure. The spin of this nuclide is found to be 2. 


INTRODUCTION 


HE research reported here is part of a continuing 

program leading to nuclear spins and moments, 
and to the properties of low-lying electronic states in 
the heavy-element region. The spin of this nuclide is 
particularly interesting, for Np*** is an odd-odd isotope 
for which the states of the last proton and neutron are 
presumably known from Np** and Pu*® respectively.' 
Therefore the observed spin is expected to yield in- 
formation regarding the coupling of neutrons and pro- 
tons in deformed nuclei. 

Previous research? on Np” has disclosed an electronic 
energy level with J=11/2, gy=0.6551+0.0006 appar- 
ently arising from the configuration (5/)*(6d)'; the 
measurements reported here are made on this level. 


+ Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1 Jack M. Hollander, Phys. Rev. 105, 1518 (1957). 

2 J. C. Hubbs and R. Marrus, Phys. Rev. 109, 287 (1958). 


TARGET PREPARATION, MATERIAL PRODUCTION, 
AND BEAM DETECTION 

The sample is made by neutron activation of a 
mixture of 3 mg of Np”? and 10 mg of U*® oxides 
for 72 hr at a flux of 2X10 neutrons/cm? sec. The 
target is prepared by coprecipitation of neptunium 
and uranium hydroxides and subsequent decomposition 
to the oxides by heating. The U*** is added for carrier 
purposes only; the thermal-activation cross sections* of 
U*8 and Np*® are such that the product activity is 
about 95% 2.1-day Np** and 5% 2.36-day Np™. 

The neptunium is detected by allowing the atomic 
beam to fall on small flamed platinum foils which are 
then counted in flow proportional counters with high 
detection efficiency for beta particles above 25 kev. 
Counter background is typically 6 counts per minute. 


3 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 


Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 
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Fic. 1. Energy-level diagram for the system. J=11/2, J=2 
assuming normal hfs obeying the interval rule. (Not to scale.) 
Flop-in transitions are indicated by arrows 


METHOD 


The spin, 7, of a nucleus interacting with an elec- 
tronic system of known J and g,, can be established in 
the low-field or Zeeman region of hfs providing that the 
g values, gr, of the various states of total angular 
momentum, F=I+ J, can be measured to sufficient 
precision. In the low-field limit F is a good quantum 
number and, if contributions from the nuclear magnetic 
moment are ignored, these g values are given by the 
product of the electronic g value, g;, and the relative 
projection of the electronic angular momentum on the 
direction of total angular momentum, 


JF  -F(F+1)4+-J(J+1)—-1(I+1) 


gr=gs—=8 a 
onet; 2F(F+1) 





Thus the observed transition frequencies, grou/7, will 
be a function of but one unknown, /. 

Departures from this simple scheme arise from mix- 
ing by the external magnetic field of states of different 
F but the same projection Mr on the field direction. 
The term quadratic in the field which is, in general, 
the first to appear is in this case about 0.01(gyuoH)?/A, 
where A is the dipole hfs constant defined by 3¢= AI. J. 
The J and gy observed in neptunium suggest that the 
electronic energy level under consideration arises from 
the configuration (5/)*(6d)!, with the 5f and 6d elec- 
trons independently coupling to the several Hund’s rule 
ground states °J, and *D;; such a situation would be 
the consequence of a mutual electrostatic interaction 


HUBBS, 


AND MARRUS 

smaller than either fine-structure interaction. On the 
assumption that this is the case, a calculation has been 
made of A by using a simple extension of methods 
previously enumerated,‘ and 5f and 6d electron-wave 
functions obtained from a Hartree relativistic calcula- 
tion for uranium.’ The result for the (°J4—7D))11/2 
state is A =470g; Mc/sec. Therefore with an apparatus 
resolution of 20 kc/sec one expects the Zeeman region 
of hfs to extend to at least 30 gauss (g; >0.1). 


EXPERIMENTAL PROCEDURE 


The atomic-beam apparatus, which has been de- 
scribed elsewhere,® uses the Zacharias’ or flop-in 
resonance system, requiring for a refocused beam a 
transition between magnetic substates having equal 
and opposite high-field magnetic moments, ie., a 
transition between magnetic substates characterized 
by the high-field quantum numbers m, and —m,; all 
such transitions for which AF is 0 are allowed in the 
Zeeman limit.’ On the other hand the deflection in the 
magnet system is proportional to m,;, and the neptun- 
ium beam temperature and g, value give rather smaller 
deflections than those for which the apparatus was 
designed. Therefore transition intensities generally de- 
crease as the maximum value of Am, decreases, or in 
this case as F decreases (Fig. 1). 

A beam of neptunium atoms is made by the same 
process as is used for Np*; the neptunium and uranium 
oxides are mixed with a large excess of graphite powder, 
placed in a small tantalum oven, and heated in the 
apparatus. The oxides are first reduced to carbides at 
a temperature of about 1300°C and then the oven tem- 
perature is raised to about 2000°C, at which tempera- 
ture a beam of neptunium is made by decomposition 
of the carbides. 

An initial search was made at a field of 0.70 gauss at 


ro 


% DIRECT BEAM 





000 " 


c 290 1.39 
FREQUENCY (Mc) 


Fic. 2. Observed transitions in Np** at 13.4 gauss. 


4 Hubbs, Marrus, Nierenberg, and Worcester, Phys. Rev. 109, 
390 (1958). 

5S. Cohen (private communication). 

6 Brink, Hubbs, Nierenberg, and Worcester, Phys. Rev. 107, 
189 (1957). 

7 J. R. Zacharias, Phys. Rev. 60, 168 (1941). 

8 E. Majorana, Nuovo cimento 9, 43 (1932). 
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TABLE I. Summary of observations. Frequencies in Mc/sec. 


State F=15/2 F =13/2 


9,020+0.025 
9.025 


Observed frequency 
Predicted frequency 


9.908 


discrete frequencies given by Eq. (1); it indicated that 
the spin of Np*** is 2. This assignment has been verified 
by the observation of at least four of the five F states 
at a field of 13.4 gauss (Fig. 2), where the resolution 
in gr is about 0.2%. Each state of total angular mo- 
mentum has been observed at this higher field a mini- 
mum of three times. The resonance effect for the F=3 
state is no more than 0.1%. Observed and predicted 
resonance frequencies are given in Table I. 

The beam material is identified as essentially pure 
Np™® by half-life analysis. The half-life of the gross 
sample (direct beam) is found to be 2.16+0.15 days 
and that of the F=15/2 state is found to be 2.1+0.4 
days. 

DISCUSSION 


The measured spin of Np** is in agreement with all 
beta and gamma spectroscopic studies*-” that favor 
spins 2 or 3. 

The last odd nucleons in Np*** would most reasonably 
be expected to be in the states (642+)3+ for the 
proton! as in Np*® and (631—)3+ for the neutron! as 
in Pu. [The states are labeled, following Nilsson, as 
(Nn,A+)Qz, the symbols being defined in reference 1, 
and the + appearing inside the parentheses according 
as 2=A+}.] Moszkowski’s" extension of the Nord- 


® Rasmussen, Slatis, and Passell, Phys. Rev. 99, 42 (1955). 

10 Rasmussen, Stevens, Strominger, and Astrém, Phys. Rev. 
99, 47 (1955). 

1S. A. Baranov and K. N. Shlyagin, Atomnaya Energ. 1, 52 
(1956) [translation: J. Nuclear Energy 3, 132 (1956) ]. 

2 R, G. Albridge and J. M. Hollander, University of California 
Radiation Laboratory Report UCRL-8034 November, 1957 
(unpublished). 

13S. Moszkowski (private communication) 


9.91240.025 


F=11/2 F =9/2 


(17.790-+.0.050) 


13.562-+0.025 
13.550 


11.290+0.035 
11.274 


heim" rules would then predict 2+ for the ground 
state of Np**. There are, however, alternative assign- 
ments for both the neutron and the proton states 
which are not unreasonable, namely the proton state 
(523—)$— which appears!® only 60 kev above the 
ground state in Np*’, and the neutron state (501—)3—, 
observed'® as the ground state of U™’. There is, then, 
considerable uncertainty as to the parity of Np**; in 
addition, the reasonable 2+ assignment is in conflict 
with one beta-spectroscopic study."! A measurement of 
the magnetic moment would be of little assistance in 
regard to the parity, for in the limit of large deforma- 
tion, which is a reasonable approximation in the neigh- 
borhood of Np*’, either neutron state in combination 
with a given proton state gives the same magnetic 
“moment. 

By use of the observed resonance frequencies in 
Np** a recomputation of the gy values of the observed 
levels can be made, yielding g7;=0.6553+0.0010, in 
good agreement with the value obtained from the Np*® 
research. No change in the best value of g, is indicated. 
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47. A. Nordheim, Revs. Modern Phys. 23, 322 (1951). 

16T). Strominger and J. O. Rasmussen, Nuclear Phys. 3, 197 
(1957). 

16 Rasmussen, Canavan, and Hollander, Phys. Rev. 107, 141 
(1957). 
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Gamma Rays of Rh!°°(130+2 min) 


S. Mayo* anp S. J. NassiFrt 
Comision Nacional de Energia Atomica, Buenos Aires, Argentina 


(Received May 3, 1956; revised manuscript received November 21, 1957) 


The gamma-ray spectrum of Rh'¢ (130 min) was studied with a NaI(T]) crystal scintillation spectrometer 
of 9% resolution for the 662-kev gamma line of Cs". The following gamma rays were obtained: 220+5 kev 
(18%), 43545 kev (43%), 51545 kev (100%), 610+5 kev (26%), 73545 kev (36%), 82045 kev (45%), 
940+ 10 kev (?), 107045 kev (40%), 122545 kev (23%), 1380410 kev (?), 155545 kev (23%), 1760410 
kev (7%), 1860410 kev (8%), 2090+-10 kev (1%), 2260+10 kev (1%). The measured half-life was 130+2 


min. 





INTRODUCTION 


N 1955! a beta activity of 117-minute disintegration 
period with 700-kev maximum energy measured by 
absorption was found in the Pd'*(d,a)Rh'*, Pd'°- 
(n,p)Rh', and Ag'®*(n,a)Rh' reactions and was at- 
tributed to Rh!™, 

Independently, Nervik and Seaborg’ obtained, by 
bombardment of tantalum and uranium with 340-Mev 
protons, a rhodium of 136-minute disintegration period, 
to which the (uncertain) mass number 107 was assigned, 

In order to study the gamma radiation of this nuclide 
we utilized the reactions indicated in reference 1. Some 
of the gamma rays observed Jead to the assumption 
that in the disintegration of this nuclide there are levels 





0 f 


Fic. 1. Rh®°* (130-min) gamma spectrum with 2-mm Al and with 
1.5-in. crystal. 


* Guest at Brookhaven National Laboratory, Upton, New York. 

{ Guest at Columbia University, New York City, New York. 

1 Baré, Seelmann-Eggebert, and Zabala, Z. Naturforsch. 10a, 80 
(1955). 

2 W. E. Nervik and G. T. Seaborg, Phys. Rev. 97, 1092 (1955). 


common to those found** in the Rh’ and Ag! 
disintegrations to Pd'*; accordingly the mass number 
106 is more likely to be the correct one for this nuclide. 


EXPERIMENTAL PART 


By irradiation of palladium with 28-Mev deuterons 
and of silver with fast neutrons, Rh'® (130 min) was 
obtained. The rhodium was separated by precipitating 
it as [Rh(N¢ Yo) |K3. 

Purification was carried out by successive precipita- 
tions, using appropriate hold-back carriers; silver was 
always eliminated as AgCl. 

The gamma rays were measured in a single-channel 
scintillation spectrometer, with one Harshaw NalI(T]1) 


TABLE I. Comparison of the gamma-ray energies from decay of 
Rh"6 (30 sec), Ag!®® (8.3 day), and Rh" (130 min). 


Rho 
Ty = (130 +2) min 
Present results 
Intensity 
Ey (kev) (%) 


Rhi0 b,c, d,e 
Ty =30 sec 
Ey (kev) 


220+5 18 

435+5 43 

513 : 515+3 100 

630 619-624 624 61045 26 

715 720 73545 36 

870-880 315-820 820+5 45 

940+.10? ? 

1040-1045 1070+5 40 
1131 
1205 
1390 

1550-1555 
0 1770 
1850 


1040-1045 
1131-1140 
1205 


1060 
1225+5 23 
1380+10? ? 
1555+5 2 
1760+10 

1860+10 & 


1200 


1500 


1540-1555 
77 


3 
1760-1 7 


1960 
2090+ 10 1 

2100 

2280 

2410-2420 

2660 


2100 
2260+10 1 


2660 


" See reference 2. 
b See reference 3. 
¢ See reference 4. 
4 See reference 5. 
e See reference 6. 
f See reference 7. 


3D. E. Alburger, Phys. Rev. 88, 338 (1952). 

4B. Kahn and W. S. Lyon, Phys. Rev. 92, 902 (1953). 

5 J). E. Alburger and B. J. Toppel, Phys. Rev. 100, 1357 (1955). 

6M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 
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crystal of 1-inch diameter and 1-inch thickness and with 
another of 1.5-inch diameter and 1.5-inch thickness, and 
an EMJI-6262 photomultiplier. The source-to-crystal 
distance was 7 mm. 

The device was calibrated in relative energies and 
efficiencies with the Hg”®, Na?*, Cs!87, Zn®, Y**, and 
Na*4 gamma rays. 

The width at half-height of the 662-kev line from 
Cs'87 was 9%. 

In Table I the results of references and the present 
results are compared. 

The disintegration period of all the gamma rays has 
been studied and the value 7;=130+2 min has been 
found. In Fig. 1, the Rh'®® (130 min) gamma spectrum 
obtained with the 1.5-inch crystal, and corrected for 
decay, is shown. 

The method followed in 
Compton background and the annihilation radiation for 


order to subtract the 
high-energy gamma rays consisted of the study of 
standard substances with simple spectra and gamma-ray 
energies comparable to those of the substance to be 
studied, in the same geometry to be used with the 
Rh!* (130 min). 

Using these standards, the ratios of heights and ener- 
gies for the Compton background and the photopeaks 
were plotted against the photopeak energies. We 
proceeded in the same manner with one-pair production 
and annihilation radiation from high-energy gamma 
rays. We thus obtained curves permitting interpolation 
for intermediate energies. By subtracting these back- 
grounds it was possible to distinguish between true 
peaks and those due to secondary processes, and thus to 
obtain gamma-ray intensities of Rh'’®. We measured 
gamma rays having an energy less than 1555 kev with 
the 1-inch crystal and those with higher energies with 
the 1.5-inch crystal. 


Rh1°%6 


(130+2 


DISCUSSION 

Some of the gamma rays of energies above 1800 kev 
were perhaps due to a pileup effect in the crystal since 
the source-to-crystal distance was rather small. The 
1380- and 940-kev gamma rays appear only after the 
subtraction of the Compton background, and their 
existence is therefore uncertain. Because of the presence 
of annihilation radiation in this region, the intensities 
of the 735-kev and 610-kev gamma rays are not de- 
termined exactly. 

At an energy corresponding to 315 kev a peak can be 
observed which, because of its 36.5-hr disintegration 
period, we attribute to Rh'. The 220-kev, 435-kev, 
610-kev, 1070-kev, 1225-kev, and 1555-kev gamma rays 
have been observed® in the disintegration of Ag'®® (8.3 
day) by electron capture and the 511-kev gamma ray 
has been observed by emission from Ag! (24 min).® 

The 735-kev and 820-kev gamma rays may be com- 
pared to the 717-kev and 815-kev gamma rays of the 
Ag'®® (8.3 day)’ disintegration. 

The 515-kev, 610-kev, 820-kev, 1070-kev, 1555-kev, 
and 2090-kev gamma rays have been observed in the 
disintegration by negative beta emission of Rh'®® (30 
sec).-> This leads to the assumption that the dis- 
(130 min) shows levels in 
Rh (30 sec) and Ag! 


6 


integration scheme of Rh! 
common 
(8.3 day). 

Probably the 515-kev, 1130-kev, and 1555-kev levels 
of the Rh'* and Ag!* disintegration can also be found 
in the disintegration scheme of Rh" (130 min). 


with those of the 
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Proton-Gamma Ray Angular Correlations in the Si**(d,py)Si°’® Reaction* 


H. A. Hrtrf anp J. M. Briar 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received April 30, 1958) 


The Si?*(d,py)Si® reaction has been studied by measuring angular distributions of the protons leaving 
Si® in its first and second excited states and by measuring the correlation between the protons of each group 
and the gamma rays emitted from the corresponding level. The angular distributions of proton groups /; 
and f2 exhibit large peaks in the backward direction, indicating that heavy-particle stripping may be im- 
portant. The (1,7) correlations were found to be isotropic to +6%. This is substantially different from the 
correlation which has been observed at a higher deuteron energy. The (2,7) correlations are consistent with 
a $+ level in Si® at 2.03 Mev. One (2,7) correlation shows a 20% anisotropy in the plane perpendicular 
to the direction taken by the recoil nucleus, while another (2,7) correlation is essentially isotropic. 


INTRODUCTION 


HE Born approximation treatment of the proton- 
gamma ray angular correlations in (d,py) strip- 
ping reactions neglects various interactions which tend 
to produce anisotropies in the correlations in the plane 
perpendicular to the direction taken by the recoiling 
nucleus.’ Because of this, further study of the p-y cor- 
relations was expected to throw some light upon the 
mechanism of the stripping process. 

In the work described below, the directions of emis- 
sion of the protons (p; and p2) leaving Si® in its first 
and second excited levels are correlated with the direc- 
tions of emissions of the 1.28-Mev and 2.03-Mev gamma 
rays produced by the decay of the Si*® nucleus to its 
ground level. The Si’*(d,py)Si*® reaction was chosen for 
this study because previous studies elsewhere make it 
possible to predict the form of the angular correlations 
between the protons and their associated gamma rays. 
Some of the available information which was made use 
of was as follows: 


(1) The ground-state spin of Si** is zero, so there is 
no channel spin ambiguity. 

(2) The momentum transfer in the d-p process is 
known to be /,=2 from measurements of the angular 
distributions of both p; and p2 produced by bombard- 
ment with 9-Mev deuterons. 

(3) The above information indicates that the first 
two energy levels in Si*® have spins and parities of either 
3+ or 3+. The ambiguity concerning the 1.28-Mev 
level is removed by consideration of the 6 decay of A® 
and of P®, which indicate that this Jevel is $+.° Simi- 
larly, p-y correlations in the process Si®(p,p’7)Si® 


* This work supported in part by the joint program of the 
U. S. Atomic Energy Commission and the Office of Naval 
Research. 

t+ Now at Department 
Princeton, New Jersey. 

1 A good discussion of the present situation in correlation studies 
is given by S. A. Cox and R. M. Williamson, Phys. Rev. 105, 
1799 (1957). 

2 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 467 (1953). 

3P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 123 
(1954). 


of Physics, Princeton University, 


limit the choice to $+ in the case of the 2.03-Mev level 
in Si?9,4 

(4) The lower excited levels of Si*® are spaced far 
enough apart so that the corresponding groups of 
protons can be resolved when using a NaI(T]) detector. 

(5) The theoretical angular correlation’ between the 
protons and gamma rays associated with the 1.28-Mev 
level is W(0,6)=1+-A cos’@, where —0.6<A <1, and 
the angles @ and ¢ are defined in Fig. 1. The uncer- 
tainty in the coefficient A depends upon the possible 
amount of mixture of £2 and M1 radiation in the gamma- 
ray transition from the $+ excited level to the 3+ 
ground level. Allen ef al.,® using 9-Mev deuterons, 
found that A = —0.177+0.04 for ¢=0°, with an anisot- 
ropy in the correlation which was a function of ¢. 
This value of A can be fitted by setting the ratio of E2 
to M1 radiation widths to be 0.04. 

(6) The gamma ray emitted in the transition from 
the $+ excited level to the $+ ground level will, in 
general, be a mixture of £2 and M3 radiation, but the 
radiation width for the M3 radiation should be several 
orders of magnitude smaller than for the £2 radiation.’ 
If the contribution from the M3 radiation is neglected, 
the predicted angular correlation’ is W (6,6) =1+6 cos*é 
—5 cos‘@. 

From a comparison of our observations with these 
predictions, we hoped to obtain other information 
about the need for modifications in the simple deuteron 
stripping theory. 

APPARATUS 


The silicon target, proton detector, and gamma-ray 
detector were contained in a nearly spherical, evacuated 
chamber, 46 cm in diameter. The deuteron beam from 
the Minnesota electrostatic generator, after being de- 
flected by a 90° magnet and refocused by a pair of 


strong-focusing electrostatic lenses, passed through the 


‘Bromley, Gove, Litherland, Paul, and Almqvist, Bull. Am. 
Phys. Soc. Ser. II, 1, 30 (1956). 

5 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 

6 Allen, Collinge, Hird, Magli¢, and Orman, Proc. Phys. Soc. 
(London) A69, 705 (1956). 

7J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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Fic. 1. Diagram defining the angles a, 6, and @ used 
in angular correlations. 


sphere along a diameter and was caught for current 


measurement in a tantalum cup 52 cm from the center 
of the sphere. The proton detector [a NalI(TI) crystal 
less than one millimeter thick ] was mounted on the 
end of an RCA 6199 photomultiplier tube. The solid 
angle subtended at the target by this crystal varied 
from 0.018 steradian to 0.060 steradian during different 
parts of the work. This detector could be rotated about 
a vertical axis passing through the target at the center 
of the sphere. The gamma-ray detector was a 1-inch 
X1-inch cylindrical NaI(Tl) crystal having one end 
against an RCA 6199 photomultiplier tube with the 
opposite end 6.25 cm from the center of the chamber. 
It could be rotated about the target with two degrees 
of freedom. The proton detection crystal was covered 
by an aluminum foil just thick enough to stop deu- 
terons scattered from the target. The gamma-ray 
crystal was covered with lead 3 mm thick, which re- 
duced the positron annihilation radiation due to nuclei 
produced in (d,n) reactions. This arrangement of plac- 
ing the detectors inside the vacuum chamber with the 
target eliminated any variation of absorber thickness 
with detector angle. The thin walls (3 mm thickness) 
of the sphere and the use of aluminum for most of the 
structure reduced the mass of material near the target 
and detectors which might have scattered gamma rays 
into the detector. 

During the measurement of the angular distribution 
of the protons, the pulses from the proton detector 
were amplified and counted with a 10-channel pulse- 
height analyzer. For the p-y angular correlation work, 
the pulses from the two detectors, after amplification, 
were fed into two single-channel pulse-height selectors 
having adjustable channel widths. The outputs of these 
circuits went into a coincidence circuit having a resolv- 
ing time of 0.1 microsecond. Simultaneously the number 
of accidental coincidences was determined by another 
coincidence circuit having a one microsecond delay in 
one channel. 

The number of deuterons passing through the target 


REACTION 


Fic. 2. Angular distribution of protons from Si?8(d,p)Si™*, 
leaving Si” in its first excited state, as a function of deuteron 
energy. Cross sections in millibarns per steradian. 


and entering the insulated current collection cup was 
measured by a current integration circuit with an error 
of less than one percent. The energy of the deuterons 
was known to +0.1% from the calibration of the flux 
meter used with the 90° beam deflection magnet. 


TARGETS 


‘The targets were prepared by evaporating normal 
silicon onto nickel foils 5X 10~° inch thick.* The silicon 
used had been purified for making transistors and 
contained impurities no more than one part in 10°. 

Deuteron bombardment of clean nickel foils showed 
that no radiation was produced which would be mis- 
taken for the radiation from silicon. During the use of 
the targets a thin carbon deposit developed on their 
surfaces, but the protons produced by (d,p) reactions 
in carbon were of lower energy than the ones being 
studied from silicon, so no difficulty was experienced 
in separating their pulses with the pulse-height selector 
circuits. 

Target thicknesses were measured by observing the 
difference in accelerator potential needed to reach the 
Li’(p,n) threshold with and without the target in the 
beam. The layer of silicon on the target which was used 
to obtain the proton angular distribution data produced 
an energy loss of 42+15 kev in a beam of 3-Mev deu- 
terons. The target used for the angular correlation 
measurements was 39+9 kev thick for 3-Mev deuterons. 


RESULTS 


The measurements of the proton angular distribu- 
tions are tabulated in Tables I and II. Figures 2 and 3 
present the same data in graphical form. 

The relative errors in these differential cross sections 
are estimated to be +5%. In addition, it is estimated 
that there may be an absolute error of as much as 


*H. A. Hill, Rev. Sci. Instr. 27, 1086 (1956). 
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Fic. 3. Angular distribution of protons from Si**(d,p)Si®*, 
leaving Si® in its second excited state, as a function of deuteron 
energy. Cross sections in millibarns per steradian. 


+30%, largely due to the uncertainty in the number of 
Si** atoms in the target. 

The uncertainties in the energy of deuterons incident 
upon the target are 4 or 5 kev, as given in the column 
headings in Tables I and II, with the energies at the 
center of the silicon layer reduced from the tabulated 
values by 2348 kev. 

The angular correlations of the 1.28-Mev gamma rays 
with the protons leaving Si” in its first excited state are 
presented in Figs. 4 and 5. Figures 6 and 7 represent 
the angular correlations between the 2.03-Mev gamma 
ray and the protons leaving the Si nuclei in the second 
excited state. The caption of each figure gives the 
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Fic. 4. p-y angular correlations for first excited state proton 
group from Si?*(d,py)Si®; proton angle a=35°, deuteron energy 
= 2935+ 10 kev. 
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angle with respect to the incident deuteron beam at 
which the proton is observed, a, and the energy of the 
deuterons at the surface of the target. At the center of 
the silicon layer the deuteron energy was reduced from 
the tabulated values by 22+5 kev. 

The missing points in the angular correlation data 
were not taken because of mechanical interference be- 
tween the detectors and the beam defining system or the 
beam current collection system. 

The errors shown for the individual points in Figs. 4, 
5, 6, and 7 were obtained from consideration of the 
following factors: (a) Fluctuations in the intensity of 
the deuteron beam produced a variable loss of counts 
due to the “dead time” of the pulse-height selector 
circuits. (b) Variations in the amplifier, pulse-height 
analyzer, and coincidence circuit changed the efficiency 
with which proton-gamma ray coincidences were de- 
tected. (c) The most intense portion of the deuteron 
beam did not always remain in the center of the 
bombarded spot. This produced slight variations in the 
effective solid angles subtended by the detector crystals 
at the target. (d) The correction for accidental coinci- 
dences was uncertain due to variations in the circuits 
detecting true and accidental coincidences. These 
factors together were estimated to contribute an un- 
certainty of +3% to each point. The statistical fluctua- 
tions due to the limited number of coincidences counted 
varied from point to point and contributed the larger 
portion of the uncertainties shown in the figures. 

The data shown in Figs. 4 and 5 have an additional 
uncertainty due to the fact that the proton pulses due 
to the reaction Si®(d,p2)Si*®® could not be separated 
from the proton pulses of interest due to the Si?*(d,p,)Si*® 
reaction. However, an estimate of the number of p-y 
coincidences due to the p2 group from Si* could be 
made, since the coincident gamma ray had an energy of 
3.15 Mev, whereas the gamma ray in coincidence with 
the p; group from Si** had an energy of 1.28 Mev. By 
using gamma-ray detection crystals on both photo- 
multiplier tubes and a Co® gamma-ray source at the 
target position, the absolute efficiency of the detectors 
for gamma rays of known energy was measured. With 


TaBLE I. Differential cross section for proton group /; in 
Si*8(d,py)Si® as a function of proton angle and deuteron energy. 
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TABLE II. Differential cross section for proton group pe in Si?*(d,py)Si® as a function of proton angle and deuteron energy. 
Deuteron energies in kev, cross sections in millibarns per steradian. 
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the pulse analyzer adjusted to favor the detection of the 
1.28-Mev gamma rays, the efficiency of detection of the 
3.51-Mev gamma rays was less by a factor of 2.6. A 
comparison of the observed p-y coincidence rate from 
the silicon target (see Figs. 4 and 5) with that calcu- 
lated on the basis of the measured detector efficiency 
showed that the ratio of the differential cross section 
of the Si?*(d, poy)Si® reaction to that of the Si**(d,pry)Si”® 
reaction was 1.5+1.7 and 1.0+1.7 for the conditions of 
observation represented by the data in Figs. 4 and 5 
respectively. Considering the natural isotopic abund- 
ance ratio in silicon, one can then estimate that the 
Si**(d,poy)Si® reaction contributed 2.8%+3.2% and 
1.9%+3.2% of the p-y coincidences in the data of 
Figs. 4 and 5. 
DISCUSSION OF RESULTS 
The angular distributions of the protons do not 


follow the predictions of Butler’s theory as they do for 
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Fic. 5. p-y angular correlations for first excited state proton 
group from Si®8(d,py)Si®; proton angle a= 135°, deuteron energy 
= 2935+ 10 kev. 
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deuterons of 9 Mev.® Instead the peaks in the forward 
angles are very broad; so much so that the value of the 
angular momentum, /,, of the captured neutron cannot 
be determined from the Butler theory. ‘In addition, 
peaks appear at backward angles, and the amplitudes 
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Fic. 6. p-y angular correlations for second excited state proton 


group from Si*8(d,py)Si®; proton angle 135°, deuteron energy 
= 2892+ 10 kev. 
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Fic. 7. p-y angular correlations for second excited state proton 
group from Si*’(d,py)Si®; proton angle 40°, deuteron energy 
= 3024+ 10 kev. 


of both the forward and backward peaks are strong 
functions of deuteron energy. The presence of these 
backward peaks may indicate the occurrence of heavy 
particle stripping, which appears to be a strong 
function of deuteron energy. 

The angular correlations observed between the pro- 
tons and gamma rays from the Si**(d,pyy)Si® reaction 
have an insignificant departure from isotropy. On the 
assumption that any such departure should be of the 
form 1+ A cos’, since this is the predicted form of the 
angular correlation, values of A were calculated from 
the data of Figs. 4 and 5. Table ITI lists these results. 

As explained above, these data include a small effect 
due to the protons and gamma rays from Si**(d,pzy)Si®. 
Since the fraction of the observed coincidences due to 
this reaction was shown above to be (2.8+3.2)% for 
Fig. 4 and (1.94+3.2)% for Fig. 5, the corrections to 
the anisotropy in the angular correlations should be no 
greater than these amounts. To fit these nearly iso- 
tropic angular correlations, the ratio of the radiation 
widths E2/M1 has to be approximately 1. These 
results are in marked contrast to those of Allen e¢ al.,° 
mentioned above, in which A=—0.177+0.04 and 


AND J. M. 


BLAIR 


TABLE III. Values of the coefficient A required to fit the 





Si?*(d, py) Si® angular correlations to the equation 1+A cos’. 





Data from Fig. 5 
a =135°, Ea =2935 kev 
A 


Data from Fig. 4 
a =35°, Ea =2935 kev 
¢ A 

45° —(.06+0.06 
135° —0.01+0.03 
180° —0.04+0.08 
225° —0.06+0.07 
5 bi —0.02+0.05 


0.05-40.07 





0.05+0.05 





E2/M1=0.04. In the account of their work the effect 
of the radiation from the Si®® in their target was not 
discussed, and the effect of this radiation was not 
necessarily as small in their work as in the present 
experiment because of the great difference in the deu- 
teron energies in the two cases. 

If the apparent decrease in the anisotropy of this 
angular correlation, due to the reduction of the deuteron 
energy from 9 Mev to 2935 kev, is real, it is consistent 
with modifications of stripping theory*™ which predict 
that interactions neglected in the simple theory will 
decrease the anisotropy in the ¢=0° plane for lower 
deuteron energies. 

The angular correlation data shown in Fig. 6 for the 
Si*8(d,pvy)Si® reaction, where the protons were ob- 
served in the backward direction, a= 135°, possess the 
symmetry about 6=90° which would be predicted for 
deuteron stripping. This is in spite of the fact that the 
proton angular distribution data for this deuteron 
energy, shown in Fig. 3, exhibit a large peak in the back- 
ward direction so that one might expect that heavy 
particle stripping would be more important here than 
deuteron stripping. These data are also almost isotropic 
with respect to ¢. 

The theoretical angular correlation for the Si** 
(d,pzy)Si* reaction, if the level emitting the gamma ray 
is a $+ level, is W(0,0°)=1+4+5.12 cos*@—4.18 cos‘@, 
when corrected for the finite resolution of the detectors. 
A least squares fit to a typical portion of the data of 
Fig. 6 gives W(0,225°)=1+ (1.6340.18) cos’@— (1.54 
+0.18) cos‘@. If the spin and parity of the 2.03-Mev 
level in Si?® were $+, one would expect a correlation 
of the form 1+ cos’@, where —0.6< A <1. The need 
for the cos? term in the equation describing these 
data is consistent with this level having spin and parity 
of §+, although the data do not reach low enough 
values at = 90° to agree with the predicted correlation. 

The data presented in Fig. 7 were taken at a deu- 
teron energy and proton angle where one might expect 
to find predominantly deuteron stripping, as indicated 
by the peak in the proton distribution at a=40° shown 
in Fig. 3. However,tin this case the axis of symmetry 
is shifted about 10° from the expected = 90°, and there 
is an isotropy of about 20% in ¢. It is not clear whether 

9H. C. Newns, Proc. Phys. Soc. (London) A66, 477 (1953). 


10 J. Horowitz and A. M. L. Messiah, Phys. Rev. 92, 1326 (1953). 
J. Horowitz and A. M. L. Messiah, J. phys. radium 15, 142 


(1954). 
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these effects are due to the influence of heavy particle 
stripping or are due to the interactions which are 
neglected in the Butler theory analysis. 
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A detailed study of the variations of the difference between 
the proton-nuclear potential and the neutron-nuclear potential is 
carried out using ground-state mass data. A previous analysis of 
mirror nuclei has delimited the problem and suggested that the 
well difference can be neither constant nor strictly Z dependent. 
It is found by using analytical techniques as well as calculations 
performed with the Oak Ridge Oracle that the potential anomaly 
varies with the symmetry parameter (V—Z)/A and that the 
proportionality constant does not change very greatly as one 
proceeds from a static well to a velocity-dependent well. This is 
somewhat surprising in view of many studies which suggest that 
the nuclear symmetry energy is considerably influenced by the 
velocity dependence of the nuclear potential. The relative insensi- 
tivity to velocity dependence or nonlocality is attributed to 


I. INTRODUCTION 


LARGE number of papers'“ have appeared 
recently which bear upon the difference between 
the proton-nuclear potential and the neutron-nuclear 
potential, i.e., the proton potential anomaly. Yet there 
remains considerable confusion as to the magnitude and 
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surface effects not taken into account in the analyses of infinite 


nuclear matter 

A number of possible origins of the well differences are examined 
including (a) the failure of Koopman’s theorem, (b) the breakdown 
of electrostatic laws, (c) the presence of Heisenberg forces, 
(d) the effect of the exclusion principle, and (e) the spin dependence 
of nuclear forces. It is concluded that the last two effects account 
for the bulk of the proton potential anomaly. Indeed, these last 
two effects suggest that the well depths used in neutron scattering 
and in proton scattering vary individually with the symmetry 
parameter, and it is suggested that experimentalists attempt 
variations in careful, low-energy scattering 


to seek out these 


experiments. 


origin of this effect. This work is an effort directed 
toward quantitatively characterizing the anomaly for 
the case of static and nonlocal or velocity-dependent 
potentials and to assign the origin of the effect. Bound- 
state data form the basis of these estimates. Calculations 
based upon approximate analytical techniques and 
calculations performed with the help of the Oak Ridge 
Oracle are utilized in this study. 

This work follows upon a series of previous articles*~* 
and for brevity’s sake the notation and previous 
results will be utilized extensively. This earlier work 
suggested that the proton potential anomaly is attrac- 
tive and approximately equal to one-half the magnitude 
of the Coulomb potential seen by a proton and as such 
might be associated with a direct distortion of the 
Coulomb energy term “‘inside the nucleus.’’ However, a 
detailed study of mirror nuclei® has indicated that no 
appreciable anomaly is needed for the last neutron and 
the last proton binding energy in mirror pairs, thereby 
suggesting that the anomaly is not associated with a 
direct modification of the Coulomb term. This study 
also indicated conclusively that the characterization of 
the proton well as having a fixed depth of about 55 Mev 
for all nuclei, as contrasted with a fixed neutron depth 
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of about 40 Mev, is untenable. The elimination of 
these characterizations considerably reduces the range 
of alternatives which need be examined. 


II. INTERPRETATION WITH STATIC WELLS 


To facilitate the study of the proton potential 
anomaly, the total potential acting upon a proton will 
be represented by 

V p=V+20,.4+7,, (1) 


where V is the independent-particle model potential 
seen by a neutron in the same nucleus, 2, is the classical 
Coulomb potential seen by the proton, and 2, is the 
proton potential anomaly. By using as a point of 
departure the eigenvalues obtained in a prior study for 
neutrons and a convenient perturbation method in 
which a neighboring member of the family of un- 
perturbed potentials approximates the perturbed poten- 
tial, ie., “the method of A shifts,” one might now 
proceed to estimate the magnitude of the anomaly. 
The effect of the Coulomb potential on a proton can be 
estimated for a reasonable distribution of the remaining 
protons. To a good approximation the major effect is 


OA 
80 


a a a ee ee 

Fic. 1. The dots represent the net 1 shifts needed to account 
for the general trends of proton binding energies. The curve 
labeled V., represents the phase shifts associated with the residual 
Coulomb repulsion. The curve labeled Vo indicates the net A shift 
assuming the Coulomb potential is distorted inside the nucleus. 
The curve labeled Vpa is the net A shift computed under the 
assumption that the proton potential is uniformly 10 Mev deeper 
than the neutron potential. The curve labeled V, is based upon 
the assumption that the proton potential anomaly is proportional 
to the neutron excess density. The curves labeled V;, and V;,, are 
based upon the assumption that the neutron and proton see an 
additionat potential given by Eq. (5). 
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simply to raise the energy levels by 
v-(r7,)= (Z—1)e/(a+d), (2) 
where a is the radius of the inner region of a uniform 
potential and d is the parameter which characterizes 
the fall-off distance of an exponentially declining 
potential. The remainder of the Coulomb effect might 
be characterized by the “Coulomb A shifts.” In Fig. 1 
the curve labeled V., indicates the effect of this residual 
Coulomb perturbation. Note that these shifts are 
negative, indicative of the fact that the Coulomb 
perturbation tends to weaken the well and push out the 
wave functions. The final energy of a proton is given by 


2 (Z—1)é 
a+d 


W=W(A+AA)}] 1+-—AA [+ (3) 


adA 


; 


where AA is the net phase shift associated with the 
anomaly and the residual Coulomb perturbation, i.e., 
AA=AA,+AA or. (4) 
To unfold the characteristics of the proton potential! 
anomaly one may use Eqs. (3) and (4) in conjunction 
with Fig. 6 of reference 6 to determine the net A shift 
required to bring the protons to approximately their 
binding energy in known nuclei. An interative process 
was used for finding the roots of this transcendental 
equation. The results are shown by the dots in Fig. 1. 
The most interesting aspect of these shifts is that they 
are positive, which implies that inside the cutoff the 
net perturbing force acting upon the proton is an 
attractive one whereas the balance of the classical 
Coulomb interaction is, of course, repulsive. The local] 
value of these points may not be meaningful since they 
were computed on the basis of general trends of proton 
binding energies rather than specific proton binding 
energies. However, these A shifts serve as a systematic 
measure of the attractive proton anomaly on the basis 
of a scale established by the classical Coulomb effect. 

Figure 1 also presents the results of a number of 
theoretical calculations. The curve labeled V.q rep- 
resents the net A shifts computed under the assumption 
that the anomaly corresponds to a direct distortion of 
the Coulomb interaction inside the nucleus. A single 
parameter is available to characterize this distortion 
and one notes that the fit achieved is fairly good. 
However, for small mass numbers a systematic depar- 
ture between the points and the curve seems evident. 
As we indicated earlier, the study of mirror nuclei 
seems to rule out this type of characterization of the 
anomaly. 

The curve labeled Va represents the net A shifts 
when the anomaly is assumed to be simply 25% of 
the nuclear potential. This would correspond to the 
assumption of a fixed ratio between a proton well and a 
neutron well, as suggested in some scattering studies." 
It should be clear that this type of anomaly is unsatis- 
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factory, a conclusion also brought out by mirror-nuclei 
studies. 

The curve V, represents the net A shift computed 
under the assumption that the additional potential seen 
by the proton is proportional to the neutron excess. 
Assuming a reasonable distribution for the neutron 
excess which tends to peak near the surface, one can 
readily compute a functional formula for the A shift 
which is approximately proportional to the symmetry 
parameter (V—Z)/A and is dependent upon one 
adjustable constant. It should be clear in this case that 
the agreement throughout the range is rather good so 
that a proton potential anomaly directly related to the 
neutron excess density might well account for the 
anomalous attraction of protons. 

The curves labeled V,, and V,,, represent the net 
A shifts for a proton and neutron under the assumption 
that a Heisenberg exchange force’® acts upon these 
particles. Since a Heisenberg force would introduce a 
repulsion towards neutrons, one must introduce an 
additional attractive nonexchange term to maintain 
the carefully adjusted neutron potential which underlies 
the earlier work. Accordingly, the anomaly is now 
written in the form 


v= —A(1+k,D/A)V ok(r), (5) 


where D=.\V—Z, the upper sign is for protons and the 
lower sign for neutrons, Vo is the unperturbed well 
depth for the neutron case, and £(r) is the form function 
used in the neutron case. The constant k,~ 5.6 minimizes 
the over-all A shifts for neutrons. The value \=0.125 
then leads to the fairly good over-all set of A shifts for 
protons shown in Fig. 1. The residual neutron A shifts 
suggest that this perturbation would increase slightly 
the well depth of neutrons in light nuclei and decrease 
the well depth in heavy nuclei. A number of studies*:!7""5 
suggest that such changes improve the agreement 
between theory and experiment. 

Having explored the general nature of the proton 
potential anomaly” one might now attempt a more 
detailed study based on the properties of particular 
nuclei. To this end the following procedure was adopted 
to estimate the difference between the potential well 
depths for the cases of neutrons and protons. The 
radius constant and the diffuseness and spin-orbit 
splitting parameters are assumed to be the same for 
both cases and are taken from the systematic neutron 
study in references 5 and 6. However, the neutron 
well depth is adjusted for each individual nucleus to 
get the predicted last neutron binding energy in 
agreement with experiment, thus in part taking into 
account the local variations of the potential. To treat 
protons, the neutron well is altered by the full Coulomb 


16S. D. Drell, Phys. Rev. 100, 97 (1955). 

17 J. L. Fowler and H. A. Cohn, Phys. Rev. 109, 89 (1958). 

'8 Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

1 A, Green, Bull. Am. Phys. Soc. Ser. II, 1, 269 (1956). A report 
of the foregoing results was presented at this meeting. 
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perturbation and the proton potential anomaly is now 
adjusted so as to secure the experimental binding 
energy for the last proton. For simplicity the form 
function of the corrections is assumed to be the same 
as for the major nuclear potential. With this assumption 
the change in the well depth is given in terms of the 
needed A shift by 

AV»p=AAV [SdA dS |}. (6) 


For the proton case one must find the A shift after 
allowing for the constant shift associated with the 
Coulomb perturbation as well as the residual A shift. 
We define the potential anomaly by 


V oe = AV op— AV on. (7) 


In view of the fact that in the theoretical cases shown 
in Fig. 1, labeled V, and V,, and V,,, the shifts in the 
potential depths vary approximately with D/A, it is 
appropriate to plot the individually computed shifts 
as a function of this parameter. The results of such 
calculations for individual nuclei are shown by the 
circles in Fig. 2. Even-even nuclei have been chosen in 
an effort to equalize pairing-energy effects. Since the 
results are quite sensitive to the details of the energy 
level spacings and the latter cannot be completely 
verified against the experimental data, appreciable 
uncertainty can enter into the calculations, particularly 
in the light elements. Thus, most cases with a slight 
neutron excess have been omitted. Furthermore, the 
assumption that the radii and spin-orbit constants and 
the diffuseness length comform to the family of param- 
eters previously selected is open to question since 








D/A 


Fic. 2. The circles represent the potential anomaly computed 
for individual nuclei on the basis of static potentials. The double 
circles indicate isotopes of calcium, the crossed circles the isotopes 
of Sn. The dotted line represents a least-squares fit to the static 
anomalies. The triangles refer to potential anomalies computed 
for the case of a velocity-dependent well with a reduced mass of 
the order of 0.6. The solid line represents a least-squares fit to 
these points. 
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certainly these parameters also undergo local variations. 
Accepting these reservations, it should be clear in a 
qualitative way from Fig. 2 that the potential anomaly 
does indeed vary approximately linearly with D/A. 
The proportionality constant determined by least 
squares is 

Ca=57+4. (8) 
The sum of the neutron and proton well anomalies is 
fairly independent of the neutron excess parameter and 
is given approximately by 


AV on + AV op= 12.1. (9) 


This detailed result tends to confirm Eq. (5) and leads to 
the parameter values y=0.151, k, =4.75. The particular 
cases of calcium isotopes are quite interesting since in 
these cases the symmetry parameter D/A undergoes 
appreciable variation. It is noteworthy that these 
conform reasonably well to the systematics of the 
other determinations. 


III. VELOCITY-DEPENDENT OF 
NONLOCAL POTENTIALS 


A very considerable body of literature’.” now 
exists in which the difference between the potentials 
seen by a proton and neutron has been attributed 
largely to the velocity dependence of the nucleon- 
nuclear potential. In view of the confusion associated 
with this question, a rather detailed study is appro- 
priate. In the simplest approximation one might 


assume that the nuclear potential is given by 
V=—V*é(r)+867, 


where 7 represents the kinetic energy of the particle 
and @ is a proportionality constant. In actuality one 
would expect 8 itself to vary with r but if one ignores 
this variation and uses an average value instead, then 
the velocity-dependent term can be incorporated into 
the ordinary kinetic-energy term simply by using the 
reduced mass 


(10) 


m* =m/(1+8). (11) 


In this approximation one might use the analytic 
solutions obtained in references 5 and 6 in previous 
work to handle the velocity-dependent case simply by 
working with dimensionless well-strength parameters 
and using the technique of A shifts. For the neutron 
case it is not difficult to show that as one turns on 
velocity dependence, i.e., increases 8, to maintain the 
last neutron energies at approximately the experi- 
mental value one is sharply restricted as to the possible 
values of the constant V*. Indeed, it can be shown that 
to a good approximation the potential depth 


*=V (1+h,8), 
where Vo=40 Mev and k,=0.763, will serve to hold 


(12) 


” G. R. Satchler, Phys. Rev. 109, 429 (1958). 
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neutron eigenvalues at the approximately known 
separation energies. 

The proton binding energies might now be treated in 
a fashion similar to the static case. Using a value of 8 
of the order of 1 or less, which corresponds to a reduced 
mass ratio of the order of 0.5 or greater, one finds that 
unless one introduces an explicit proton anomaly, the 
protons are not sufficiently bound in heavy nuclei. 
Indeed, approximate analysis indicates that m*/m 
~0.25 or B~3 is required to hold protons at approxi- 
mately the experimental binding energies. Such a high 
degree of velocity dependence is not compatible with 
the most recent estimates based upon the saturation 
energy. 

One might now inquire into the validity of the 
assumption that 8 is a constant independent of the 
radius. A simple analysis shows that for states 5-10 
Mev deep the error introduced in this way can only 
run of the order of 1 or 2 Mev. Accordingly the difficulty 
with the small reduced mass cannot be attributed to 
this effect. 

The new self-consistent field methods of Brueckner,”!~* 
Bethe,*4 and others, in which correlations of nuclear 
wave functions are taken into account, seem to provide 
the most promising path towards the final resolution of 
the nuclear structure problem. For finite nuclei, this 
work suggests that the Schrédinger equation should be 
modified to the form 


h? 
(rte) fricrwcrar, 
2m 


where the potential matrix V (r,r’) is diagonal in neither 
position nor momentum. Frahn and Lemmer™:** have 
shown that for the purposes of a phenomenological 
investigation of nuclear potentials, one might choose 
for the nonlocal potential the form 

yas 


RR Sadak OIE FS ella! 
V(r’ nr) =V*Et | | mb exp | 
Le b 


Here 0 is a range parameter characterizing the degree of 
nonlocality of the potential. In the limit of a local 
potential (6=0), Eq. (13) reduces to the ordinary 
Schrédinger equation. Frahn and Lemmer have shown 
that it is possible to reduce Eq. (13) to 


(13) 


1 
-y| 42 
m/(r) 


owieg 
v—- +h 


m(r) m(r) 


a +V*E(r)Y(r) = EV(r), 


*1K. A. Brueckner, Phys. Rev. 97, 1353 (1955) 

2K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958); 109, 1040 (1958). 

*3 Brueckner, Gammel, and Weitzner, Phys. Rev. 110, 431 
(1958). 

*H. A. Bethe, Phys. Rev. 103, 1353 (1956). 

2° W. E. Frahn and R. H. Lemmer, Nuovo cimento 5, 1564 
(1957). 

26W. E. Frahn and R. H. Lemmer, Nuovo cimento 6, 664 
(1957). 
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where 


m(r)=mo/(14+6é(r) ], 5=bmV*/2h?. (16) 


The radial wave equation may now be placed in the form 


Yer) Be 
G"+-| ——- 


I 


|] 


14st 145 PF 


6 t”’ 
Pei | je |eree|=o (17) 
i+sell4 2 


y= 2m V*/h? 


where 

and B2=2mpo|E| /h’. (18) 
A code previously constructed for the Oak Ridge Oracle 
for static potentials readily encompasses the solution 
of Eq. (17). This computer code secures not only the 
eigenvalues but also the derivatives of the eigenvalues 
relative to the various parameters, well depth, radius, 
diffuseness, spin-orbit coupling (a phenomenological 
Thomas-type term a,°r'V'I-s is added), and velocity 
dependence, thus extending the usefulness of calculated 
eigenvalues to a multi-space parameter neighborhood. 
Thus far, greatest attention has been given to the form 


(7) = 1, 


t(r)=2 exp[ — (r—a)/d |—exp[ —2(r—a)/d ], (19) 
r>d. 


rKa 


Using the method of eigenvalue derivatives, it has 
proven possible to hunt for a family of parameters for 
the nonlocal case which yields a satisfactory set of 
energy levels for neutrons and has the properties 
similar to the family of static neutron potentials.?’ 
The parameters so obtained are 


m*=0.6 mo, Vot=55.2 Mev, a=1.30 (At—1), 


d= 1.25, 


a (20) 
a,c’ =0./ oe 


The reduced mass corresponds to a range of nonlocality 
b~1. 

In certain instances near zero energy the machine 
code has difficulty with overflow and an extrapolation 
was used. Efforts to correct this are under way. 

Having obtained a reasonable family_of parameters 
for neutrons in a nonlocal potential,”we may now 
introduce the Coulomb potentials for the last proton. 
To avoid a major alteration of the code, it is convenient 
to approximate the Coulomb potential by 


v-(r) = (Z—1)e(1+k)/a, r<a 


(Z—1)eé 
=———[1+k(a)&(r)], r<c 


r 
(Z—1)é 
= —— r<c 
- Cc 
27 A, Green, Bull. Am. Phys. Soc. Ser. II, 2, 25 (1957). 
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where a and &(r) are the radial parameters and the 
form functions used with the neutron well. The par- 
ameters and the form functions used with the neutron 
well. The parameter (a) can be evaluated by matching 
well strength values® within a region of radius ¢ which 
is chosen to be a point where the wave functions have 
effectively declined to zero. In this approximation 
the radial equation [Eq. (17) ] for the Coulomb case 
contains an added term 


2mo (Z—1)e (1+ké) 
roeeste: science aan 22) 


h? r (1+6é) 


It is seen that in the nonlocal equation, the Coulomb 
potential energy is decreased by the factor (1+6£)—. 
An argument of Lane! has, in effect, suggested that 
this decrease is equivalent to the appearance of a 
subtractive term which for 6(£)~+1 is approximately 
equal to half the Coulomb term. One must note, however, 
that the eigenvalue parameter 8,’ in Eq. (17) is also 
decreased by the same factor and, accordingly, this 
effective reduction of the Coulomb potential does not 
influence the energy eigenvalues appreciablyf{; thus one 
still has need for introducing an explicit proton potential 
anomaly even in the velocity-dependent case. One 
might expect a slight reduction in the magnitude of the 
anomaly on the grounds that V*, the well depth given 
by Eq. (12) in the velocity-dependent case, does not 
strictly increase in proportion to 1+6é. On the basis 
of estimates of V*,needed to maintain last neutron 
binding energies equal to separation energies, and on 
the basis of the equivalent static Schrédinger equation 
corresponding to Eq. (17), one might estimate that the 
anomaly in the velocity-dependent case should be about 
0.80 to 0.85 times the value in the static case. For a 
more detailed and quantitative estimate of the magni- 
tude of the anomaly, one might take advantage of the 
neutron eigenvalues and the eigenvalue derivatives 
already obtained and combine these, using an analytic 
approximation technique. As an illustration we describe 
the case of nucleus Sn"®, 

If the Coulomb potential is added to the neutron 
potential, we obtain a net potential which no longer has 
the form function treated by the code. However, the 
net potential might be fitted quite well with a function 
of the form (see Fig. 3) 

V(r)=V"*Ea(r)— Voc, (23) 
where the subscript @ denotes an approximate form 
function similar to £(r) but with a different diffuseness 
parameter d, and with the well depth 


y'*= V*¥—v.0+ Vcc, (24) 


t Note added in proof.—The reduction should, however, influence 
the scattering of protons (private communication with Dr. A. 
M. Lane). 
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Fic. 3. The potentials used in a calculation for the proton case. The 
solid curve represents the nuclear potential used for protons. 


where 


and 2%. is given by Eq. (21). The eigenvalues for the 
potential V’*E,(r) can then be obtained employing the 
neutron eigenvalues in conjunction with the V* and 
the d derivatives, and the proton eigenvalues are then 
obtained by raising the resulting levels by 2... In the 
particular case of Sn"®, we have 


V’*=47.06 Mev, d=1.22, (25) 


Vec= 6.40 Mev. 


The proton levels are obtained by changing V’* by 
— 14.75% and d by —2.44% from the neutron results 
and then adding 6.40 Mev. If we consider the last 
proton only, which in this case is in a gg/2 state, the 
binding energy so obtained, including the effect of 
full Coulomb perturbation, is — 2.50 Mev as compared 
to the experimental value —9.01 Mev. In all the 
other cases studied, the last proton binding energy is 
also found to be too small. In the case of Pb**, the 
proton eigenvalue is found to be +2.02 Mev whereas the 
experimental result is —8.05 Mev. Thus, as expected 
from our theoretical discussion above, the proton well, 
even in the velocity-dependent case, should be deeper 
than the one used for neutrons in order to get proper 
proton binding. 

The procedure adopted to calculate this difference is 
the same as in the static case. With all the other 
potential parameters left unchanged and after adding 
the Coulomb contribution in full to the adjusted 
neutron well for a particular nucleus, the additional 
well depth required to yield the experimental proton 
binding is calculated. Calculations have been carried 
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out for a wide range of even-even nuclei as in the static 
case, and the results are also plotted in Fig. 2. The 
empirical result thus obtained can be given as 


(26) 


V.*—-V,*= (5043)D/A, 


(V.*+V,*)/2=62+3. (27) 

The Weizsicker semiempirical mass equation provides 
another way of estimating the proton potential anomaly, 
and one can show that if the anomaly has the form 
given by Eq. (5), it will make significant contributions 
to both the volume energy and the symmetry energy 
as well as minor contributions to the surface and surface 
symmetry energy. Such contributions occasion a very 
considerable improvement in the mass surface derivable 
from a realistic independent-particle model with 
nonlocal potentials.”* Using Fermi-gas-model techniques, 
Moszkowski* has shown relationships based upon the 
symmetry energy which also confirm this form of the 
anomaly as well as the approximate magnitude. 
However, it is quite questionable whether estimates 
based upon an infinite Fermi gas model can be regarded 
as quantitative. 

We come now to the consideration of various possible 
physical explanations for the proton anomaly. 


IV. ORIGIN OF THE ANOMALY 
A. Failure of Koopmans’ Theorem 


It is quite possible that the proton potential anomaly 
might have its origin in the breakdown of the approxi- 
mate theorem relating last particle separation energies 
to eigenvalues. Koopmans” theorem for atoms and 
molecules shows that separation energies computed by 
taking the difference of the total energies between the 
initial and final systems are approximately equal to the 
eigenvalues for the single particle in the field of force 
established by its interactions with all the other 
particles. By virtue of the strong forces, the repulsive 
cores, and strong correlation effects inside nuclei, 
Koopmans’ theorem might well be expected to fail 
for the nuclear case. Indeed, there have recently been 
pointed out large rearrangement energy effects*!** in 
self-consistent field calculations which definitely are 
contrary to Koopmans’ theorem for the infinite nuclear 
case. Until these uncertainties are resolved in the finite 
nuclear case, the influence of rearrangement energy 
upon the proton potential anomaly remains an open 
question. On the other hand, it is difficult to see in the 
rearrangement energy a relationship to the symmetry 
parameter. Hence it is quite possible that this question 
might not bear upon the proton-neutron potential 
difference. 


28 A. Green, Revs. Modern Phys. 30, 569 (1958). 
29S. A. Moszkowski, Handbuch der Physik (Springer-Verlag, 
Berlin, 1957), Vol. 39, p. 411. 

*® T. Koopmans, Physica 1, 104 (1933). 

31K. A. Brueckner, Phys. Rev. 110, 597 (1958). 

#1. J. Thouless (to be published). 
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B. Breakdown of Electrostatic Laws 
Inside the Nucleus 


If the potential anomaly were due to a breakdown 
of electrodynamic laws inside the nucleus, one would 
expect it to have a Z dependence rather than an V—Z 
dependence. Our studies of mirror nuclei® would 
appear to preclude this possibility. On the other hand, 
to the accuracy of our current investigations, one could 
not preclude a short-range modification of electro- 
dynamics. A modification which may be characterized 
by the alteration of the static Green’s function to the 
form 

G=(1-—e")/r (28) 
has arisen in a number of theories.**~** If one chooses 
x to be large enough so as not to alter the success of the 
Rutherford scattering formula, then the short-range 
modification would have relatively little effect on the 
proton potential anomaly. One might also expect other 
short-range electrodynamic effects related to the Lamb 
shift in atomic spectra to introduce small Z-dependent 
influences. Recent studies of electron scattering have 
also led to considerations of proton size effects and 


possible failures of electrodynamics at short ranges.** 


C. Presence of Heisenberg Forces 


If the nucleon-nucleon interaction contains an 
appreciable component of Heisenberg exchange forces, 
then it can be easily shown!® that a perturbation of 
the type given by Eq. (5) would be present. The 
success of this equation has already been evident. 
Heisenberg forces arise from meson theory when 
change mesons alone are the field particles which bind 
nuclei. In view of the interrelationships between space, 
spin, and isobar or spin wave functions imposed by the 
generalized exclusion principle for nucleons, it is likely 
that other types of exchange forces would also lead to 
nucleon-nuclear potential anomalies; thus the Heisen- 
berg force explanation of the anomaly is not unique. 


D. Effect of the Exclusion Principle 


The exclusion principle influences the interaction of a 
nucleon with a nucleus in a variety of ways. The 
effect of the repulsive-core terms in conjunction with 
the exclusion principle manifests itself in a self-consistent 
field calculation as inducing a modification of the 
nucleon-nucleon interaction in complex nuclear matter.” 
The effective nucleon-nucleon potential is caused to 
have a nonlocal character, and in consequence the 
nucleon-nucleus potential has also a nonlocal character. 
In using nonlocal potentials as the basis of our estimates 
of the proton potential anomaly, we have in effect 
already allowed for part of the influence of the exclusion 


% B. Podolsky, Phys. Rev. 62, 68 (1942). 
4 F. Bopp, Ann. Physik 42, 573 (1942). 
35 A. Green, Phys. Rev. 72, 628 (1947). 
36S. Drell (to be published). 
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principle. Ross, Lawson, and Mark” have proposed an 
additional effect of the exclusion principle, reasoning 
in the following fashion. Assuming the exclusion 
principle prevents like particles of the same spin from 
getting within the range of the nuclear forces, they 
conclude that 


(29) 


N+4Z 
v)=|— —|ra( 
Z+4N 


Replacing NV by (4+D)/2 and Z by (A—D)/2, it 
follows readily that 
2D 
V pa=- —V,(r). 
3A 


(30) 


For the choice m*=0.6my and V*~55, this means that 
Voa~38D/A. Now clearly this estimate of the effect 
of the exclusion principle is an upper limit. The repulsive 
core mollifies this effect since it is indifferent to the 
character of the interacting pair. Yet the fact that this 
upper limit is too small to account for the experimentally 
inferred anomaly constant suggests that this explanation 
is not complete. 


E. Spin Dependence of Nuclear Forces 


As early as 1935, Wigner*’ recognized in the low- 
energy ”-p scattering data that the two-body interaction 
is dependent upon the relative orientations of the spins. 
Bethe*’ has pointed to this spin dependence in conjunc- 
tion with the exclusion principle as the explanation for 
the proton potential anomaly. The argument may be 
formalized as follows. Let us assume, for simplicity, 
that the two-body interaction is a Serber force, since 
the analysis of n-p scattering suggests weak interactions 
in odd states. Accordingly, particles in the same charge 
state can interact only in singlet even states, while 
particles with unlike charges can interact in both 
singlet even and triplet even states. Assuming N and Z 
to be large compared to 1, and accepting as a first 
approximation the interaction parameters for the 
two-body problem, it follows that the proton potential 
depth is 


38 y » 3 1V or 2 1V or? 
V p> ( + Ww42(—)z, (31) 
4r8A  49r°A 4r3A 
where 'V is the singlet well depth, *Vo the triplet well 
depth, and r, the singlet range, r; the triplet range, and 
R=r A! represents the density radius of the nucleus. 
The factor 2 associated with the like-particle inter- 
actions in Eq. (31) arises from the exchange term in 
the self-consistent field calculation of Brueckner, 
Weitzner, and Gammel.” 
A similar expression follows for neutrons. 
Accepting the values 


37 p= 36, 'Vo=16, 27:=2.06, 7,=2.5 


i E. P. Wigner (unpublished). 
38H. A. Bethe, Physica 22, 941 (1956). 
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(which will account for low-energy n-p scattering and 
the singlet and triplet state of the deuteron), and 
ro=1.2, it follows that 


V=122+50D/4A, (33) 
where the upper sign is for the proton and the lower 
sign is for the neutron and 


V,—V,=100D/A. (34) 

The magnitudes of the potentials deduced in this 
way are about twice as great as are indicated by our 
studies. However, more detailed analysis giving 
consideration to the influence of relative momenta upon 
the effect of the two-body interactions, as well as upon 
the influence of the repulsive core in the two-body 
interaction, does lead to a reduction in the predicted 
potentials by a factor of about two. This rather involved 
calculation will be reported in another work.** The 
foregoing simplified version does, however, point to 
origin of the anomaly in the combined action of the 
exclusion principle and the spin dependence of the 
nucleon-nucleon interaction. 


V. DISCUSSION AND CONCLUSIONS 


Using experimental information on neutron and 
proton separation energies and allowing for the classical 
Coulomb effect, we have not only uncovered systematic 
differences between the proton and neutron well 
depths which vary with the symmetry parameter 
(N—Z)/A, but we have also inferred systematic 
variations of the proton well depth and neutron well 
depth themselves with the symmetry parameter. The 
variations are suggestive of the presence of a Heisenberg 
force [see Eq. (5) ]. However, it would appear that the 
most reasonable explanation of these variations comes 
when one considers the effect of the exclusion principle 
in conjunction with the known spin dependence of the 
two-body interaction. The proton potential anomaly 
undergoes relatively small change as one goes to a 
velocity-dependent potential or nonlocal potential. 
This is rather surprising in view of the fact that the 
nonlocality of the potential or the velocity dependence 


% A. Green, submitted for publication in the Second Geneva 
Conference Proceedings. 


SREEN AND PP. <. 


SOOD 


of the potential has been used to account for a large 
part of the nuclear symmetry energy in many discus- 
sions. Our studies seem to suggest a smaller sensitivity 
of the symmetry energy to the degree of velocity 
dependence than has come out of studies using Fermi- 
gas-model techniques, which might be accounted for 
when one considers the diffuseness of the nuclear 
boundary in finite nuclei. The variation of the potential 
anomaly with the symmetry parameter has been also 
pointed out by Moszkowski® and Satchler,” and 
indeed their estimates as to the coefficient are quite 
close to what we have inferred here from detailed 
studies of separation energies in finite nuclei. The 
agreement is possibly fortuitous in view of the appre- 
ciable surface effects which have appeared in a study of 
the symmetry coefficient in finite nuclei. Nevertheless, 
these results all suggest that the optical-model param- 
eters utilized in nucleon-nuclear scattering should be 
examined in greater detail to search for the variations 
suggested by these studies. An examination of angular 
distributions and polarizations for neutron scattering 
by isobars might show small displacements indicative 
of the symmetry parameter dependence of the optical 
well depthness. It seems quite unlikely that these 
differences might simply represent a misinterpretation 
of the V R* ambiguity which arises in the interpretation 
of scattering with optical parameters since our use of 
the same form factors and radial extensions for both 
neutrons and protons would appear to preclude this 
possibility. 

The work reported in this paper has been carried out 
over a period of several years under the support of an 
U. S. Atomic Energy Commission grant to the senior 
author. Calculations carried out with the Oak Ridge 
Oracle under the Oracle’s Applications Program with 
the aid of Dr. H. C. Griffith, Dr. T. W. Hildebrandt, 
and Dr. C. T. Fike, have played an essential role in 
these efforts. One of us (A.G.) would like to acknowledge 
the helpfulness of discussions with Dr. K. Brueckner, 
Dr. S. D. Drell, and Dr. K. Ford and others at Los 
Alamos Scientific Laboratory. The other (P.C.S.) 
would like to acknowledge helpful discussions with 
Dr. J. Callaway, Dr. D. Knecht, and Dr. K. Way, 
and to thank the Research Corporation, the U. S. 
Atomic Energy Commission, and the National Research 
Council of Canada for their support. 
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Neutron Nonelastic Cross Sections at 21.0, 25.5, and 29.2 Mev* 
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Neutron nonelastic collision cross sections for eleven elements have been measured in the energy range 
21-29 Mev. Corrections were applied to the data by means of a UNIVAC calculation. Since no experimental 
neutron angular distributions are available in this energy region, optical-model calculations were used for 
the correction problem. In general the cross sections at 25 Mev are 10% to 20% lower than at 14 Mev 


INTRODUCTION 

HE Livermore variable-energy cyclotron can 

produce monoenergetic neutron beams in the 
energy range 7-29 Mev when used with the D(d,7)He’ 
and T (d,n)He* reactions. Previous papers by the present 
authors have covered nonelastic collision cross-section 
measurements at 14 Mev! and in the range 7-14 Mev.’ 
The present paper extends these results to the higher 
energies available at the cyclotron. The cyclotron 
energy can be extended below 7 Mev by means of the 
T(p,n)He® reaction, but this energy range has been 
well covered by the very accurate measurements of 
Beyster and co-workers.’ Although the sphere trans- 
missions were measured as accurately in the present 
work as at the lower energies,'” the uncertainties in the 
final cross-section values quoted here are somewhat 
larger due to the fact that angular distributions, which 
are necessary in order to apply corrections to the data, 
have not been measured in this energy region. In lieu 
of experimental data, optical-model calculations of the 
angular distributions were used. Since the optical 
model, which is that of Bjorklund and Fernbach,‘ gave 
values for both total and total nonelastic cross sections 
that were accurate to within about 10%, it is felt that 
the angular distribution calculations were good enough 
to permit detailed corrections to the data. Total cross 
sections were obtained from the measurements of 
Peterson and co-workers.° 

Plots of the neutron nonelastic collision cross section 
against energy in the 0-30 Mev range show that after 
the initial rise at threshold, the cross sections are flat 
in the 7-14 Mev region and then fall off gradually at 
the higher energies. Tin and lead show indications of a 
slight increase in cross section with energy in the 21-29 
Mev region. 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Ramo-Wooldridge Corporation, Los Angeles, Cali 
fornia. 

1 MacGregor, Ball, and Booth, Phys. Rev. 108, 726 (1957). 
This work was carried out at the Livermore Cockcroft-Walton 
accelerator. 

2 Ball, MacGregor, and Booth, Phys. Rev. 110, 1392 (1958). 

3 Beyster, Henkel, Nobles, and Kister, Phys. Rev. 98, 1216 
(1955); Beyster, Walt, and Salmi, Phys. Rev. 104, 1319 (1956). 

4 We are indebted to F. Bjorklund and S. Fernbach for these 
calculations. 

5 Bratenahl, Peterson, and Stoering have measured total cross 


sections at 25 and 29 Mev (private communication). We are 
grateful for the use of their data before publication. 


EXPERIMENTAL 


The equipment used for the present measurements 
has been well described in previous papers.!? A {-in. 
diameter plastic-scintillator neutron detector was used 
which limited gamma-ray pulse heights to a neutron 
equivalent of about 10 Mev. The scattering sphere was 
positioned and removed automatically, and data were 
taken at ten detector biases simultaneously. A scintil 
lation counter biased to match the detector was used to 
monitor the neutron beam. The beam energy was deter- 
mined by making range measurements on the deuteron 
beam and using the kinematics of the T(d,7)He' 
reaction. All electronic equipment including the scintil- 
lation detector was temperature-stabilized,® and a 
precision pulser was used to set the detector biases 
initially and to check periodically the stability of the 
system. The pulser was calibrated by means of the 
detector neutron spectrum displayed on a 256-channel 
pulse-height analyzer. Calibration of the detector 
efficiency as a function of neutron energy was ac- 
complished with the aid of a proportional counter 
telescope monitor. 


CORRECTION FACTORS 


The theory of neutron sphere transmission measure- 
ments, as applied to the present work, has been dis- 
cussed in considerable detail in references 1 and 2. 
Corrections must be applied for (1) energy loss of the 
elastically scattered neutrons; (2) multiple-scattering ; 
(3) finite detector size; (4) finite source-detector 


I. Neutron nonelastic collision cross sections (in barns) 
at 21.0, 25.5, and 29.2 Mev. 


TABLI 


g 
Element 21.0 25.5 


Be 0.38+0.05 
.& 0.49-+0.04 0.44+0.04 
Mg 0.78-+0.05 0.78+0.05 
Al 0.81+0.05 
Ti 1.08+0.06 
Fe 1.21+0.07 
Cu 1.39+0.07 1.3340.07 
Zr 1.58+0.08 
Sn 1.72+0.08 1.77+0.08 
Pb 2.44+0.10 2.56+0.10 
Bi 2.43+0.10 


0.45+0.04 
0.76+0.05 


1.30+0.07 


1.83+0.10 
2.60+0.10 


® Ball, Booth, and MacGregor, Nuclear Instr. 1, 71 (1957). 
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Fic. 1. Neutron nonelastic collision cross-section measurements on beryllium. The data for Figs. 1-11 are from the following sources 
e@ Beyster and co-workers (reference 3); % E. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955); a N. N. Flerov and V. M. 
Talyzin, Soviet J. Atomic Energy (U.S.S.R.) (English Translation) No. 4, 617 (1956); w Taylor, Lonsjo, and Bonner, Phys. Rev. 
100, 174 (1955); @ MacGregor, Ball, and Booth (present work and references 1 and 2). The low values at 12.7 and 14.1 Mev (¥W) are 
due to the fact that the data were overcorrected (see reference 1). The high value at 14.5 Mev (a) is because no corrections were applied 
(see reference 1). 
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Fic. 2. Neutron nonelastic collision cross-section measurements on carbon. The low (w) and high (a) values at 14 Mev are for the 
same reasons as discussed for beryllium in Fig. 1. Graves (% ) estimated a correction of 0.05 barn at 14 Mev, which would would put 
this measurement into agreement with the Livermore measurement (@). The dotted line represents preliminary measurements by the 


present authors. 
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Fic. 3. Neutron nonelastic collision cross-section measurements on magnesium. 
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Fic. 4. Neutron nonelastic collision cross-section measurements on aluminum. The low (w) and high (a) values at 14 Mev are for the 
same reasons as discussed for beryllium in Fig. 1. although since aluminum is a heavier element the effect (correction 1) is less 


pronounced, 


spacing; and (5) variation of the neutron beam in 
energy and intensity as a function of the angle to the 
deuteron beam. In order to compute these corrections, 
it is necessary to have accurate information on total 


cross sections and differential elastic-scattering cross 
sections. Correction 1 was applied to the data by means 
of a Monte Carlo calculation run on the Livermore 
UNIVAC. The detector efficiency as a function of 
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Fic. 5. Neutron nonelastic collision cross-section measurements on titanium. For elements with Z > 18 the correction factors are small, 
and errors due to failure to make corrections and to use a high enough detector bias tend to compensate (see discussion in reference 1). 
Hence experimental results in Figs. 5-11 show no systematic variations. 
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Fic. 6. Neutron nonelastic collision cross-section measurements on iron. 


deuteron beam, which is necessary for correction 5, 


neutron energy, which is necessary for this correction, 
was determined experimentally.’ In the present meas- 


was determined experimentally for each of the ten 
biases. Corrections 2-5 were done analytically by means 
of another UNIVAC problem. The variation in de- 
tector efficiency as a function of the angle to the incident 


7 Details of the analytical equations used can be found in Bethe, 
Beyster, and Carter, Los Alamos Report LA-1429, 1955, (un- 
published). 
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>. 7. Neutron nonelastic collision cross-section measurements on copper 
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Fic. 8. Neutron nonelastic collision cross-section measurements on zirconium. 


urements the neutron detector was placed at an angle 
of 0° to the deuteron beam. For light elements correction 
1 is by far the most important. This correction, un- 
fortunately, is the one most sensitive to the shape of 
the angular distribution. Corrections 2-5, which for the 


sphere thicknesses used in the present work—} to § 


of an inelastic mean free path—amount to about 5% 
in cross section for all elements, are rather insensitive 
to changes in the total or differential elastic-scattering 
cross sections. For elements with Z>18, correction 1 


is less important than the other corrections. 
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Fic. 9. Neutron nonelastic collision cross-section measurements on tin. The measurements indicate a slight rise from 21 to 29 Mev, 
although the total cross section is decreasing in the same region. 
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Fic. 10. Neutron nonelastic collision cross-section measurements on lead. This is the only case measured where the 
cross-section value at 25 Mev is as high as the value at 14 Mev. 


RESULTS showing that the biases were high enough to exclude 


Transmission data were taken at ten different biases _inelastically-scattered neutrons and gamma-ray effects. 
simultaneously. After corrections had been applied, The flatness of the high-energy plateaus also indicated 
the top few biases gave the same cross-section values, that the corrections to the data were accurate. The 
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neutron nonelastic cross sections obtained from the 
present measurements are listed in Table I. The major 
uncertainty in the results is due to the lack of experi- 
mental measurements of differential elastic scattering 
cross sections in this energy region. Angular distri- 
butions for the correction problems were obtained by 


optical-model calculations, using the model of Fernbach 
and Bjorklund.‘* This optical model gives a good fit 


to neutron total, nonelastic, and differential cross 
sections in the 7-14 Mev energy region. Good agree- 
ment is also obtained with proton data at 17 Mev.’ A 
study of the variation of the optical-model parameters 
with energy shows that the most significant change 


occurs in the depth of the real potential. The optical 


h\? 1 dp(r) 
uc/ r dr 


p(r)=[1-+e-r0/e}4 


model potential® is of the form 
= Verp(r)+tVerg(r) + V sr 


where 


and 

q(r)=exp(—[(r—r0)/b P). 
At 21, 25, and 29 Mev, Vcr was chosen to be 40 Mev, 
37.5 Mev, and 35 Mev, respectively. The other parame- 


§ F, Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 (1958). 
9S. Fernbach (private communication). 
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Neutron nonelastic collision cross-section measurements on bismuth. 


ters were kept fixed at the following values. 
V srp=8.3 Mev, ro=1.25A}, 


b=0.98XK10—-" cm. 


Vcr=11.0 Mev, 


a=0.65X10—-" cm, 


With these parameters, the optical-model calculation 
gave total cross sections that were within 10°% of experi- 
mental values in every case, and it gave nonelastic 
collision cross sections that were within 10% of ex- 
perimental values in every case except for beryllium 
and carbon. Hence the angular distributions that were 
predicted should be reasonably accurate. 

A summary of the neutron nonelastic collision cross 





3.0 





IN BARNS 





CROSS SECTION 


l 1 1 
10 20 40 50 
NUMBER Z 

















60 70 80 


30 
ATOMIC 


12. Neutron nonelastic collision cross-section measurements 
for 23 elements at 14.2 Mev. Data from reference 1. 
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sections over the 1-30 Mev energy range for the 
elements listed in Table I is given in Figs. 1-11. As an 
aid in interpolating between these results, Fig. 12 
summarizes the neutron nonelastic collision 
section measurements on some 23 elements at a single 
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energy, 14 Mev.! 
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Search for Delayed Neutrons from the Photon Bombardment of Lithium* 
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(Received April 21, 1958) 


A search has been made for delayed neutrons resulting from the reaction Li’(y,2/)H® in an effort to 
decide whether or not H® exists. Delayed neutrons were detected in a moderated counter assembly and 
scaled in nine delay channels which were variable in width and initial delay. A small signal observed after 
background subtraction showed no decay within statistics over a period of 0.45 sec. The first 0.05-sec 
counting period has been analyzed for the presence of a decay of 0.01-sec half-life and compared with a 
predicted yield of the reaction Li’(y,2p) obtained by extrapolation of the measured yields of the reactions 
B'(y,2p) and F'8(y,2p). The conclusion is that less than one percent of the expected Li?(y,2p) yield can 


result in a particle stable final state. 


I. INTRODUCTION 


HE known delayed-neutron emitters among the 
light nuclei, Li? and N!’, belong to the nuclear 
species of the form Z=2\V—1, A=4.V +1. Of the other 
members of this series, B® has recently been shown to 
exist! but no neutrons have been observed from its 
decay, and delayed-neutron emission from F*! is known 
to be energetically forbidden.” Searches have been made 
without success for other members of the series or for 
other unknown delayed-neutron emitters formed as a 
result of spallations induced by high-energy particles® 
and photons.‘ Attention has recently been drawn to the 
first member of the series described above by the 
suggestion® that H® might be particle stable. If so, 
H*® would decay by energetic 6 emission (~19 Mev) 
to He’, all states of which are unstable against neutron 
emission. The transition would be first-forbidden since 
the ground level of H® would be (3,+), while the 
ground level and first excited level of He® are odd. 
With outside limits on the mass and the ft value, one 
finds a minimum possible half-life of 0.01 sec. 

Analysis of the previous searches in this region,’ 
indicate that because of the targets chosen or the 
detection-sensitivity employed, detectable quantities of 
H', if particle stable, would probably not have been 
formed. 


* Supported in part by the U. S. Atomic Energy Commission 

1E. Norbeck, Jr., Phys. Rev. 105, 204 (1957). 

° Nelson Jarmie, Phys. Rev. 104, 1683 (1950). 

3 Hubbard, Ruby, and Stebbins, Phys. Rev. 92, 1494 (1953). 

*R. K. Sheline, Phys. Rev. 87, 557 (1952). 

5C. H. Blanchard and R. G. Winter, Phys. Rev. 107, 774 
(1957). 


In this paper we present the results of a search for 
the delayed neutrons which would accompany the 
decay of H® formed by the reaction Li’(y,2p)H® if H® 
were particle stable. 


II. EXPERIMENTAL PROCEDURE 


The apparatus used was identical to that employed 
to measure the delayed-neutron yield from the photo- 
production of Li® and has already been described in 
detail. Neutrons are detected in a moderated array of 
enriched BI’; proportional counters and scaled in nine 
delay channels following the photon burst from the 
Purdue University Synchrotron. The absolute neutron 
detection efficiency was determined with the aid of the 
Argonne National Laboratory standard Ra-Be working 
source.’ Bremsstrahlung of peak energy 320 Mev bom- 
barded a lithium target which was of natural isotopic 
abundance and 22.9 g/cm? thick. The beam was 
monitored with a “Cornell-type” thick-walled ioniza- 
tion chamber. The background was measured by re- 
placing the lithium target with a copper absorber of the 
same thickness in radiation lengths. 

The result of a first series of runs was a large delayed- 
neutron signal which varied linearly with target thick- 
ness and which had a half-life of 170 milliseconds. This 
signal was initially believed to be due to Li® formed from 
a contaminant in the target but the amount of con- 
tamination required to explain the observed yield was 


6G. W. Tautfest, Phys. Rev. 110, 708 (1958). 

7 We are indebted to Dr. E. W. Phelan of the Argonne National 
Laboratory for his assistance in arranging for the loan of this 
source and some of the BF, counter used in this experiment. 





SEARCH FOR 
grossly inconsistent with the measured purity of the 
target. Increasing the copper-absorber thickness to the 
same number of g/cm? present in the lithium target 
reduced the signal to one-half that previously observed. 
The conclusion was reached that the signal was largely, 
if not entirely, the result of the reaction C"(n,n’3p)Li® 
taking place in the paraffin moderator in use at that 
time as a result of the fast-neutron yield from the 
lithium target. This hypothesis is not in disagreement 
with calculations based on a fast-photoneutron yield 
determined from the known yields of high-energy 
photoprotons and the quasi-deuteron model of the 
process. Most convincing is the fact that the signal 
disappeared when the paraffin moderator was replaced 
with a water moderator. 

Runs with the water moderator were made with an 
initial delay after the beam pulse of from ten to thirty 
milliseconds and with gate widths of from five to fifty 
milliseconds. 


III. RESULTS AND DISCUSSION 


A total integrated beam intensity of 2.1 10" equiva- 
lent-quanta was used in the experiment with the water 
moderator. Counts above background were observed 
(Table I) with no decay evident over a period of 450 
msec within the 15% statistics obtained after back- 
ground subtraction. The observed signal is consistent 
with the O'8(,n’p)N"™ reaction taking place in the 
water moderator. The data have been analyzed to 
place an upper limit to the amount of H® decay which 
might be masked by the observed yield. If three times 
the standard deviation of the counts occurring in the 
first 50 msec counted after the beam pulse is attributed 
to a H® decay with half-life equal to 10 msec, an activa- 
tion cross section equal to 2.8X 10~ cm? is obtained for 
a peak bremsstrahlung energy of 320 Mev. Activation 
cross section is defined as 


4(bo)= f a(k)p(k,ko)dk, (1) 
kt 


where o(k) is the reaction cross section at a photon 
energy k having a threshold at photon energy &; and 
$(k,ko) is the photon distribution function for a peak 
bremsstrahlung energy ko. If this cross section is 
analyzed on the basis of a narrow resonance centered 
at 40 Mev, the limit obtained for the integrated cross 
section of the Li’(y,2p)H® reaction is 


320 Mev 


| o(k)dk<8.7 X10-"! Mev cm?. 


This procedure may seriously underestimate the in- 
tegrated cross section if, in addition to the low-energy 
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TABLE I. Summary of data in 50-millisecond channels 





Net signal 
No. of counts 


Copper target 


Channel Lithium target 
‘ Y No. of counts 


No. No. of counts 


226+32 
181+31 
244+31 
234430 
204+31 
232431 
165+30 
181+27 
216427 


Soe 


co oO 


resonance, the cross section has a high-energy tail. An 
extreme form for such a tail may result if the cross 
section increases for energies above 120 Mev because 
of mesonic effects. Such a “‘meson-rise”’ is observed for 
photonuclear processes in other nuclides.*:* If we assume 
that the activation cross section is entirely due to a 
cross section increasing linearly with energy from 120 
Mev to a maximum, go», at 320 Mev, the result is 


om=6.8X 10-” Mev cm?, 


320 Mev (3) 
f a(k)dk<6.8 X 10-*° Mev cm’. 


It is more difficult to determine what this upper 
limit should be compared with. The expected cross 
section cannot be estimated from sum-rule considera- 
tions’ since the measurement is taken well above the 
region where meson effects begin to become important. 
An estimate of the expected integrated cross section 
may be obtained by extrapolation of the observed 
(y,2p) yields from other nuclei at 320 Mev.®® It has 
been noted® that the ratio of the cross sections in- 
tegrated up to 320 Mev of the reactions B"(y,2p)Li® 
and F*(y,2p)N" is unity if they are normalized to the 
quantity VZ/A. If we assume that this ratio will hold 
in the case of the Li’(y,2p) reaction then we estimate 
the cross section integrated to 320 Mev should be at 
least 1.2 10~*? Mevcm’. This is fourteen-hundred times 
the upper limit allowed by (2) and two-hundred times 
the upper limit allowed by (3). It appears unlikely 
from these considerations that H?® is particle stable. 
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Asymmetry Measurements in the Scattering of 155-Mev Neutrons by 
Carbon, Aluminum, Copper, Cadmium, and Lead* 
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The asymmetry in the scattering of a 13% polarized (155+5)-Mev neutron beam from C, Al, Cu, Cd, 
and Pb was measured at angles below the first maximum in the asymmetry. The scattered neutrons were 


detected by a large volume scintillator with an energy threshold determined by pulse-height discrimination. 
Optical-model calculations were performed by a WKB phase-shift analysis to find the ‘“‘best fit’ to the 
155-Mev proton-carbon polarization data from Uppsala. The nuclear parameters determined in this manner 
were then used to calculate the polarization and the cross sections by WKB and Born approximations for 
comparison with the data of this experiment. The neutron polarization and the qualitative behavior of 


the neutron differentia] cross sections were well explained by the model, but sizable discrepancies were 


found between the predicted and measured absolute cross sections 


INTRODUCTION 


HERE has been considerable interest in recent 

years in the experimental and theoretical aspects 
of the scattering of polarized nucleons by complex 
nuclei.! The most recent experiments with polarized 
protons have been of sufficient precision to furnish a 
severe test of the optical model. Hafner? has shown 
that a good fit can be obtained to the polarization 
angular distributions in four widely 
different atomic number if one takes a nuclear model 
employing an attractive complex potential with an 
inverted spin-orbit term. The model should 
explain neutron scattering data. However, the experi- 
mental situation in neutron scattering is much less 
advanced because of greater technical difficulties. The 


elements of 


also 


majority of the published data on the scattering of 
polarized neutrons are those of Siegel,’ who used a 
beam of mean energy 350 Mev. We therefore felt that 
additional measurements, particularly at an energy 
coinciding with that at which proton polarization data 
exists, would be of value in providing a further test of 
the nuclear model. 

We discuss here some measurements of the scattering 
of 155-Mev partially polarized neutrons by carbon, 
aluminum, copper, cadmium, and lead. In this, as in 
most other neutron scattering experiments, it was not 
possible to achieve a clear separation of elastic and 
inelastic scattering events. This is because the primary 
neutron energy spectrum is very broad, and the neutron 
detection method provides little energy resolution. 
Since the model calculations apply only to elastic 
scattering, we have confined measurements to the 
small-angle region, where the scattering is expected 

* Research supported by the U. S. Atomic Energy Commission. 

t Now at Combustion Engineering Inc., Windsor, Connecticut. 
This report constitutes a part of the author’s Ph.D. thesis, 
Atomic Energy Commission Report NYO-8056 (unpublished). 

‘An excellent bibliography of most of the experimental and 
theoretical work in this field is found in the review article by 
L. Wolfenstein, in Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1956), Vol. 6, p. 43. 

2 E. M. Hafner, Phys. Rev. 111, 297 (1958). 

°R. T. Siegel, Phys. Rev. 100, 437 (1955). 


to be predominantly elastic. The data are compared 
with WKB and Born approximation calculations of the 
polarization, using a model which accounts satisfactorily 
for the 155-Mev polarized proton scattering data from 
Uppsala.4 


APPARATUS 


The experimental layout is illustrated in Fig. 1. 
rhe neutron beams used in this experiment were 
derived from three beryllium and two carbon targets 
inside the University of Rochester 130-in. synchro- 
cyclotron. The targets and the axis of the collimating 
system were aligned optically to provide neutron beams 
at O° and +20° 43 sec with respect to the internal 
proton beam. The targets hereafter will be referred 
to as follows: numbers 3, 4, 5, +C, +Be, 
—C, and —Be, respectively, and number 13 as 0° Be. 
The neutron spectrum from the +Be target was 
measured, at the second scattering position, by examin- 
ing the differential range spectrum of recoil protons 
from n-p collisions. The neutron spectrum was peaked 
at 168 Mev and had a full width at half-maximum of 
80 Mev. The spectrum, 
obtained by folding a calculated neutron detection 
efficiency and the measured neutron spectrum, gave a 
full width at half-maximum of approximately 60 Mev 
for a 100 Mev counter threshold. 

\ neutron monitor consisting of a triple scintillation 
counter telescope and a CH, converter was located at 
the channel exit in the north shielding car. Copper 
absorbers were placed in the recoil proton telescope to 
restrict the response to the higher energy components 
of the neutron beam. Two neutron counters were used 
in different portions of this experiment to detect the 
high-energy neutrons. A large counter, consisting of a 
plastic scintillator 16} in. long and 3.6 in. in diameter, 
was used for many of the measurements on carbon 
and aluminum. This piece of scintillator was made by 
polymerizing viny]-toluene monomer containing: 2.5%, 


and 6 as 


so-called effective neutron 


‘Alphonce, Johansson, and Tibell, Nuclear Phys. (to be 


published) 
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by weight, p terphenyl as an activator; 0.02%, by 


weight, 1,1,4,4-tetraphenylbutadiene as a wavelength 
shifter; and 0.01%, 
releasing agent from the glass mold. A small counter, 


by weight, zinc sterarate as a 
consisting of a piece of commercial Sintilon’ 1 in. wide, 
3 in. high, and 10 in. long, was used for the measurements 
on copper, cadmium, lead, and also for the measurements 
on carbon and aluminum at the smaller angles. 

Each counter was viewed by a single RCA 14-stage 
photomultiplier. The best operation, under the condi- 
tions of this experiment, was obtained with the develop- 
mental RCA-C7187A. A 2-in. thick copper 
absorber was placed before each neutron counter to 


the most energetic protons to a 


model 


degrade the energy of 
value below the detection threshold. Long-term thermal 
fluctuations were minimized by a thermistor-controlled 
heating arrangement which passed air into thin Styro- 
foam shields surrounding each counter. The photo- 
multiplier high voltage was monitored by a Leeds and 
Northrup type K potentiometer and controlled to 
+().2 volt out of 1840 volts. 


within 

Operation of the 14-stage photomultiplier into a 
160-ohm load provided sufficient pulse height for 
direct fast pulse-height discrimination. Two  discri- 
minators were used in this experiment. The first 
contained three integral channels set to provide data 
at threshold energies of 100, 110, and 125 Mev. The 
second discriminator contained one integral channel. 
This discriminator employed different circuitry and 
was used to check the three-channel discriminator for 
possible counting errors. 


EXPERIMENTAL PROCEDURE 


The neutron counters were calibrated for pulse 
height versus energy loss in the external proton beam. 
Neutron beam profiles were measured, at reduced 
beam levels, for the 0° Be and +Be targets to determine 
the effective center of the neutron beams. The zero 
angle was taken as the mean of the effective beam 
centers from the pulse and minus first scattering 
targets. This choice of zero angle introduces an angular 
error which, by coincidence, always increases the 
asymmetry from each first scattering target. When 
measuring asymmetries the cyclotron oscillator was 
off as through the 


turned the counter was moved 
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zero-angle position, since noticeable pulse-height shifts 
after tl counter had 


he neutron been 
subjected to the full-intensity direct neutron beam. 


were observed 
The background rates were measured by displacing 
the scattering target far enough from the 
second scattering center so that slit-edge scattered 


SeC ond 
neutrons were not attenuated by the targets. 


RESULTS 


The asymmetries were calculated in the standard 
manner, and were taken to be positive when the 
direction of the more intense scattered beam was the 
same as the first p- scattering. The asymmetries 
from the plus and minus first scattering targets were 
combined and then corrected for the angular error 
introduced by our choice of zero angle. The correction 
factor was evaluated by the following equation: 


AR/R\|+|AL/L 


e 1f 
O€ 5 


where AR/R and AL/L represent the percentage change 
in counting rate per unit change in the second scattering 
from the 
target 


These quantities were evaluated 
distribution of the 


angle. 


relative angular second 


rasxe [. Corrected asymmetry data. 


Lab 


( angl \l angle 


0.025+0.005 
0.027 +0.005 
0.060 +0.009 
0.070+0.012 
0.083+0.010 
0.080+0.012 
0.0128+0.012 
0.089+0.019 


().030+0.009 
0.035+0.011 
0.046-+-0.008 
0.077+0.011 
0.084+0.011 
0.111+0.010 
0.136+0.023 
0.055+0.025 


RD = ee ee 
MNO IN 
oe we vie 


® Product of National Radiac, Newark, New Jersey 


0.002+0.009 
0.027 +0.004 
0.039-+0.006 
0.050+0.004 
0.070+0.005 
0.076+-9.006 
0.089-4-0.011 


Cu ingle Cd Pb 
0.012+0.007 
0.057+0.007 
0.077 +0.014 


—0.002+0.009 
0.004-+-0,008 
0.014+0.004 
0.041+0.005 
0.055+0.006 
0.078-+0.006 
0.069-+-0.010 
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TABLE IT. Unpolarized differential cross sections (barns/sterad). 


( ngle \l 


1.07+0.08 3.59+0.24 


1.03+0.08 .16+0.21 
0.76+0.05 32+0.17 
0.56+0.04 i> .05+0.14 
0.35+0.03 .234-0.09 
0.21+0.02 0.59+0.04 
0.075+0.006 4 


0.28+0.02 
0.034+0.003 0.081 +0.006 


yields. The asymmetries calculated from the 100-Mev 
threshold data are tabulated in Table I. The data from 
the 110- and 125-Mev threshold channels were in- 
distinguishable from the 100-Mev data. 

The relative yields versus angle for the various second 
scatterers were corrected for multiple scattering and 
attenuation after the method of Bratenahl.6 An 
additional correction was made for the attenuation of 
the slit-edge scattered neutrons due to the second 
scattering target when the latter was in the second 
scattering position. The effective center of the neutron 
counter calculated from the variation of the 
counting rate with displacement of the counter from 


was 


the second scattering center at fixed angle. The effective 
area of illumination of the target was calculated from 
the geometry of the collimation system and the full 
width at half-maximum of the neutron beam distribu- 
tion at the second scattering center. Thus the absolute 
differential cross sections could be calculated from the 
ratio of the counting rate per unit monitor in the direct 
and scattering beams. The cross sections are tabulated 
in Table IT. 

The effective energy of the polarized neutron beam 
was measured by a carbon attenuation experiment in 
good geometry. The total cross section was found to 
be 327+2 mb which corresponds to an effective energy 
of 155+5 Mev according to the published experimental 
data’ on the n-carbon total cross section.® 

A value for the polarization of the primary polarized 
neutron beam was deduced in the following manner. 
The asymmetry was measured for the processes 
represented by p-C-n-C-p and p-Be-n-C-p. Neglecting 
the energy difference between the first and second 
scattering and assuming that the asymmetry is equal 
to the product of P; and P: for the charge exchange 
scatterings, we obtain the following result for a 98-Mev 
threshold of proton detection: 


Ppe= €pe.c/ (€c,c)*=0.130+0.013. 


By use of the foregoing value for Pp. and the asym- 
metries of Table I, the polarizations plotted in Figs. 4(a) 


6 A. Bratenahl et al., Phys. Rev. 77, 597 (1950). 

7A. E. Taylor and E. Wood, Phil. Mag. 44, 1995 (1953). 

8 This value of the effective energy is significantly lower than 
the peak of the neutron spectrum; this effect is a result of the 
increasing carbon total cross section with decreasing neutron 
energy which lowers the effective energy for scattering. 


Lab 
u é Cd ngle Pb 
49.2+3.3 
27.8+1.9 
13.3+0.9 
4.77+0.32 
1.91+0.13 


23.941.7 
9.80+0.65 
2.45+0.17 


12.1+0.8 
8.79+0.59 
6.42+0.43 
3.90+-0.26 
2.32+0.16 
1.23+0.08 


through (e) were calculated for the various second- 
scattering targets. 


ANALYSIS 


In this analysis, we examine the WKB optical-model 
calculations of the polarization and cross section using 
a nuclear model consisting of an inverted spin-orbit 
potential in addition to an attractive, complex central 
potential with a Woods and Saxon® type of radial 
distribution. In particular, we wish to determine what 
restrictions are placed on the nuclear parameters if we 
require a reasonable fit to the 155-Mev proton polariza- 
tion data from Uppsala.* The nuclear parameters 
determined in this manner are then used to calculate the 
polarization in neutron scattering; the predictions are 
to be compared with the results of this experiment 
under the assumption that the nuclear radius is propor- 
tional to At, 

The nuclear potential was taken to be 


1d 
— (u+10) + pug" 
rdr 


Vy t= p(r) for 7=1+4, 


+1 d 
— (u+1v) —pg’-—— — Ip(r) 
r dr 


— for j=1—}, 


where #, v, and yw are real positive quantities expressed 
in Mev, g isa length, and m is the mass of the incident 
nucleon. The function p(r) is equal to [1+e°""/4}", 
where 7» is proportional to A! and a is a measure of the 
surface thickness of the nuclear force. The nuclear 
phase shifts, 6:y*, corresponding to these potentials, 
were computed in the WKB approximation.’ The 
modified Coulomb phase shifts, 6;c, corresponding to 
the case of a uniformly charged sphere of radius 1, 
were calculated by the equations of Gatha and Riddell.” 
The total phase shift for the scattering of protons is 
then represented by the equation 


b= 6), .*+61,c. 
The equations for the scattering matrix, WKB scatter- 
9R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
0 N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 


(Clarendon Press, Oxford, 1949), second edition. 
1K. M. Gatha and R. J. Riddell, Phys. Rev. 86, 1035 (1952). 
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ing amplitudes, polarization, and cross sections are 
the same as those of Sternheimer.” 

The WKB calculations were performed on an IBM 
650 computer, at the University of Rochester computing 
center, using the Bliss interpretive system. A number of 
calculations were made for the scattering of neutrons 
and protons by carbon to study the behavior of the 
polarization and cross section for variations of the 
optical parameters,'* k; and K; the coefficient of the 
spin-orbit term, ug’; the charge radius, 7;; and the 
parameters governing the radial distribution of the 
nuclear potential, ro and a. In view of the number of 
parameters involved, we found it convenient to use a 
parameter" 4A, defined as the ratio of the coefficient 
of the spin-orbit term to the magnitude of the central 
potential, to establish a correspondence with the 
equation for the polarization, P(@), in Born approxima 
tion. For our choice of potentials, 1 is expressed by 


the following equation: 


Mg 


(2k)? + K? 


where & and F are the wave number and total energy, 
respectively, of the incident nucleon in the center-of- 
mass system. We shall summarize certain characteristic 
trends which were observed in our more or less random 
variation of the parameters. 


(1) Increasing the charge radius from 2.5 to 3.1 
fermis (1 fermi= 10 
the polarization of protons scattered by carbon. 

(2) The position of the first minimum in the polariza 
tion and the first 
section depend on 


cm) had a negligible effect on 


minimum of the unpolarized cross 


(a) the shape parameters, ro and a; 

(b) the magnitude of the coefficient of the spin- 
orbit term, ug’: increasing ug’, with the remainder of 
the parameters unchanged, displaces the minimum to a 
smaller angle; 

(c) the magnitude of the absorption coefficient 
K: increasing A alone displaces the minimum to a 
larger angle. 


(3) The height of the first maximum in the polariza 
tion varies as follows: 

(a) For k; 
(b) For 
decreasing the parameter 
rate of rise of the polarization with angle. This latter 


0, Pmax approaches 1. 


nonzero values of and ‘small a, 


A decreases /’max an 1e 
{ decr P. 1 tl 


observation is consistent with a Born approximation 
calculation. 


(4) The position and magnitude of Pmax remains 


2R. M. Sternheimer, Phys. Rev. 97, 1314 (1955). 

13 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

47, I. Levintov, Doklady Akad. Nauk. S.S.S.R. 107, 240 
(1956) ; translation in Soviet Phys. Doklady 1, 175 (1956). 
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constant over a limited range of ro and a, for fixed 
values of A/(2k;) and the parameter A, in qualitative 
agreement with Born approximation predictions of the 
polarization. 

(5) The total elastic and forward differential cross 
section increase as A and ug’ increase and are not 
significantly dependent on fy. 

(6) For a given nuclear size, P(@) in neutron scatter 
ing remains unchanged when the potential strengths are 
increased in such a manner as to keep the magnitudes 
of A/(2k,) and A The total and 
inelastic cross sections increase, the former increasing 
at a faster rate per unit change in A than the latter. 
We find that 


tion, the inelastic cross section is consistently 


constant. elastic 


in order to obtain a reasonable elasti 
CTOSS S€¢ 
underestimated by approximately 30°% for the ‘“‘best 
fit” to the 155-Mev proton-carbon polarization data. 
7) Decreasing the value of a concentrates the spin- 
the nuclear surface and leads to a 
the polarization. The “best 


orbit potential at 
narrow first maximum in 
fit’? to the 155-Mev proton-carbon polarization data is 
obtained for values of a of the order of 0.1 fermi. 

In Fig. 2 a comparison is made between the 155-Mev 
proton-carbon polarization data from Uppsala and a 
WKB calculation based on the following parameters: 

2ki= 2.14510" cm“, a 
K=4.31X 10" 
ug’=1.59X 10 


=().1 fermi, 


cm-!, 2.53 fermis, 


25 Mev-cm’, 1r;=3.1 fermis. 


Figure 3 is a comparison between the Uppsala 
155-Mev proton-copper polarization data and a WKB 
calculation using the same values of k, A, ug’, anc? a. 
The values of 7) and r; were taken as 4.4 fermis for 
copper. The calculated value of K, the 
equations of Cassels and Lawson,” is 4.110" cm 


based on 


this value of K would probably give as good a fit to 
the polarization data as the value stated above. In 
Figs. 4(a) through (e), the neutron polarization data 
of this experiment are compared with calculations of 
the following types: 


18 J. M. Cassels and J 
A67, 125 (1954) 


DL). Lawson, Proc. Phys. Soc. (London 
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(1) the WKB prediction of P(@) which, for neutrons, 
considers no electromagnetic interactions; 

(2) the Born approximation prediction of P(6) for 
pure nuclear scattering ; 

(3) the Born approximation prediction for P(@) 
in which the nuclear scattering amplitudes were 
combined with the scattering amplitudes for the 
interaction of the neutron magnetic moment with 
the Coulomb field. 


The Born approximation calculations were carried 
out for the case of a square well of radius ro; the 
central potentials and the coefficient of the spin-orbit 
term were of the same magnitude as in the WKB 
calculations. The cross sections based on the WKB 
and Born approximation calculations are summarized 
in Table IIT. 

DISCUSSION 


A set of nuclear parameters were found which provide 
a reasonable fit to the 155-Mev proton-carbon data 
from Uppsala. When the nuclear radius is extrapolated 
to copper, using a A! dependence, the same nuclear 
parameters also give reasonable agreement with the 
155-Mev proton-copper polarization from Uppsala. 
Neutron polarization curves were calculated by the 
WKB method (Woods and Saxon radial distribution) 
and Born approximation (square well) with the same 
nuclear parameters for comparison with the results of 
this experiment. The Born approximation and WKB 
predictions for ?(@), with neglect of electromagnetic 
interactions, are quite similar in the small-angle 
region. This observation is in agreement with 
Levintov’s" small-angle approximation of the WKB 
calculation of the polarization. The experimental 
neutron data for the heavy elements indicate a reversal 
of the sign of the polarization at small angles which is 
consistent with out knowledge of the polarization 
resulting from the interaction of the neutron magnetic 
moment with the nuclear Coulomb field. The phase 
shifts resulting from this interaction are small; therefore 
no attempt was made to include the interaction in the 
WKB calculation. The Born-approximation scattering 


A\RDING 


Taste Il]. Comparison of calculated and experimental cross 


sections for scattering of 155-Mev neutrons 


( Al 


Total cross sections in mb 

ot (WKB)* 260 S11 
ot (WKB)! 293 538 
ot (BA 274 oll 
ot (exp)* 330+3 677+11 


Inelastic cross sections in mb 


os (WKB 153 288 546 825 
Ga (exp)? 221+10 418+14 741413 1073 +19 


Elastic cross sections in mb 


oe (WKB 107 223 468 
oe (exp) 109 +13 259 +25 635431 


Forward differential cross sections in barns/steradian 


oo (WKB 
oo? (BA 


o exp)! 


0.385 . 5.90 15 
0.398 25 10.6 
1.19+0.06 14.6 +0.5 33.04 


» Sum of oe (WKB) and ag (WKB). 
from optical theorem: o¢ 4n/k 


nd R. Wilson, Proc. Roy. Soc. (London) A236, 41 (1956 


Phil. Mag. 1, 1003 (1956 
amplitudes for the neutron magnetic moment interac- 
tion were added to the Born-approximation nuclear 
scattering amplitudes and the polarization computed. 
The resulting curves are in good agreement with the 
neutron polarization data in the heavy elements. 

The data of this experiment would be consistent with 
a displacement of Pmax to a smaller angle. On the basis 
of the observations described earlier, this could be 
accomplished by increasing the ratio of spin-orbit 
potential to central potential, or by increasing the 
nuclear radius. The qualitative behavior of the WKB 
unpolarized differential cross sections for neutrons and 
protons on carbon is consistent with experimental data, 
although the diffraction minima are not as prominent 
experimentally. Their diminution may be attributed 
to the poor angular resolution of the detecting apparatus 
and to contamination by inelastic scattering events. 
Quantitative comparison between the calculated cross 
sections and experimental data discloses certain obvious 
discrepancies. The forward WKB differential cross 
sections are consistently low by a factor of two or three 
whereas those calculated by Born approximation start 
low at carbon and cross over the experimental data 
between copper and cadmium. The integrated WKB 
elastic cross sections rapidly decrease below the experi- 
mental values with increasing atomic weight and the 
inelastic cross sections are underestimated by 30° for 
all elements. The absorption coefficient, A, may be 
calculated in terms of the particle density in nuclear 
matter times the cross section for scattering of neutrons 
by the nucleons using the equations of Cassels and 
Lawson. In order to obtain agreement between the 
calculated and experimental absorption cross sections 
using the calculated value of K, the value of ro, for 
a=0.1 fermi, is of the order of 1.44! fermis. This 
radius would give obvious disagreement between the 
WKB calculation of P(@) and the experimental data in 
the region of the first minimum of the polarization. 
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The symbols (V 


The quantitative behavior of the WKB cross sections 
indicates an underestimate of the nuclear size for our 
choice of potentials. An increase of the nuclear size 
would affect the position of the minimum in P(6), 
but it is not obvious that it would also affect the 
position of the maximum since the position of the 
latter was found to be dependent only on the relative 
magnitudes of the potentials over a limited range of 
the nuclear size. With the present form of the IBM 
calculation program, it was not feasible to make a 
systematic search for a set of nuclear parameters which 
would provide reasonable agreement between the 
nuclear cross sections and the polarization data obtained 
in this experiment. 

There are various points of view as to where the 
discrepancies may arise in these calculations. The 
fault may lie in the form of the potential, the method 
of calculation, or both. The WKB method of calculating 


and (V+£M) refer to nuclear and nuclear plus electromagnetic 


phase shifts is approximate and the only valid test of 
the method is a comparison with an exact calculation. 
Since we have not performed the exact calculations, we 
can only conclude that a WKB phase-shift analysis 
for a real, inverted spin-orbit potential in addition to 
a complex central potential does not provide quantita- 
tive agreement with experimental cross-section data 
when the nuclear parameters are determined by a 
“best fit’’ to the large-angle polarization at 155 Mev. 
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The mass difference between charged and neutral mesons has been correlated to a change of the 
pseudovector coupling constant, giving rise to an additional term in the interaction Hamiltonian. The 
mass effect in P-state r~-p scattering is then calculated, using Chew’s fixed-source theory. A correction 
to the usual scattering formula for the z~-p system is obtained. This correction fails to explain the 
quantitative feature of the observed difference (5,;—5s3;). 


I. INTRODUCTION 


N view of several accurate pion-nucleon scattering 
experiments,’ it is interesting to compare in a more 

detailed manner the predictions made in Chew’s 
theory and results of experiments. Such comparison 
is best done by analyzing experimental data into 
phase shifts and then comparing with those predicted 
by theory. Several investigations’ on this line have 
been made before the above-mentioned accurate 
experiments, but, because of poor experimental ac- 
curacy, no information about small P-wave phase shifts 
could be drawn. Recently several attempts®® have 
been made to obtain some information about the small 
P-wave phase shifts. 

One of the investigations® leads to a result which 
contradicts one of the main predictions made in Chew’s 
theory, namely, the equality 6;;=63:. Experimentally, 
53; is small and negative, and has a smooth behavior 
(its magnitude at 150 Mev is about —5°), but 6,; is 
positive and rises rapidly from 5° at 150 Mev to 
attain a value of about 15° above the resonance. This 
deviation is important, because the positive value of 
613 may fit in with the suggestion that the T=}, 
J=% state shows a resonance at higher energies.’ A 
resonance around 750 Mev has been observed,* but 
its nature is still not clear. 

Possible sources of deviation from 6;;=6;,; may be 
classified according to whether (1) they do or (2) do 
not conserve isotopic spin. The former include meson 
exchange terms, virtual 
processes involving strange particles, and isobaric 
states of the nucleon (if any exist). The second type 


nucleon recoil,’ possible 


* Supported in part by the joint program of the Office of the 
Naval Research and the U. S. Atomic Energy Commission. 

1 Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 (1956) 
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(1953). 
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9S. F. Edwards and P. T. Matthews (private communication). 
Their value for 5;;—4;, due to nucleon recoil is about 1° at 
150 Mev. 


Clementel, and Villi, Suppl. Nuovo 


includes the electromagnetic interaction (the direct 
Coulomb scattering of charged pions by the proton), 
the radiative capture of m by a proton to form a 
neutron and a y ray (Panofsky effect), the charged- and 
neutral-pion mass difference that appears both in the 
kinetic-energy term of the total Hamiltonian and in 
the interaction Hamiltonian as a modification to the 
pseudovector coupling constant (this will be explained 
in Sec. IT). Sources of deviation in category (1) presum- 
ably have a greater effect on w-p scattering, but they 
are beyond the scope of Chew’s theory and at present 
we do not have reliable methods to treat them. Among 
the sources of deviation in category (2), the direct 
Coulomb scattering has been subtracted out of the 
experimental results to give the ‘“‘nuclear’’ scattering,!:” 
and can be disregarded. The radiative capture of a 
pion by a nucleon and the r*—z° mass difference that 
appears in the kinetic-energy term of the total Hamil- 
tonian make a large contribution to the low-energy 
scattering. Their effects on S-state scattering have 
been discussed in detail by Noyes." In the intermediate 
energy range, i.e., pions of 150-Mev kinetic-energy, 
they are not expected to be important. For example, 
the mass difference term can be written as 


E(k) = (#+u.?)§= (R+[u.t— (uet—ue) P}! 


(ie*— Mr") Met 
. (1) 
(E.*(k) P 


= Fo) a 


At 140-Mev kinetic energy, i.e., E,=280 Mev=2y, 
the deviation of £,+ from FE, is about 2.5 Mev. This 
difference would not produce a noticeable effect. 
The part of the mass difference that causes a modifica- 
tion in the pseudovector coupling constant has not 
been investigated before and it is the intention of this 
paper to discuss its effect in P-state scattering. In 
out treatment we shall limit ourselves to the scope of 
Chew’s fixed-source theory. 

In Sec. II we shall derive an interaction Hamiltonian 
and in Sec. III we shall perform calculations based on 
shall discuss our 


this interaction Hamiltonian and 


results in Sec. IV. 


1H. P. Noyes, Phys. Rev. 101, 320 (1955). 


1170 





MASS EFFEC IN 


Il. GENERAL CONSIDERATIONS 


According to the equivalence theorem, the PV 
coupling constant f is connected to the PS coupling 
constant g by the relation 


f= (ur/2M )g. (2) 


If we believe that the mesonic charge g is fundamental, 
then f/ must assume different values for processes 
involving w* and r°. The PS interaction is renormaliz- 
able whereas the PV interaction is not; therefore it 
seems reasonable to assume that g is fundamental. 
With Eq. (2) and with Kemmer’s form of interaction 
Hamiltonian, we write the interaction Hamiltonian as 
Hr= fdri(o-grad)oyt+afrs(o-grad)doyw, (3) 
where the constant a is (u,°—yu,*)/u,+=—0.03. In 
Eq. (3) we have neglected the mass difference between 
proton and neutron, because it corresponds to a change 
in a of about 1/30 of 0.03. Though the total isotopic 
spin is not a good quantum number, its third component 
Mr is still conserved. The additional term in the inter- 
action Hamiltonian introduces an Mr dependence into 
the phase shifts as well as giving a transition between 
states having different 7 values and the same Mr. 
The usual meaning of the six pure (7,/) phase shifts 
can still be retained, if the mixing between states with 
different 7 is small, and if the scattering formula is 
properly modified. This will be shown in the Appendix. 
We shall use perturbation methods in our calculations. 
This is because of the small size of the mass-dependent 
term. We use the same wave functions as in Chew’s 
treatment with the mass-dependent term neglected. 
This has the consequence that the renormalization of 
the coupling constant will not be altered. This is 
expected in perturbation theory because the modifica- 
tion of wave functions can appear only in second- or 
higher-order approximations. 


III. CALCULATIONS 


In the following we follow the notation of Wick." 
It is easily seen that the Low equation is still justified 
in our case. The “‘zero energy” limit of the scattering 
amplitude is the renormalized Born approximation. 
Following Wick’s treatment, the Born term can be 
written as 

M=M,+Ms, 
M = 2m (f/u)*w*Qur(g: a) (po) | v(p) |?, 
M2= —2n(f/u)*w Oru (p+) (g-a) | v(g) |?, 
where 
Q=1—(1+a)i-r+als73+-/, 
QO= 1+ (1—a)t: tT—Algrtst+/, 
oe § @ 
0 0 
0 2a 


1G. C. Wick, Revs. Modern Phys. 27, 339 (1955), 
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The matrix J will disappear in M because of cancellation 
due to subtraction. We shall be mainly interested in 
the off-diagonal elements in the 7M, representation 
for 373, which can be worked out by using the wave 
functions for the total isotopic spin. Such wave functions 
have been listed in a number of papers.” The diagonal 
elements will give a “fine structure” type of splitting 
in the phase shifts which cannot be detected by present 
experimental techniques. 

The values for (3, —}|¢s73|3, —3$) and (3, 3/¢s73| 4, 3) 
are —43V2 and 4V2, respectively. (Here the notation 
(T, Mr|tsr3|T’, Mr’) is used. 

In the Born approximation, the diagonal elements 
including the “‘fine structure” splitting for 6:3; and 43; 
are —2—8a/3 and —2+4a/3, respectively. Since a 
is negative, the Born approximation we have 6:3;—4s1 
positive but small. 

The transition amplitude from the ap to the 6g 
state will be written as" 


R,(q) (q8—|V,|ap) 

: — 3Lpr(p)v(q) (q’oxpharg) run. (0) 
To obtain r,¢ for the transition from T=? to T=} in 
the same Mr state, we use the Chew-Low type of 
integral equation: 


g p® 0°(k)deo, 
7» (We) Mx (we) + f 
T ks 


ue 


* 


also, rux= (frp) 


—+4), we have 


a*(3)C+C*a(4) 
tice FE +crossed terms], (8) 
Wk— We 1N 


where a(T) is the transition amplitude for the pure 7 
states. If we neglect the crossed terms and the terms 
small in comparison with the T= 3 term, we have 


— . (9) 
Wk — We in 


g cr v(k)dax a*(3)C 
nap 


rd, 7) 


! 


! 
,—4lrlf, -4) 


C gives (3 as well as (3, —}|7|3, —}). 
This can be seen as follows: (3, —}|r|4, —})=Her- 
mitian conjugate of (3, —}|r|/3, —3) with respect to 
variables other than isotopic spin. Also, C is Hermitian 
in this sense (see Appendix), therefore (3, —43/r| 4, —4) 
. a F o oot 
= (3) 2/7) 9, 3). 


2E.g., H. A. Bethe and F. de Hoffmann, Meson and Fields 
(Row, Peterson and Company, Evanston, 1955), Vol. IT, p. 60 
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Now we split C into the /= 3 and the J=} states 
and use subscripts 3 and 1 to denote the J=# and the 
J=4 states, respectively. The resulting integral 
equation for C; is 
C3= (3, —4}|M|i, 


3 r® v(k) dw £33" "3 
7 f sami sncnianien, (BE) 
‘ P mnagoks 


ke 


where g33=sind33 exp(i633). A similar integral equation 
for C; can also be derived, but C, is small and we shall 
ignore it. It is easily seen that (3, —}|M|4, —34), will 
differ from the Born approximation term for g33 by a 
real constant multiplier, B. Writing 

B(3, —3|M|3, 


eee, eee 
—}3)s= (3, —3| 


and multiplying both sides of Eq. (10) by B, we have 


BC3= 3,- 


— i} 3 1\ 
M\3, —})s 


g v"(k) )dos Baa" ( 
f? 
T k3 Wk 


A 


(BC a) 


W_—in 
The integral equation for gs; is 


3 
2 


&33= (2, 


os v"(k) dw, £33" 833 


. 
BB we —wWg—iN 


If we regard g;;* as a known kernel, then Eq. (12) and 
Eq. (13) should yield the same solution. Therefore the 
solution for C; is just 


C3= (1/B) gas. (14) 
The value of B has been calculated as 
1/B=tav2= —0.008. 


Thus the scattering formulas for mpm -p and rp 
—r'n are modified : 


(x-p| xp) 
= (0.980 (3)Py+4(3)s,Pi+2a(3) 
(x~p| xn) 
= 4v2[0.99a(3)Py+a( 


s.P3Py], 
(15) 
$)s,Pi—a(3)s,P4,Py ]. 


In the above formula, the usual definition of S and P 
phase shifts is still retained. Justification of the use 
of pure 7-state phase ‘shifts will be found in the 
Appendix. 


IV. DISCUSSION OF RESULTS 


Due to the mass effect, near the T=J= 3 resonance 


the value of 5,3; as obtained experimentally through the 
original scattering formula’ will be changed by about 
0.01 (in radians). This is because, e.g., the first of 
Eqs. (15) can be obtained from the original formula on 


YEE 


CHIU 


replacing a13 by [ais— (0.01)a33 ], where a;;= [exp (226, ;) 
—1]. Despite the difference in phases between aj; 
and a3, the change of 6,3 will still be of the order of 
0.01. The experimental value of 6); will be raised by 
this amount before resonance, and will be suppressed 
by this amount after resonance (in the case -p—7 p), 
because a3; changes its phase at resonance. However, 
this does not explain the rapid rise of 53. The contribu- 
tion to 6;;—63; comes mainly from the Born term and 
amounts to about +0.7° at 150 Mev. This is certainly 
too small. It may be concluded that the mass difference 
is not the real cause of the discrepancy 613%. Of 
course the relation f= (u,/2M)g may not hold. How- 
ever, if this is the case, some other serious consequence 
for the foundations of field theory would result. We 
do not believe so; therefore it is not likely that the 
5:3%53: discrepancy can be explained within the 
framework of the Chew-Low theory. 
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APPENDIX 


We shall now justify the use of pure 7 and pure J 
phase shifts, for a small mixing between different T 
states, assuming that the scattering formulas are 
written as in (15). This is valid so long as only one 
state is large while the other states are small. 

The relation C(3,4; —3)=C(4,3; —3) guarantees 
the time reversibility condition. The most general 
form of the 2X2 scattering matrix which satisfies both 
unitarity and time reversibility can be written as 


cose —sine\ se“ 0 sine 
S= , (16) 
sine cose 0 erat — COSE 


where ¢ is the mixing parameter which determines the 
amount of mixing between the T= $ and the T=} 
states, and A; and A; are matrices in J space and are 
so defined that in the limit e>0, one has A;-6(T= 3) 
and A;-é6(7=4). Of course, « must also be written 
as a matrix in J space. If only one pure J state is 
large we may put e=0 for all states except the large 
state. 

After carrying out the matrix multiplication in 
(16), we have 


COSE 


sine 


2iA1 sin? 


S= 


oe cos’e+e* 


sine cose(e?"43 nes 


sine cose(e?*43— e241) e241 Coste+-e?*48 sin*e 


(16’) 


+ Note added in proof.—Recent results of reference 6 shows that 
5,3 has a better behavior at 220 Mev (~+-4°). Thus the statement 
made in the last sentence of Sec. 4 is not strictly valid. 

13 J. M. Blatt and L. Biedenharn, Phys. Rev. 86, 399 (1952) 
and 93, 1387 (1954). 
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In the limit «0, the diagonal elements should tend 
to the pure-state phase shifts. In fact, if we put sine= e, 
and neglect terms containing e*’, the foregoing form of 
the S matrix reduces to the form from which Eq. (15) 


»p SCATTERING 1173 
From Eq. (17) and Eq. (14) we also derive e=1/2B 

—0(.004. The square of ¢ can really be neglected. 
Eq. (17) also verifies the relation between C3 and g33 
which is contained in Eq. (14). 


It may be remarked that the unitarity condition of 
Eq. (17) is destroyed because of the presence of off- 
diagonal terms while the diagonal elements are still 
unimodular. This can be restored by using a constant 
(17); this constant is close 


was derived, i.e., 


{exp[ 276(7 = 3) ]—1}e 


exp[ 216(T 
{exp 275(7 


exp[ 276(T=}) ] pene, oer i 
' multiplier in front of Eq. 


(17) tol. 


PHYSICAI REVIEW VOLUME 111, NUMBER 4 Al 
Nucleon-Nucleon Interactions and Polarization of High-Energy Protons 


Elastically Scattered from Carbon* 


SHOROKU OHNUMA 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 


(Received April 28, 1958) 


rhe transition matrix element in momentum space derived by Riesenfeld and Watson has been used to 
calculate the polarization and the triple-scattering parameter 8 of high-energy protons elastically scattered 
at small angles from carbon. As the nucleon-nucleon phase shifts which represent two-body interactions, 
those by Signell and Marshak, by Gammel and Thaler, and by Feshbach and Lomon have been considered. 
In evaluating nuclear as well as Coulomb scattering amplitudes, the first Born approximation has been 
employed with the assumption that, in carbon, the distribution of protons is equal to that of neutrons. Final 
results are then independent of the assumed distribution of nucleons. It has been found that, while one 
cannot discriminate between Signell-Marshak and Gammel-Thaler phase shifts, both of them being in semi- 
quantitative agreement with experimental data, Feshbach-Lomon phase shifts may Ke ruled.out because of 
the wrong sign of the resulting 8. Since only the first-order transition matrix element in momentum space has 
been used in the present work, the calculation does not depend on the optical model potential in the usual 


sense \ 


I. INTRODUCTION the scattering cross sections as well as the polarization 
at E=310 Mev, with E standing for the kinetic energy 
of incident protons in the laboratory system. He used 
five sets of phase shifts by Stapp, Ypsilantis, and 
Metropolis’ for those states with isotopic spin T=1 
together with phase shifts for those with 7=0 that have 
been computed by Gammel and Thaler® from their 
potential. His conclusion is that it is difficult to dis- 
criminate between those sets for 7=1 from his results. 

In the present paper, the polarization of high-energy 
protons with energies E between 90 and 310 Mev 
scattered from carbon has been calculated as a function 
of scattering angles © <20°. Also, the triple-scattering 
parameter 8 defined by Wolfenstein’ has been estimated 
at E300 Mev. In evaluating the transition matrix 
element which has been derived in RW, nucleon-nucleon 
phase shifts of Signell and Marshak,’ and of Gammel 
and Thaler® have been considered. Although far from 
being the final answer to the problem of nuclear forces, 


HE polarization of high-energy protons elastically 

scattered from nuclei has been calculated by 
many authors.’ Most of these calculations are, however, 
based on phenomenological potentials between incident 
protons and target nuclei as a whole. Therefore, it is 
rather difficult to relate their results to individual 
nucleon-nucleon interactions. Optical-model potentials 
directly connected to nucleon-nucleon scattering phase 
shifts have first been studied by Riesenfeld and Watson? 
and, more recently, by Bethe* in estimating the proton 
polarizations by carbon. Riesenfeld and Watson used 
the phase shifts derived by Feshbach and Lomon‘ and 
compared the calculated values of the polarization at 
= 20°, where © is the scattering angle in the labora- 
tory system, with experimental data. Bethe evaluated 


* This research was supported by the U. S. Atomic Energy 
Commission and by the Office of Ordinance Research, U. S. Army. 

' See, for example, E. Heiberg, Phys. Rev. 106, 1271 (1957) for 
detailed references. 

2W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956). This paper will henceforth be referred to as RW. 

‘H. A. Bethe, Ann. Phys. 3, 190 (1958). 


5 Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 302 (1957). 

6 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957); 
107, 1337 (1957). This work will be referred to as GT. 

7L. Wolfenstein, Phys. Rev. 96, 1654 (1954); 98, 1870 (1955). 


4H. Feshbach and E. Lomon, Phys. Rev. 102, 891 (1956). This 
work will be referred to as FL. 


§ P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957); 
109, 1229 (1958). This work will be referred to as SM. 
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their potentials reproduce many essential features of 

nucleon-nucleon scattering data for E<150 Mev (SM) 

and for ES300 Mev (GT). Feshbach-Lomon‘ phase 

shifts, which do not give correct values for p-p polariza- 

tion,’ have been found to be ruled out because of the 

wrong sign of the resulting £. 


II. LIST OF NOTATION 


p(=hk), p'(=hk’)=the incident and the scattered pro- 
ton momenta, respectively, in the laboratory 
system. 
‘=kinetic energy of the proton in the laboratory 
system. 
=scattering angle of the proton in the laboratory 
system. 
m,=m-meson mass. 
px(r), pc(r)=the nucleon density and the charge den- 
sity, respectively, of the target nucleus. 
o= Pauli spin vector of the proton. 
M=proton mass. 
k= |k| =|k’ 
= total energy of the proton in the laboratory sys- 
tem divided by Mc’. 
=radius of the target nucleus. 
mass number and atomic number, respectively, 
of the target nucleus. 
v= velocity of the proton in the laboratory system. 
n= (kxk’)/|kxk’}. 
g=2k sin(©/2). 
n= (e/hv). 
K ,=phase shift for orbital angular momentum AL. 
o,=argl'(1+L+in). 
s=sin(@/2). 


y 


III. EXPRESSIONS OF THE POLARIZATION AND 
THE TRIPLE-SCATTERING PARAMETER 


Since the main object of this work is to obtain informa- 
tion on nucleon-nucleon interactions, it is desirable to 
make final results independent of the detailed structure 
of the target nucleus. One can accomplish this by 
calculating the polarization and @ in the first Born 
approximation which has been found to be valid for 
small scatterlng angles," i.e., for © <@o, the position of 
the first diffraction maximum of the polarization.’ On 
the other hand, as has already been pointed out,” the 
experimental angular distribution of the polariza- 
tion clearly indicates significant contributions of the 
Coulomb-nuclear interference at such small angles. 
Also, relativistic effects arising through the Coulomb 
interaction become noticeable in this case."* These 

9A. M. Saperstein and L. Durand, ITI, Phys. Rev. 104, 1102 
(1956). 

0 For references on this point, see Bethe’s article (reference 3) ; 
also E. M. Hafner, Phys. Rev. 111, 297 (1958). 

1! Tn any case, the formulas in RW cannot be applied beyond this 
angular region. 

2 A. E. Taylor, in Reports on Progress in Physics (The Physical 
Society, London, 1957), Vol. 20, p. 86. 

8 W. Heckrotte, Phys. Rev. 101, 1406 (1956). 
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effects of the Coulomb forces have been taken into 
consideration in this work on the assumption that the 
distribution of neutrons is the same as that of protons 
and that the first Born approximation is reasonably 
accurate in estimating the Coulomb scattering ampli- 
tude except, of course, its phase factor. Under this 
assumption, the final results are entirely independent of 
the assumed distribution of nucleons. 

The treatment of the Coulomb scattering employed 
below is open to criticism because the Coulomb ampli- 
tude in first Born approximation does not contain the 
phase factor exp[ —in In sin?(@/2) ] which is present in 
the exact treatment of the Coulomb wave in the case of 
pure Coulomb scattering. If one simply includes this 
factor in the Coulomb amplitude and employs the 
nuclear amplitude in the form used by Riesenfeld and 
Watson, appreciable changes result at the smaller scat- 
tering angles. Thus, for example, the values of the 
polarization at 90 Mev (GT) taken, respectively, with 
and without the phase factor are 0.40 and 0.28 for 
@=5°, 0.263 and 0.270 for @=7°, 0.284 and 0.292 for 
@=10°. The employment of the phase factor in this 
simple manner is unjustifiable, however, as may be seen 
from the following argument. In the case of scattering of 
spinless particles the scattered wave is 


Vs-=p 'expli(p—n In2p+ 200) }{ — }s-*n exp(—in Ins?) 


(2L+1 )P (cos)O;z( K, ) exp[_27(¢,—«0) l}, 


() 


+2 
L 


where 
O1(K1) = (2&**4+—1)/21, 


with K,; denoting the phase shift for orbital angular 
momentum hL. The a, are the Coulomb phase shifts 
such that 


o,—o9= tan (n/L)+tan—"[ /(L—1) J+---+tan-'». 


The phase factor exp(—in Ins?) may not be included 
therefore without bringing in the exp[2i(¢,—«¢) ] as 
well. The latter are not included however in the equa- 
tions of Riesenfeld and Watson. Their inclusion would 
involve obtaining numerical values of the phase shifts 
and summing the series. This procedure is questionable 
because of uncertainties in the values of A, caused by 
neglect of plural scattering in Watson’s method. There 
is some compensation of the two factors however. For 
example, a semiclassical estimate for 100-Mev protons 
scattered from carbon indicates that for a nuclear radius 
of 3X 10-" cm the K , decrease rapidly with L beginning 
with L&6. In this case 2(¢ ,—o)=0.4, while for © = 10° 
one has —y Ins*&¥0.5. The two phase factors are thus 
approximately equal, resulting in their approximate 
compensation. At higher energies both factors are less 
important. The degree of compensation varies some- 
what with © because of the variation of Ins? and because 
of the change in the relative importance of different L. 
The tacitly made assumption of equality of the K, with 
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and without Coulomb field is partially justifiable be- 
cause for L=6 the centrifugal barrier is approximately 
30 times greater than the Coulomb barrier. 

It may be noted that, since the present calculations 
use only the first-order transition matrix element in 
momentum space, they do not depend on the optical 
model potential in the usual sense but rather depend on 
the existence of nucleon-nucleon phase shifts. A first- 
order treatment in momentum space which strictly 
speaking corresponds to neglecting rescattering is equiv- 
alent to a first-order treatment in coordinate space and 
the latter leads to the use of the partial wave expansion 
with the approximation 0; (AK )~K. The validity of this 
approximation is not essential, however, to most of the 
discussion regarding the Coulomb field phase factors. 

According to RW, the matrix element for the transi- 
tion, in which the incident and the scattered proton 
momenta in the laboratory system are p and p’, re- 
spectively and the target nucleus is in its ground state," 
may be written in the form 


{—(VertiVern+(1/m,c)io-p' Xp 


(21h) ‘fovir 


Xexpl—i(p’—p)-r/h vt. (1) 


(p’| Uc| p) 


X(V srtiV sr) 


Four quantities Ver, Ver, Vsr, and Vs, which are all 
real and functions of the incident proton energy, are 
connected to the nucleon-nucleon scattering amplitude 
as follows: 


V crtiV c1=3(A/R®)(2/My)[ (y+1)/2}' Mo, 


V sretiV sr= —3(A/R*)(1/My) 
X (m,c k)*(y+1)M,, 


(1.1) 


where My and M, are given by Eq. (6) of RW and other 
symbols are as in the list of notation. These quantities 
may also be expressed in terms of nucleon-nucleon 
scattering phase shifts as given by Eq. (13) of RW." It 
is important to note that, as one can see from Eq. (1.1), 
the quantities V are proportional to R“, R being the 
radius of the target nucleus. The nucleon density py (r) 
in (1) is normalized to the nuclear volume," 


fovea (42/3) R®. 


RW also show how to compute V ¢; from experimental 
values of the total scattering cross sections oy, and gp». 


(1.2) 


“4 The target nucleus is treated as being infinitely heavy. 

16 The expression for Vc; in terms of phase shifts, which is not 
given in RW explicitly, may be obtained from that for Vcr by 
simply replacing each sin(25) with 2 sin*6. 

16 Tf py(r) were normalized to A, the mass number of the target 
nucleus, Ver, etc., would be independent of R and A. 
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This value will be distinguished from the V ¢; having its 
primary significance in terms of phase shifts, by the 
superscript o. According to Eq. (14) of RW, 

V er’ = (hv/2)6A (40 R8/3)7*. (2) 


Here v 
mass number, and 


is the velocity of the incident proton, A is the 


G=4y6(Tnptopp), (2.1) 


while yg is the correction factor for binding effects.!” 
Since ¥q is a function of the nuclear radius R, V er? is not 
proportional to R™*. 

In the first Born approximation, the proton-carbon 
scattering amplitude resulting from the matrix element 
(1) takes the form 


My=fy+gyno-n 
(2k/hv) (V crt+iV cr) (1/4r)F y(qg)(1+dA0-n), (3) 


where hk= | hk hk’|, hk and Ak’ being, respectively, 
the momentum of the incident and scattered proton, 
n= (kXk’)/|kXk’|, and g=2ksin(@/2). The form 
factor F'y(q) of the nucleon density py(r) is defined as 


DL 


> 


Fy(q)= inf py(r)(singr/gr)rdr, (3.1) 
while 


A(O)=1(V sr tiV sr) (VertiV cr) 
X (h/m,c)*(R? sin@), 
is independent of R. 
On the other hand, for the Coulomb-scattering ampli- 
tudes, one obtains, in the same approximation, 


Uc=fe+g.o-n 
— (2k/hv) (e/g) F c(q)(1+ve-n), (4) 
where™ 


v(Q)=—1(E/Mec*)(u—3) sind, (4.1) 


and u(= 2.793) is the magnetic moment of the proton in 
nuclear Bohr magnetons. The form factor F¢(q¢) is 
defined in the same way as Fy (q) [see Eq. (3.1) ] using 
the charge (or proton) density pc(r) which is, in turn, 
normalized to the total charge of the target nucleus: 


foc r)dr = Ze, 


where Z=6 for carbon. 

If pc(r) is put equal to py(r) except for its normaliza- 
tion,’ the total scattering amplitude Mr=My+Me 
takes the simple form 


Mr=(fyt+feo)+(gytgc)e-n 
= fy[ (1+ea)+ (A+ar)e-n], (5) 


(4.2) 


17M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 

18 The assumption pc(r) = py (r) isin good agreement with results 
of comparisons of neutron and proton distributions obtained in 
different ways as discussed at the Stanford Conference on Nuclear 
Sizes, December 1957 (unpublished). 
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Fic. 1. Parameters in the transition matrix element, Eq. (1), 
calculated from nucleon-nucleon phase shifts of Signell and 
Marshak (SM) and of Gammel and Thaler (GT). The kinetic 
energy £ of the incident proton is in Mev. 


where 


a(©)= fe(O) fn(O) 
= — (1/2k) (6e"/hv) (sin} 0)? 
X (3h0/2k)LR8(Vcrt+iVer}". (5.1) 
Here, it must be emphasized that, since Vcr and V ¢; 
are proportional to R-*, a is independent of R. The 
polarization P(@) and the triple-scattering parameter 
8(©) may then be expressed in terms of a, \, and », 


2(1+a*)(A+ar) 
P= Re(— er "hal :) 
|1+a|?+|A+ar}? 


2(1+a*)(A+av) (1—P*) 
sing —Im(— -- —- — 


(6) 


" 
-), (7) 


where a* is the complex conjugate of a. Equation (6) is 
equivalent to Eq. (38) of RW when a is put equal to 





Fic. 2. Polariza 
tions of protons elas- 
tically scattered from 
carbon. (1) GT at 90 
Mev; (2) GT at 90 
Mev with Vc"; (3) 
SM at 90 Mev; (4) 
SM at 100 Mev; (5) 
SM at 100 Mev with 
Vcr". Experimental 
points are those of 
Dickson and Salter” 
at 95 Mev. Errors 
are due to counting 
| statistics only. 
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zero. The quantity 6 is connected to the rotation 
parameter R(©@) of Wolfenstein through the relation’ 


R(O)= (1— FP?) cos(O—B). (7.1) 


From Eqs. (6) and (7), it is clear that in the ap- 
proximation used here these quantities are independent 
of the assumed nucleon density distribution and the 
radius R of the target nucleus.'.”° 


IV. RESULTS AND DISCUSSION 


Substituting nucleon-nucleon phase shifts into Eq. 
(13) of RW and making use of reference 15, one can 
obtain V cr, Ver, V sr, and Vs; as a function of energy. 
This has been done for SM phase shifts at 40, 100, 150, 
and 300 Mev, and for GTyphase shifts at 90, 156, and 
310 Mev. Figure 1 shows these parameters together 





Fic. 3. Polariza 
tions of protons elas 
tically scattered from 
carbon. (1) GT at 
156 Mev; (2) GT at 
156 Mev with Ve;*; 
(3) SM at 135 Mev; 
(4) SM at 135 Mev 
with Ver"; (5) SM 
at 150 Mev. Experi 
mental points are 
those of Dickson and 
Salter® at 135 Mev 
and of Alphonse, Jo- 
hansson, and Tibell** 
at 155 Mev. Errors 
are due to counting 
statistics only. 
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with V ¢7? of Eq. (2) that has been computed from the 
experimental” ¢,,, and oy». In Fig. 1, R= 3.06X 10—-" cm 
has been used as the radius of carbon” although 


19 However, the fact that, in carbon, the number of neutrons is 
equal to that of protons and the nuclear spin is zero has been 
incorporated in this result. 

2” The fact that for pc(r)=pwn(r) the first-order result for the 
polarization is independent of p(r) but that for pe(r)~pn(r) 
this is not necessarily the case, was noted by G. Breit and J. S. 
McIntosh in connection with their article in the Encyclopedia of 
Physics [Handbuch der Physik (Springer-Verlag, Berlin, to be 
published) ], Vol. 41. 

21 Tn Eq. (2.1), opp should not include contributions due to the 
Coulomb interaction between two protons. Values for opp used 
here are those given by W. N. Hess, University of California 
Radiation Laboratory Report UCRL-4639 (unpublished), where 
care has been taken not to include the Coulomb scattering. How- 
ever, especially at lower energies (ES 100 Mev), these values are 
rough estimates of pure ‘‘nuclear” scattering cross sections rather 
than well-defined quantities. 

22 R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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polarizations and 8 calculated from these Vcr, Vcr, 
Vsr, and Vs; are independent of this choice; P and B 
obtained from V ¢7’ are, on the other hand, affected by 
the value of R. Polarizations calculated from them are 
compared with experimental data*~** in Figs. 2 to 5. In 
these measurements at 95, 135, 155, and 220 Mev,#-* 
inelastic contributions have been separated to get 
polarizations due to the elastic scattering only. How- 
ever, no such separation has been done at 289 and 313 
Mev.”* Experimental uncertainties indicated in Figs. 2 
to 5 take into consideration counting statistics only; 
additional uncertainties quoted in references 23 and 26 
are +10% at 95 Mev, +7% at 135 Mev, +7.5% at 
289 Mev, and +4% at 313 Mev. Interpolated values of 
Ver, etc., from Fig. 1 have been used to estimate 
polarizations at 90 and 135 Mev for SM and at 220 and 
250 Mev for GT. In Fig. 6 are plotted theoretical values 
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of 8 in conjunction with experimental points’ at 
E~300 Mev. Broken curves in Figs. 2 to 6 represent 
polarizations or 8 that have been evaluated using 
Ver’; in Figs. 2 and 3 they seem to be in definite 
disagreement with trends of the experimental polar- 
ization. 

In Fig. 1, one notices that quantities Vcr, etc. re- 
sulting from SM and GT phase shifts are quite similar. 
In particular, values of Vc; are almost identica! for 
E>=100 Mev. It is, therefore, difficult to discriminate 
between SM potentials and GT potentials on the basis 
of present work, both potentials being in semiquanti- 
tative agreement with the available experimental data. 
However, there is a marked difference between the SM 


% J. M. Dickson and D. C. Salter, Nuovo cimento 6, 235 (1957). 


* Alphonce, Johansson, and Tibell, Nuclear Phys. 3, 185 (1957)? 


26 Chesnut, Hafner, and Roberts, Phys. Rev. 104, 449 (1956). 
*6 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rey. 102, 1659 (1956). 
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and GT phase shifts and those of Feshbach and Lomon 
at higher energies (E> 200 Mev). As one can see from 
Fig. 3 or Table II of RW, the phase shifts of Feshbach 
and Lomon give either negative (for set B) or positive 
but very small (for set 4) Vcr whereas V cr of SM and 
GT are always positive for E<300 Mev and fairly 
large, ie., Ver>10 Mev for E<260 Mev.?’ Since, 
without Coulomb effects, P is roughly proportional 
to (VerVsre—VcrVsr1)/sinO and B to —(VcrV sr 
+VerV sr)/sin©, and since Ver and V sp are always 
positive whereas Vs; always negative, positive but 
small or negative V cr generally yield small polarization 
and positive 8 in disagreement with experiments.”® In 
Fig. 5, polarizations at 274 Mev computed from set A of 
FL are plotted for the sake of comparison.” 





20 
Fic. 6. Triple-scat 
tering parameter 8 
of protons elastically 
scattered from car 
bon. (1) GT at 310 
Mev; (2) GT at 310 
Mev with Vc;"; (3) -40 
SM at 300 Mev. Ex- f 
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lain et al.2® at 290 
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at 300 Mev for 1 | 
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27TIn RW, R=3.23X10-" cm has been used as the radius of 
carbon. Therefore, values of Vcr in Table II of RW must be 
multiplied by (3.23/3.06)§=1.18 for this comparison. This, how- 
ever, does not affect the subsequent argument. 

*8Set A of FL phase shifts gives, at 274 Mev, 8(5°)=12.9°, 
8 (10°) =25.6°, 8(15°) =38.0°, and 8(20°) =49.8°. 

Tt is clear from Fig. 5 that the agreement near @=20° of the 
Feshbach-Lomon polarization with experimental points at E300 
Mev, which has been indicated in Fig. 4 of RW, is rather accidental 
and cannot be taken seriously. 
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TABLE I. Effects of the Coulomb interaction on the polarization. 


GT, 156 Mev 


GT, 310 Mev SM,90 Mev’ SM, 150 Mev 
@=5 @ =5° 0=1 ° 


Polarization* 0 6 =10 
0.665 
0.657 
0.585 


0.381 
0.370 
0.304 


0.474 
0.467 
0.427 


0.310 
0.270 
0.170 


polarization that includes all effects of the Coulomb interaction 
olarization neglecting relativistic effects arising tarough the Coulomb 
0 in Eq. (6)). Pun =polarization with no Coulomb effects [» =0, 

1. (6)) 


In Tables I and II, effects of the Coulomb interactidén 
on the polarization and 6 are shown for some cases. The 
importance of these effects is particularly clear at 90 
Mev as is seen in Fig. 2. Also, as a result of the Coulomb- 
nuclear interference, 8 changes its sign at small angles. 

Since the original formalism of Watson,*° on which the 
(1) is based, contains the 
A, it is not clear whether a 


transition matrix element 
relative error of the order 1 


* K. M. Watson, Phys. Rev. 89, 575 (1953). 
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TABLE IT. Effects of the Coulomb interaction on the triple- 
scattering parameter 8. The symbols I, II, and III have the same 
meaning as in Table I. 


SM, 300 Mey 


GT, 310 Mev GT, 310 Mev SM, 300 Mev 
@ =S° , 6 =3 e= 


6 =10 
5.2° 
4.6° 


-5.6° 


15.6 
13.6° 


8.7' -10.7° 
9. —10.1' 


3 
a -14.3° 2.0 


certain amount of disagreement of the calculated values 
of the polarization with experiments is truly significant. 
Besides, the target nucleus has been treated as though 
it were infinitely heavy, which would also introduce an 
additional error of the same order. 
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Proton-Proton Scattering in the Bev Region 


G. E. Brown* 
Institute for Theoretical Physics, University of Copenhagen, Copenhagen, Denmark 
(Received April 21, 1958) 


Proton-proton scattering in the Bev region is analyzed in terms of an interaction which, at 1 Bev, is 
taken to be a hard core of radius 0.45X10~" cm together with an external absorption of Gaussian form 
The hard core is assumed to disappear with increasing energy and to be replaced by absorption. General 
features of the data are well reproduced by this simple model 


1. INTRODUCTION 


N the past few years, proton-proton scattering experi- 
ments have been carried out up to an energy of 6 
Bev. Whereas at energies in the range 0-300 Mev the 
differential cross section has been analyzed quite 
generally in terms of phase shifts, at energies in the Bev 
region, this can be done only with simplifying assump- 
tions! since the number of experimental data are in- 
sufficient to determine the necessarily large number of 
phase shifts. One way of seeing just what such assump- 
tions imply is to choose a simple model, such as an inter- 
action of some definite radial dependence. One of the 
simplest assumptions is that the bombarded proton is 
equivalent to an absorbing sphere, with inverse mean 
free path for absorption, K, constant throughout the 
sphere. This means that only two parameters, AK and 
the radius of the sphere R, have to be determined. The 
experimental cross sections in the range 0.8-2.75 Bev 
*On leave from the Department of Mathematical Physics, 


University of Birmingham, Birmingham, England. 
1 W. Rarita, Phys. Rev. 104, 221 (1956). 


have been fitted in this way.’ It is easy to see how K 
must behave. At 1 Bev the ratio of elastic to inelastic 
scattering is almost unity, and so K must be large 
enough so that the sphere is essentially black. In order 
to describe the decrease in the elastic cross section with 
energy (see Fig. 1) and the increase in the ratio of in- 
elastic to elastic scattering, K must decrease with 
energy. 

The absorption described here results from meson 
production. In terms of a picture in which the proton- 
meson interaction is strong, it is hard to see why the 
absorption should decrease as more energy becomes 
available for meson production. Further, the analysis of 
Rarita' at 1 Bev indicated that such a simple optical 
model description was inadequate for describing the 
angular distribution in detail, because it predicted 
more absorption in the s wave than in the d wave, 
whereas his phase-shift analysis required the opposite 
condition. 

A reasonable way to supplement the above picture 


2 W. B. Fowler et al., Phys. Rev. 103, 1489 (1956). 
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is to add to the interaction a repulsive core, of the type 
known to be present at low energies. We shall show that 
such a hard core, together with a smoothly-varying, 
external absorption of longer range can account quite 
adequately for the data at 1 Bev. 

Now, such a hard core in the interaction is usually 
assumed to describe, in a phenomenological way, effects 
from the exchange of several pions, or of heavier 
mesons. If this is its origin, then it is unreasonable 
that it should exist at energies of several Bev where 
there is sufficient energy to produce several pions or a 
pair of heavy mesons. We therefore assume that the 
core disappears with increasing energy and is replaced 
by either partial or complete absorption. We shall show 
that this is easily able to account for the decrease in the 
elastic scattering. 

2. DEVELOPMENT 
The momentum of the incident proton in the center- 


of-mass system before interaction can easily be calcu- 
lated from the relation 


2(por-+M?2)'= Eo.m.+2M, (1) 


where /,.m. is the kinetic energy in the center-of-mass 
system. In the region of interaction, the momentum will 
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Fic. 1. Experimental data on total and elastic cross sections. 
The points @ at 1 Bev are our points for that energy calculated 
with a hard core plus external absorptive interaction. The points ® 
on the right are calculated for the case in which the hard core has 
been replaced by absorption. The experimental points are: 
e—Chen, Leavitt, and Shapiro, Phys. Rev. 103, 211 (1956); 
@—Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 
(1955); m—Cork, Wenzel, and Causey, Phys. Rev. 107, 859 
(1957); O —P.J. Duke et al., Phil. Mag. 2, 204 (1957); x —R. W. 
Wright ef al., Phys. Rev. 100, 1802(A) (1955). 
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be changed. In the absence of a well-founded relativistic 
equation for the interaction of two nucleons, we take 
the equation 


Pv= [pot dp(r) (2) 


to describe the scattering of one of the nucleons. Here 
p=V/i is’ the momentum operator for this nucleon. 
In using Eq. (2) we are assuming that the result of 
interaction with the target nucleon is simply to shift 
the local momentum of the incident nucleon. 

If we now expand y in spherical harmonics 


¥(r)= >> arpi(cos) fi(r)/r, 


then f; must satisfy the equation 
d* fi F L(l+1) 
+} [potdp(r) P-—— 


dr r° 


fi=0. (4) 


If, in the region outside the hard core, 6p(r) varies 
smoothly, we can use the WKB method to integrate 
this equation. In case the classical turning point does 
not occur at a distance larger than the core radius a, 
we must start f; from zero at a and obtain for the 
phase shift 


ave Ml+1)\3 
sf | (Cootspen P- : ) a 


— (poR— 1 )r), (5) 


where a is the radius of the hard core and R is some 
distance larger than the range of interaction. For the 
case we consider, 6p will be small compared to po, and 
we can expand, keeping only terms linear in 6p; we 


obtain 
4 x 
art f 
2_p?)2 


ni i(i+1) 
sm | | ps Heres dpdz— (poR— dln) 
a i (a 


= {1— pob}/2— po(a2—B*)!+ pob cos“(b/a) 


L 


+ J dpdz, (6) 
2 22,4 


with “ii 

pob=(1(1+1) }!. (6’) 
We have been careful not to set [/(/+-1) ]! equal to /+4 
here, as is often done in the WKB method, because the 
above formula will be used for small values of / where 
the difference is appreciable. Here } can be interpreted 
as the impact parameter. The first terms in 6; give the 
semiclassical value of the phase shift for a hard core; 
the final term is just the phase shift from the external 
region as obtained by Fernbach, Serber, and Taylor. 
In case the classical turning point is outside the hard 
core, only the final term survives. Our above develop- 


’ We choose h=c=1 throughout 
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Fic. 2. Scattering at 1 Bev. Theoretical points for a hard core 
plus external absorption compared with experimental data. 
References to the experiments are given in the caption to Fig. 1 


ment shows that the effects of the core and of the 
external region are simply additive, as effects from 
different regions should be in a semiclassical treatment. 

Within the linear approximation, the term in Eq. (2) 
responsible for the scattering is 2095p. We see from Eq. 
(6) that this particular choice of the factor multiplying 
5p ensures that if the interaction is absorptive, i.e., 5p 
is imaginary, the mean free path, will be independent 
of energy if 5p is not a function of energy. Thus, our 
choice of the equation (2) seems a reasonable one. For 
a particle in a smoothly-varying potential well, solution 
of Eq. (2) by semiclassical techniques gives the usual 
optical-model formulas. 

In the case of scattering at 1 Bev and a core radius 
of 0.45 fermi (1 fermi=10—" cm), poa=1.6 and, con- 
sequently, only s and p waves are affected by the hard 
core. For the case of only a hard core and no external 
interaction, our formula gives —1.6 for 59 and —0.713 
for 6;. Whereas the s phase is just that from the exact 
solution, the exact p phase here is —0.586. Thus, our 
approximate formula overestimates the repulsion in 
p states somewhat ; however, it gives zero d-state phase, 
whereas the exact phase shift is —0.120 here, and the 
exact f-state phase’ shift is —0.011. Whereas the 
method will not be expected to give accurate results, 
it should be sufficiently good for describing general 
features of the scattering. 
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3. CALCULATION 


We have assumed the interaction to be composed 
of a hard core of radius 0.45 fermi and an external 
absorption 

j 
6p(r) =——— exp(—?°/R’), 
Rr 


where the factor i/4/m was chosen for convenience. 

Calculations of total and inelastic cross sections and 
of differential cross sections were carried out using 
standard formulas (e.g., see reference 1). The param- 
eter R was adjusted so as to give the experimental 
total cross section at 1 Bev; for R=0.86 fermi, a o, of 
49.1 mb was obtained. The value of the inelastic cross 
section was then found to be 30.0 mb, giving an elastic 
cross section of 19.1 mb. In Fig. 2 we show the differ- 
ential cross section compared with the experimental 
data. 

We represent the disappearance of the core expected 
for energies of several Bev by simply extending the 
absorption, Eq. (7), in to the origin (in the preceding it 
applied, of course, only to the external region). We then 
find o,=37.4 mb and o,,=6.4 mb. We have used here a 
po corresponding to 6.4 Bev but the result is very 
insensitive to the particular value of po as we shall soon 
see. The angular distribution obtained with no core is 
compared with the 6.4 Bev experimental points in Fig. 3. 
The theoretical curve gives too little large-angle scatter- 
ing here. This may be because the hard core has not yet 
completely disappeared at this energy, in which case 
the theory would predict a slightly larger total cross 
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Fic. 3. Theoretical points for a purely absorptive interaction 
compared with the 6.4 Bev experiments of Cork, Wenzel, and 
Causey referred to in the caption to Fig. 1. 
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section and more large-angle scattering. On the other 
hand, better agreement could probably also be obtained 
by decreasing R slightly and increasing the absorption 
which is possible without destroying the fit at 1 Bev. 

Although our description is rather rough, it is clear 
that the decrease in elastic scattering can be accounted 
for by the disappearance of the hard core in the nucleon- 
nucleon interaction. 

(Quantitative features of our description can easily be 
understood if we neglect the identity of the two protons 
and describe the scattering by optical model formulas 
in which the sums over partial waves have been re- 
placed by integrals. Then 


,_2 


Ot in| {1—e°?!") cos26r(b)} ddd, 


es 


O; anf {1 — 6281 ()V bd, 


where 6 and 6; are the real and imaginary parts of 6, 
the former arising from the hard core and the latter 
from the external absorption. For a hard core of large 
extent, it is clear that the total cross section will be 
equal to that for a black disk, since (cos26x(}))a will be 
zero. At 1 Bev the core is, of course, not large. But for 
b=0, 26br 
sponding to resonance scattering in the s state. Thus, 
the total cross section can be substantially supplemented 
by the presence of the hard core. As the hard core dis- 
appears, dg—>0, and the total cross section goes down, 
leaving the inelastic cross section almost unchanged. 


3.2, and consequently, cos 26;=—1 corre- 


4. DISCUSSION 
It is seen from the preceding that our description 


accounts for the main features of p-p scattering in the 
Bev region. It is, of course, only a rough one, and would 
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not be expected to describe more detailed features, 
such as polarization. (It would predict zero polariza- 
tion.) For a description of these, other elements will 
have to be added. However, we believe that the disap- 
pearance of the hard core may be the essential factor 
in the decrease in elastic scattering with increasing 
energy. 

We have chosen to describe the hard core as a velocity- 
dependent interaction. It is clear that we could also 
choose an imaginary core of height H such that H lies 
between 1 and 6.4 Bev. At the lower energies, the effect 
of such a core would be similar to that of the hard core, 
since the wave function must be nearly zero at the edge. 
For energies above it, it will act as a completely ab- 
sorbing region. Such a purely absorbing core has been 
used recently in nucleon-antinucleon scattering by 
Ball and Chew. 

If the external absorption is really more or less 
constant, as we have postulated it, then the elastic 
cross section should stop decreasing after the hard core 
disappears, and it will soon be possible to check this 
by experiments at higher energies. 

It is, of course, to be assumed from our picture that 
neutron-proton scattering should exhibit the same 
general characteristics, although the absorption may 
have to be rather smaller to take account of the fact 
that meson production from the state of isotopic spin 
T=0 is less likely than from T=1. 
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Construction of a Complete Set of Independent Observables in the 
General Theory of Relativity* 


ARTHUR KOMAR 
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The construction of a complete set of quantities in general relativity, whose functional form is invariant 
under coordinate transformations, is indicated. The set obtained is highiy redundant. The Cauchy problem 
for obtaining an independent complete set of such quantities (‘‘observables”) is therefore discussed. It is 
also pointed out that the observables obtained may alternatively be viewed as the metric tensor in a special 
“gauge”’ (i.e., with a special coordinate condition). This latter viewpoint may facilitate the quantization 


of general relativity. 


1. INTRODUCTION 


HE well-known and most conspicuous property 

of the general theory of relativity, the general 
covariance of its laws under arbitrary nonsingular 
coordinate transformations, has as a necessary conse- 
quence the unobservability of the coordinates by which 
we identify points in space-time. For clearly, by an 
appropriate coordinate transformation, a given world 
point can be given arbitrary coordinates relative to any 
other set of world points. A further, and perhaps more 
serious, consequence of the general covariance is that 
the metric tensor, the potentials of the gravitational 
field, as a function of these coordinates, is also not 
observable. This circumstance can be reflected, for 
example, in two alternative ways: (1) Given two metric 
tensor fields, one cannot readily tell whether they 
represent two distinct physical situations or whether 
they represent the same physical situation but in two 
different coordinate systems (the so-called equivalence 
problem). (2) Given the metric tensor and its first 
normal derivative on a space-like hypersurface, its 
continuation in time is not uniquely determined by the 
field equations of the theory, for we are evidently free 
to perform coordinate transformations which do not 
alter the coordinates and Cauchy data on the initial 
hypersurface. 

Observables in classical gravitation 
analogous to gauge-invariant quantities in classical 
electromagnetic theory. They are uniquely determined 
by the physical situation under consideration. Further- 
more, if one has a complete set of such observables, they 
will uniquely determine or characterize the physical 
situation, totally removing the ambiguity engendered 
by general covariance. Apart from the obvious interest 
that such observables possess for the classical theory of 
gravitation, the efforts toward quantization of general 
relativity indicate the necessity for having only such 
quantities correspond to operators in the Hilbert space 
of physical states.’ 


theory are 


* Supported in part by the National Science Foundation and 
the Air Force Office of Scientific Research. 

1 For further and more thorough discussions of these questions 
see P. G. Bergmann, Nuovo cimento 3, 1177 (1956); E. Newmann 
and P. G. Bergmann, Revs. Modern Phys. 29, 443 (1957) and the 
references found in this latter paper. See also P. A. M. Dirac, 
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The purpose of this paper is to indicate a general 
procedure for the construction of a complete set of 
observables in gravitation theory. We shall construct 
those observables in Sec. 2 and shall indicate the limits 
of validity of the procedure. In the third section of this 
paper we shall digress slightly to present a somewhat 
unconventional but straightforward version of the 
Cauchy problem in general relativity. We shall employ 
this approach in Sec. 4 to attack the problem of finding 
a complete set of independent observables, that is, those 
observables whose values or functional forms can be 
arbitrarily assigned, so that each distinct assignment 
will lead uniquely to a physically distinct solution of 
the field equations of the theory. 


2. CONSTRUCTION OF TRUE OBSERVABLES 


The coordinates of world points are evidently not 
observables, but a world point may be identified in- 
variantly by different methods. Clearly, the scalars 
which one is able to construct by combining the metric 
tensor, the Riemann tensor, and its covariant de- 
rivative, will in general have different values at different 
world points. Since scalars do not alter their values 
under coordinate transformations, these numerical 
values can serve to identify world points in an intrinsic 
fashion, thus giving a first means for the construction 
of observables. In particular, for spaces which do not 
admit a symmetry group of isometries we know that 
some set of four of these curvature scalars may be 
found which is functionally independent.? Such a set 
of scalars can then serve to identify world points 
uniquely. For the remainder of this paper we shall 
limit our attention to the consideration of such non- 
symmetric spaces. The nonsymmetric spaces clearly 
comprise the vast majority of those spaces which 
satisfy the gravitational field equations. In addition, 
a lack of symmetry corresponds to our most immediate 
and direct observations and impressions of the universe. 
Unfortunately, in obtaining all our known solutions of 
the gravitational field equations, for simplicity some 
form of symmetry had to be assumed. These solutions 


Quantum Mechanics (Clarendon Press, Oxford, 1947), third 


edition, p. 286. 
2A, Komar, Proc. Natl. Acad. Sci. U. S. 41, 758 (1955). 
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are thereby included in the ‘‘set of zero measure” we 
are choosing not to consider. 

Although it will not be essential for the considerations 
of this article, there is good reason, for the case of empty 
space-times, to impose an additional limitation. We 
can require that the four functionally independent 
scalars, whose existence we are assuming, be the four 
independent real scalars which are determined by the 
eigenvalue problem® 


(Rijmn— P£iimn) V™™ 0, 


where R,j;4, is the Riemann Tensor, gijc1= ZikZji— ZitBiks 
and V* is an antisymmetric tensor. The requirement 
that these four scalars be functionally independent is a 
much stronger condition, which is satisfied only in the 
most asymmetric of spaces and which corresponds to 
the exclusion of Pirani’s type II and III spaces of pure 
radiation, in addition to excluding symmetric type I 
spaces. At this stage of our exposition, the principal 
motivating factors in imposing this additional limi- 
tation are twofold: (1) apart from scalars constructed 
trivially by taking algebraic functions of these four 
scalars, they are the only nontrivial scalars which are 
of least possible order in derivatives of the metric, thus 
making them the simplest and most natural choice; 
(2) since they stem from an eigenvalue problem, their 
structure will be much simpler to analyze than other 
possible choices of scalars. 

Throughout this paper we shall adhere to the con- 
vention that Latin indices run from 1 to 4, and Greek 
indices run from 1 to 3. Let A‘ be the four functionally 
independent curvature scalars (i.e., four specific and 
distinguishable scalar functions constructed from the 
metric tensor and its derivatives). To emphasize that 
these four functions uniquely and intrinsically identify 
world points, let us go to the new coordinate system de- 
termined by the A': 

#'= A‘(x). (2.1) 


If we inquire into what the metric tensor looks like 
in this new coordinate system we find the usual 
expression : 
0A‘ 0A? 

—sg"" (2.2) 


loa 
Ox™ Ax" 

However, we now note that since A‘ is a scalar, the 
0A‘/dx™ is a covariant vector and therefore 9” is 
component by component a well defined scalar con- 
structed from the metric tensor and its derivatives. If 
we consider two metric tensor fields and ask whether 
they represent the same physical situation, differing 
perhaps by being viewed in different coordinate systems, 
we now have a ready criterion for determining the 
answer. Clearly, at corresponding points in any identi- 
fication of the two spaces, the values of all scalars must 


3F,. A. E. Pirani, Phys. Rev. 105, 1089 (1957). See also J. 
Geheniau and R. Debever, Helv. Phys. Acta. Suppl. IV, 101 
(1956). 
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agree if the spaces are to be equivalent. We are therefore 
compelled to identify points in the two spaces which 
have the same “‘intrinsic” coordinates defined by Eq. 
(2.1). Furthermore at these corresponding points it is 
necessary that the ten scalars g” defined by Eq. (2.2) 
have the same values in the two spaces. However, since 
in this coordinate system the 10 scalars 9” are also the 
components of the metric tensor, we see immediately 
that these conditions are not only necessary but also 
sufficient for the solution of the equivalence problem. 
Thus we find that the functional form of the 10 scalars 
g’ as functions of the four scalars A‘ (a) is uniquely 
determined by the metric space independently of any 
system, and furthermore (b) 
uniquely characterizes the space. Part (a) of this 
statement implies that the g” as functions of A‘ are 
“observables” of the space; and part 
(b) implies that this set of observables is a complete 
set. However, we have clearly a highly redundant set 
of observables. 

We will consider in the remainder of this paper those 
spaces which are solutions of the Einstein field equa- 


choice of coordinate 


“invariants” or 


tions 


R;,=0. 


(2.3) 


Since the ten scalars of Eq. (2.2) are also components 
of the metric tensor in the coordinate system deter- 
mined by Eq. (2.1), they must therefore satisfy the 
ten Eqs. (2.3) as functions of these coordinates. In 
addition, the A* may be considered as four (nonlinear) 
differential operators acting on the metric tensor. 
These operators, via Eq. (2.1), must yield back the 
coordinates, to insure that we are in fact in the intrinsic 
coordinate system. We thus obtain four additional 
conditions 


A*(gmn) =". (2.4) 


We should mention in this connection that although 
the observables are defined as ten scalar functions of 
four other scalars, heuristically it is much easier to 
consider the quantities as the metric tensor with a 
particular coordinate condition given by Eq. (2.4) 
even though this viewpoint obscures the observable 
character of the quantities to some extent. 


3. THE USUAL CAUCHY PROBLEM 


In order to determine a nonredundant complete set 
of observables, we are led to consider the initial-value 
problem on a space-like hypersurface for the combined 
set of Eqs. (2.3) and (2.4). Customarily one selects the 
coordinate system in such a way that this space-like 
hypersurface has the equation x*=const. However in 
view of Eq. (2.4) we no longer have this freedom. This 
section is therefore devoted to indicating briefly the 
form of the initial-value problem in an arbitrary 
coordinate system. ‘ 

The initial space-like hypersurface may be specified 
in two equivalent ways. We can specify that it have the 
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equation 


5(x*)=0, (3.1) 


or, alternatively, we can give the equation of the surface 
in parametric form: 


x'=X'(U%), (3.2) 
The parameters U* may be considered as a coordinate 
system which specifies points on the hypersurface. 
Using these parameters, we determine the initial-value 
problem for the field equations (2.3) by specifying 


g5=2:(U%), 
and 
Og ij 
im—_=h,;,(U*%), 3.4) 
Ox” 


where £‘ is the unit normal to the initial surface. We 
shall call these 20 functions of 3 parameters the Cauchy 
data, and shall indicate how they determine a solution 
of the field equations (2.3). 

Since ¢' is the unit normal to S, it satisfies the 


- oxXx™ 
tnnX™ a&"=0 (x= —), 
aue 


timtn— —1 
S&mns § . 


equations 


and 
(3.6) 


+ 


Thus from Eqs. (3.2) and (3.3) we can determine £' as 
a function of the U*. We shall indicate this by writing 
(3.7) 


t= f(U) 


where throughout the remainder of this section /(U) 
shall denote a generic function [or set of functions, as 
in Eq. (3.7) ] completely determined by a knowledge 
of the Cauchy data and/or the equation of the surface 
S. 

Differentiating Eq. (3.3) with respect to U’* we obtain 


X™ afij.m= f{(U). (3.8) 


Since the rank of the matrix 


as 
u=( )=s U) 
&™ 


is four, we deduce from Eqs. (3.4) and (3.8) that 


gij,z= f(U). (3.10) 


It is easy to see that the metric of Eq. (3.3) uniquely 
determines the metric of the hypersurface, yas, via 


(3.11) 


Yas _ ok", 6& mn f( U). 


We shall use this metric to raise and lower Greek 
indices in the usual fashion. Note that under trans- 
formations in x-space the yas behave as a set of 6 
scalars, while under transformations in U space it 
transforms like a symmetric tensor. Similarly X”, 
behaves as a contravariant vector under x-space 
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transformations, and as a covariant vector under U- 
space transformations. Such behavior will be true in 
general, namely, Latin indices will behave as tensor 
indices under x-space transformations and as scalar 
indices (or enumerators) under U-space transforma- 
tions, whereas we have the opposite behavior for Greek 
indices. With this in mind it becomes trivial to deduce 
the important relationship 


gia Xf Ah FE. 3.12) 


For we may first make an x-space transformation in 
such a manner that g4=—6,' and £'=6,'. This is 
obtained by taking the surfaces geodesically parallel 
to S to have the equation x* where the 
constant is the geodesic distance of the surface from S. 
We then perform a U-space transformation so that 
U*=x", Now, in view of Eq. (3.11), Eq. (3.12) 
becomes a trivial identity. However, since it is a co- 
variant relationship it remains true in arbitrary co- 
ordinate systems both in a-space and U’-space. 

By a similar argument it is readily seen that on S we 
can replace the field Eqs. (2.3) by the equivalent set 


const., 


G,= Em( Rie" — 36;"R) = 0, 


Pp=X™ XA" pRmn=0. (3.13b) 


The reason for decomposing the field equations in 
this manner becomes evident by observing that Eq. 
(3.13a) depends purely on the Cauchy data, and in fact 
represents a set of four constraints which limit our 
freedom to assign the data arbitrarily. This is readily 
confirmed as follows: 

G,'=R,'— 36,'R= $e?*[ gi (ma, ph a: § pk, ma— § pa, mk 
— £mk, oq) —% Yee (Lmop, nq &mn, pq) }4 A l ; ). (3.14) 

Employing (3.12) and (3.6), we find 
G;= = 4X” ok *( Se, vit EEP EU mn, pq) Tt J\ l j ). (3.15) 

Therefore, again employing (3.6), we have 


E"Gm= f(U). (3.16) 


Furthermore if we observe that via Eq. (3.10) 


and that we have the orthogonality relationship (3.5), 
we readily obtain from (3.15) 

X™ Gm=f(U). 3.18) 

Combining Eqs. (3.16) and (3.18), with due con- 

sideration of (3.9), we easily obtain 

G,= f(U). (3.19) 

Moreover, it is readily confirmed, by making use of 
(3.12) and the well known identity 


(3.20) 


Gi"m=0, 
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that if (3.13) is satisfied on S, then the first derivative 
of (3.13a) also vanishes on S. Thus the field equations 
on.S insure the propagation of the constraining relations 
(3.13a) away from S. We therefore turn our attention 
to Eq. (3.13b) to determine how the metric propagates 
from §. By direct computation, again making use of 
(3.12) and (3.17), we find 


Pap=X"™, aX", pt?EEmn, pot {(U). 21) 


By repeated use of (3.17) and (3.9) it is then easy to 
deduce from (3.13b) on S that 


X™ .X" agmn, c= f(U). (3.22) 


However at this stage this is as far as we can go by 
relying just on the field equations. But what we are 
after is to show that we can obtain g,; 4; as a function 
of the Cauchy data. The difficulty in accomplishing 
this is clearly a reflection of the fact that the solutions 
of the field equations are not uniquely determined by 
the Cauchy data. For we are free to perform coordinate 
transformations which alter neither the equations of 
the initial surface § nor the Cauchy data on the surface. 
Such a transformation has the form 


> 


xw'+ S?(x)o' (x), (3:23) 
where S(x) is given by the equation of S, (3.1), and 
¢'(x) is an arbitrary nonsingular function. It is easy 
to verify that the (x) may be that 
E?E%E'g,, gr Can have any preassigned behavior on S. 


( hosen So 


In particular we may take ¢' so that 
(). (3.24) 


In fact, by appropriately choosing ¢' it can be 


arranged that 


oprarr 
erege *“* 
a te 


£9965 or.eg =O. (3.25) 
One may also check directly that the coordinate 
transformation (3.23) does not alter Eq. (3.22), as we 
should expect by the fact that it does not alter the 
Cauchy data on S. If we now consider simultaneously 
the set of equations (3.22) and (3.24), by repeated 

application of (3.9) and (3.17) we find 
Lis, ki f(U). (3.26) 


In a similar fashion, by considering higher derivatives 
of the field equations, and taking into account the 
coordinate conditions (3.25), we can obtain a unique 
expression for all the higher derivatives of the metric 
as a function of the Cauchy data. Thus we have re- 
established the well known result‘ that if the Cauchy 
data are assigned on an initial space-like hypersurface, 
arbitrarily modulo four constraints (3.13a), then the 
solution of the Einstein field equations (2.3) is uniquely 
determined modulo an arbitrary coordinate trans- 
formation which does not alter both the equation of 


4A. Lichnerowicz, 7héories Relativistes de la Gravitation et de 
I’ Electromagnétisme (Masson et C'*, Paris, 1955), Chap. II. 
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the initial surface and the Cauchy data on the surface. 
The purpose of repeating these well-known results in 
such detail was to present them in a form and notation 
which can now be directly applied to the Cauchy 
problem of the combined set of Eqs. (2.3) and (2.4). 


4. CAUCHY PROBLEM FOR INDEPENDENT 
OBSERVABLES 


As we can observe from Eq. (3.22), the field Eqs. 
(2.3) only determine the propagation of the ‘“‘trans- 
verse” components of the metric tensor from the initial 
surface. The coordinate conditions (2.4) will determine 
the propagation of the remaining four components of 
the metric. However, if we attempt to consider Eqs. 
(2.3) and (2.4) simultaneously, there will be involved 
conditions of integrability occurring between them. 
For this reason it is much easier to build upon the 
structure which we have established in the previous 
section. 

If we have a solution of the field equations (2.3) with 
a sufficient lack of symmetry, we can always perform 
a coordinate transformation to obtain (2.4). We there- 
fore pose the following problem: given a solution of the 
field equations (2.3) determined by Cauchy data on an 
initial space-like hypersurface and a particular choice 
of coordinate conditions, say that of Eqs. (3.24) and 
(3.25), what additional conditions [other than (3.13a) ] 
must the Cauchy data satisfy in order to insure that 
it may be continued in an intrinsic coordinate system 
[i.e., one that satisfies Eq. (2.4) ]? 

When phrased in this fashion, the solution of the 
Cauchy problem becomes transparent. Clearly, the 
four scalars A‘ must have such a form that when we 
perform the coordinate transformation, in our given 
solution, to the intrinsic frame, the Cauchy data remain 
unaltered; that is, A‘ must have the form of Eqs. 
(3.23), 

A'=2'+S%9"'. (4.1) 

Thus we readily obtain a set of necessary conditions 
on the Cauchy data on S: 


At=X*(U%), (4.2a) 


4.2b) 


ém, { ‘ ae Et [ Fa). 


=(. (4.2c) 


EmeEn {7 o 
S$ § +4 ,mn 


More accurately stated, Eqs. (4.2) become conditions 
on the Cauchy data when all derivatives of the metric 
higher than the first which occur in the expressions 
(4.2) are replaced by the Cauchy data which determine 
them through the field equations (2.3) and our assumed 
initial choice of coordinate conditions (3.24) and (3.25). 
Furthermore, we shall state without proof that it is 
easy to verify that Eqs. (4.2) are sufficient conditions 
for the scalars A‘ to have the form (4.1). Thus Eqs. 
(4.2) are the sought-for additional requirements on 
the Cauchy data which insure that the coordinate 
transformation to the intrinsic coordinate system will 
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not alter the Cauchy data on the initial hypersurface 
(5.1). 

The conditions (4.2) are clearly independent of each 
other and of (3.13a), for any one of them may be 
violated in an arbitrary fashion purely by a choice of 
coordinate transformations. We are therefore in a 
position to state that if, on an initial hypersurface, the 
20 functions of 3 coordinates, (3.3) and (3.4), which 
comprise the Cauchy data, are assigned in conformity 
with the 16 independent constraining relations (3.13a) 
and (4.2), then this is necessary and sufficient to insure 
that the metric may be continued off the initial surface 
in a unique fashion such that the combined set of Eqs. 
(2.3) and (2.4) are satisfied. The independent complete 
set of observables would then be the 4 functions of 3 
coordinates (if such four functions in fact exist) which 
could be arbitrarily assigned such that the 16 Eqs. 
(3.13a) and (4.2) are automatically satisfied. To find 
such four functions requires a closer investigation of 
these constraining relations which is now being carried 
out. The character of the independent complete set of 
observables deduced above, namely that they consist 
of 4 functions of 3 coordinates, agrees precisely with 
what has been determined by general considerations 
of the canonical formalism of general relativity.’ This 
agreement in numerology gives added encouragement 
that precisely four such functions may be found. 

We have indicated that the constraining relations 
(4.2) on the Cauchy data are necessary and [taken 
together with (3.13a) | sufficient relations to insure the 
determination of the problem of the independent 
observables. However, in deriving these relations 
explicit use was seemingly made of the initial coordinate 
conditions (3.24) and (3.25). One might naturally 
question whether the form of the relations (4.2) as 
functions of the Cauchy data would be drastically 
altered if other coordinate conditions were initially used 
to fix the propagation of the four “normal” components 
of the metric tensor. In point of fact this does not 
happen—the form of Eqs. (4.2) as functions of the 
Cauchy data is independent of any assumed initial 
coordinate conditions. For Eq. (4.2a) this statement is 
evident: the value of a scalar at any world point is 
independent of the choice of coordinate conditions. In 
general, the independence of the form of Eqs. (4.2) on 
the choice of initial coordinate conditions stems from 
the invariance of the form of Eq. (4.1) under the group 
of all transformations which leave the Cauchy data 
unaltered, namely all transformations of the form 
(3.23). The explicit demonstration of this fact is 
straightforward and need not be carried out here. 


5. CONCLUSION 


The basic method for constructing observables in 
general relativity is quite simple, and in fact appre- 


5P. G. Bergmann, Helv. Phys. Acta Suppl. IV, 79 (1956) (par- 
ticularly the middle of p. 91). 
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ciably more general than we have thus far indicated. 
Namely, if the space admits four functionally inde- 
pendent scalars, we may use these scalars to replace 
the coordinates occurring in any other scalar. The 
resulting functional form of the scalar function of 
scalars is an observable. If the space admits only three 
functionally independent scalars, it necessarily admits 
a Killing vector field? and therefore all scalars can be 
written as functions of three coordinates, which can 
then be replaced by the three functionally independent 
scalars. The resulting functional forms are again ob- 
servables. Similarly, when a space admits less than 
three functionally independent scalars, observables 
can be constructed, but the construction becomes 
increasingly difficult since one must then take into 
specific consideration the structure constants of the 
group of isometries which the space admits. 

The principal reason why we, in this paper, neglected 
to discuss the observables of spaces with groups of 
motions was not so much the difficulty in constructing 
observables, but rather the difficulty in finding a com- 
plete set of observables. In general, the particular 
scalars which one has to consider in order to obtain a 
complete set differs from space to space according to 
the group of motions which the space admits. That, in 
general, there exists a complete set of observables, is 
assured us by an existence theorem on the equivalence 
problem in terms of scalars.® 

When we turn to the problem of the quantization of 
general relativity, we find a very important reason for 
selecting the four scalars determined by the eigenvalue 
equation at the beginning of Sec. 2 as the scalars 
employed in condition (2.4). Apart from trivial alge- 
braic combinations, these four scalars are the only 
nontrivial scalars which can be constructed purely from 
the Riemann tensor® (i.e., without having to go to 
higher derivatives). Due to the well-known symmetries 
of the Riemann tensor, only the ‘‘transverse’’ com- 
ponents of the metric tensor occur differentiated twice 
in the “‘time’”’ (i.e., normal) direction. However these 
are precisely the terms which are determined via the 
field equations (2.3) in terms of quantities which are 
of at most first order in time. The intrinsic coordinate 
conditions (2.4) can therefore be put into a form which 
are of first order in “time.” Should it prove to be 
impossibly difficult to extract the independent observ- 
ables from Eqs. (3.13a) and (4.2), we now have recourse 
to considering Eq. (2.4) as a conventional coordinate 
condition and employing the entire established ma- 
chinery for the canonical quantization. The usual 
argument, that employing coordinate conditions may 
destroy the general covariance of the resulting quantum 
theory, does not apply in this case. For considering (2.4) 
as a coordinate condition is only a heuristic device to 
make it easier to visualize how to manipulate the 


6 A. Komar, Phys. Rev. 99, 662(A) (1955). 
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quantities with which we are dealing. In point of fact, 
we know how to interpret these quantities as true 
observables. (An apt analog in electromagnetic theory 
may clarify this point of view. The transverse com- 
ponents of the vector potential may be considered as 
the gauge-invariant true observables; or they may be 
considered as the components of the vector potential 
in a particular gauge, namely the radiation gauge.) An 
investigation of the quantization of general relativity 
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from the point of view of considering (2.4) as a con- 


ventional coordinate condition is now in progress. 
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The vertex operator is examined in lowest order perturbation theory. It is found that, as a function of the 
Jo’, it is analytic in a cut plane with the branch point on the negative 


real axis. A spectral representation (dispersion relation therefore be inferred. The threshold of the 


invariant momentum transfer g?= q? 
may 
spectrum depends on the masses of all fields involved unless certain inequalities hold between the masses of 
the incident and outgoing particles on one hand and the particles in intermediate states on the other; in 
that case the threshold depends only on the intermediate masses 


8 prienge nage relations and spectral representa- 
tions in terms of physically accessible inter- 
mediate states have recently supplemented perturba- 
tion expansions as a theoretical tool in the study of 
elementary-particle interactions.! 
to derive them as general consequences of a causal, 
Lorentz-invariant field theory, but only with the im- 
position of rather curious restrictions on the masses 
of the interacting particles.2 We have in mind par- 
ticularly the nucleon electromagnetic form factor and 
the nucleon-nucleon scattering amplitude, both as 
determined by coupling to the pion field, for which 
dispersion relations hold only if 


It has been possible 


1)My, (1) 


m,> (v2 


where m, and My are the pion and nucleon masses, 
respectively. Unfortunately, the observed masses do 
not satisfy this inequality; the question, whether the 
quantities mentioned have the desired spectral repre- 
sentations, therefore remains unanswered. 


* This work was supported in part by a grant from the National 
Science Foundation. 

t National Science Foundation Post-Doctoral Fellow. 

1 Some references on the use of dispersion relations are Gold 
berger, Federbush, and Treiman (to be published); M. L. Gold 
berger and S. B. Treiman, Phys. Rev. 110, 1178 (1958); J. Bern- 
stein and M. L. Goldberger, Revs. Modern Phys. 30, 465 (1958); 
Chew, Karplus, Gasiorowicz, and Zachariasen, Phys. Rev. 110, 
265 (1958); and Chew, Low, Goldberger, and Nambu, Phys. Rev 
106, 1337 (1957). 

2 Bogoliubov, Medvedev, and Polivanov, Uspekhi Mat. Nauk 
(to be published); Bremermann, Oehme, and Taylor, Phys. Rev. 
109, 2178 (1958); R. Jost and H. Lehmann, Nuovo cimento 5, 
1598 (1957); F. Dyson, Phys. Rev. 110, 1460 (1958). 


As a guide in this matter we may appeal to perturba- 
tion theory*®; and it is easily established that at least 
the low-order contributions calculated from pseudo- 
scalar meson theory indeed have the analyticity prop- 
erties from which the dispersion relations can be 
obtained. This result has given rise to speculation that 
the exact solution to the field-theoretical problem may 
have properties quite different from those of the per- 
turbation series taken term by term.‘ 

We believe that the explanation is far simpler: the 
perturbation expansion contains implicitly information 
about the interacting system that has not been used in 
the derivation of the dispersion relations. While the 
general discussions are based on selection rules deriv- 
able from invariance principles and the stability cri- 
terion that the rest mass of all intermediate states to 
which a single particle is coupled must exceed the rest 
mass of that particle, the perturbation expansions con- 
tain explicit lower limits on the mass of each particle 
in each intermediate state. For example, in the calcula- 
tion of the nucleon form factor, each intermediate state 
coupled to the nucleon contains at least one particle 
with a mass equal to or greater than the nucleon mass 
(nucleon conservation). This is the decisive element 
which results in the validity of the perturbation- 
theoretical dispersion relations for the form factor and 
nucleon-nucleon scattering. We may point out here 


that nucleon conservation does not have such strong 


3Y. Nambu, Nuovo cimento 6, 1064 (1957). 

‘See, for instance, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), Session IV. 
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Fic. 1. Feynman diagram for 
vertex operator. 


implications for the heavier baryons’; in some cases 
the perturbation formulas have spectral representations, 
but with a modified threshold, different from the one 
obtained in the general arguments. 

In the discussion of dispersion relations it is necessary 
to decompose the amplitudes into irreducible covariants 
multiplied by scalar functions of the momenta. Since 
the derivations, from this point, depend on the prop- 
erties of these scalar functions only, we may restrict 
our investigation to scalar field theories without loss 
of generality. 

Accordingly, we introduce the scalar three-point 
function (vertex operator) calculated from the Feynman 
diagram® (Fig. 1). It describes three scalar fields ¢1, $2, 
and $3 coupled to three intermediary fields ¢., $s, and 
¢., as follows: 


Lint=£1Pihihet Lp abet L3hsh ahr. (2 


We have in mind the conversion of a particle of field 
$2 (mass M>2) to one of field ¢; (mass M3) by a virtual 
quantum of the field ¢;, with invariant momentum 
transfer g?=q’—g0. The masses of the intermediate 
fields @a, ds, and ¢, are ma, my, and m,., respectively. 
For the nucleon form factor, for instance, ma=M>» 
=M;=My, m=m,=m,. Stability of the field is in- 
sured by the requirements 


Mo<m.tm,., Ms<m.+mp. (3) 


Except for a constant factor, the vertex operator as 
a function of complex g’ is 


1 1 1 
F@)= f daf as f dy 


6(1—a—B-—y) 
realest dD . (4) 
[m2a+m,8+m2y+¢8y—M ray—M a8 | 


It is clear that F(g*) will be regular for complex q’ 
because the denominator can then not vanish in the 
region of integration. One can infer the same about 
positive real g* from the stability condition (3), and, 
further, that F(g?) is real there.’ As g* approaches a 
negative real go”, however, the denominator may vanish 
or may not vanish. In the latter case, F(qo’) is real, 


5 Dr. Nambu has described similar conclusions in a recent letter 
to us (to be published). 

6 For a description of perturbation methods, see J. M. Jauch 
and F. Rohrlich, The Theory of Photons and Electrons (Addison 
Wesley Press, Cambridge, 1955), Chap. 8. 

7 Actually, we are here choosing one branch of the function 
F(q@) which we may call the physical branch. 
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while in the former it is complex, and complex conjugate 
values are obtained on approaching the real axis from 
the upper and lower half-planes. The range in go” over 
which F(qgo") is complex is determined by the conditions 


MaAgt My Botmyot Go°Buyo 


= M 2avyo M a8o Q (5) 


for some ao, 8», and yo such that 


0 <a; 0<Bo; 0<yo; aot BotvYo i. 


The function F(g*) is therefore analytic in the cut ¢* 
plane. The cut extends along the real axis from g° sa 
to the branch point g?= —y?<0, beyond which it is no 
longer possible to satisfy Eq. (5) with the stated condi- 
tions on ao, 89, and yo. The branch point is therefore 
the largest value of go? allowed by Eq. (5). It may be a 
true maximum or it may occur at the end of the range 
of one of the parameters. In either case, /'(g’) has the 
spectral representation 


F( q’) 


cn -F (—m?+1¢) — F(—m’—ie) 
— lim d(m*) 
ae 8 OT, m’+¢° 


»? 


1 * Im[ Ff (—m’?—ie) | 
im f d(m*). (6) 


eectrd os m+" 
The expectation is that the branch point occurs at 
y uw my+m,)? (7) 


because that is the threshold for the production by the 
quantum ¢;, of a real intermediate state, of particles 
¢, and ¢, to which it is coupled. It is easy to verify 
that this is indeed the largest value of g® as obtained 
from Eq. (5): 


1 
qe" = 


Boo 
b 4 [mao+ mrBot myo M avyo— Maho |, (8) 


when ap=0, at the end point of its range, and 


Bo=m./(my+m.), Yo=ums/(my+m.). (9) 


The location of this branch point is of course inde- 
pendent of M» and M3. 

We must still investigate the possibility that q’ in 
Eq. (8) has a maximum when all three parameters are 
in the region of integration. It is straightforward to 
verify that such a maximum does indeed occur when 


m,M 2-+-m.M 3? 


(10) 


>m2+mym.. 
my+m- 


The quite complicated general formula for its value is 
given in the appendix. Here we shall only state the 
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result for the most interesting case 
M.=M;3=M;: m=m-.- 

Then the inequality (10) becomes 

M?>m?+ mo, 


and the branch point is located at® 


1 
[ (mo+m,)*- 
mM” 


M? | 


j 


x [M?—(mo—m,)? |>—4me. (13) 


We may observe that Eqs. (13) and (7) give the same 
value, 
uw =4m,", 14) 
when 
M?=m,?+ mo’. (TS 


We find, therefore, that the lower limit in the repre- 
sentation (6) depends on the value of M. and Ms, 


4me?; M*sm+mp 


1 
[ (mo+m,)° 
Mat 


M? | M?— (mo—m,)° 


M?=m,7+mz¢. 
Does the branchpoint Eq. (13) correspond to a 
“physical” threshold as did Eq. (7)? Since these phe- 
nomena occur in the so-called nonphysical region, in 
which momentum and energy can be conserved only 
for reactions between particles with complex momenta, 


it is not possible to present a completely convincing 
intuitive argument. Consider the Feynman diagram 
Fig. 2, where the energy-momentum vectors of the 


§ Nambu® has suggested that these considerations be applied 
to weakly bound two-particle systems (e.g., the deuteron) whose 
binding energy (h=c=1), 


€=matm—M, 


is small compared to the masses, i.e., the nonrelativistic case. 

By Fourier transformation one may define a coordinate-space 
particle density p(ro) as function of ro, the particle distance from 
the center of mass. The exponent governing its asymptotic be 
havior for large ro is 

p rn)~we wro 
It may be verified from Eq. (13) that this result is the same as 
obtained from the wave functions y¥ describing the bound state, 
2ar 


p(ro) = |w(r) |?~e 


where r=ro ("q+ mo) /ma is the interparticle spacing and 


moma 


mMo+ Ma 


To obtain the particle density associated with an inelastic ampli 
tude that causes the composite particle to make a transition from 
the state with wave function ¥i(r) and binding energy e; to that 
with [yo(r),e2], we may use the formulas in the Appendix to 
show that 


p(ro)= wo* (ri (r) we Sree) 
where 

a oma 
Mot Ma 
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Feynman dia 
vertex 


Fic. 2 
gram tor operator: 


nonphysical region 





particles are given in the coordinate system in which 
the virtual quantum of the field ¢; is at rest. If we now 
require that the intermediate particles, as well as the 
final particles, be on the mass shell, we obtain the 
equations 

O<K=m 


0<k= M2— ly? 


k)?= m2, 


ai 
iM’, 


(17) 


for the complex vectors k and x, which can be satisfied 
only if uw? is greater than the value given in Eq. (13). 
In this sense does the imposition of the free particle 
energy-momentum relation, i.e., the vanishing of energy 
denominators, give rise to a threshold. 

We may note that the deduction leading from Eq. 
17) to Eq. (13) can be carried out even if the inequality 
12) on M is not satisfied, but it is then misleading. For 

in that case the branch point does not occur in the 
physical branch of the multivalued function F (gq), but 
only in the other branches. This may be shown by 
explicit construction of F(g*) or by reference to Eq. (8 
from which ag <0 is obtained. 

The general derivations of dispersion relations!* are 
based on a study of Eq. (6) as a function of M». The 
relation is first derived for values of this mass that do 
not lead to a “nonphysical” region. An analytic con- 
tinuation with respect to M» is then employed to give 
Eq. (6) with the desired mass. It is clear that the be- 
havior of u, Eq. (16), permits this continuation only in 
a limited range, a range which leads to conditions such 
as Eq. (1). 

We shall now show that Eq. (16) is equivalent to 
Eq. (1) for the nucleon form factor when one only 
imposes the condition that the 
coupled to the photon is the two-pion state, and the 
lowest mass state coupled to the nucleon is the meson- 


lowest mass state 


nucleon state: 


Matm>Mn+m,; my>m,. (18) 


From Eq. (16) we see that the region to which the 
representation (6) may be extended as a function of M 
is limited by 


My?<m?2+me. (19) 
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Fic. 3. Feynman diagram 
for ~-particle form factor con 
tribution. 


The most restrictive inequality is obtained when m, 
and mo are equal, 


Ma=mo=3(My+m,), (20) 
which leads directly to Eq. (1) when inserted into Eq. 
(19). It is true that assumption (20) seems rather arti- 
ficial; but one must realize that in the general theory 
the intermediary fields will have a mass spectrum, and 
that Eq. (18) contains the only conditions on this 
spectrum. 

Since the usual perturbation-theory calculations 
recognize nucleon conservation, which implies 


mMa>My or m>My, (21) 


Eq. (19) is satisfied trivially and there are no conditions 
imposed on the meson mass. 

There are some theories, however, in which the 
complications of Eq. (16) manifest themselves. Con- 
sider, for instance, the form factor of the » particle 
resulting from the coupling term Pyad, (Fig. 3). The 
mass parameters have the values 


M=Msz, ma>M,i, mo>m,, 

which satisfy the inequality 
MY>M.2+m,’. 

The threshold of the spectrum therefore is 


M?Y—M,?—m,\? 
stm] 1—-( —_—. ) |<ame. (24) 
: 2M am, 
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Similar results are obtained when one considers the 
form factors of A, 2, and = brought about by the strong 
coupling terms Pavyox, Pres, and Pz~ady. In other 
words, nucleon conservation is a selection rule that 
should permit the extension of the general derivation 
of spectral representations, but it will not permit all 
cases to be treated. 
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APPENDIX 


With arbitrary mass values, the threshold yu’ of the 
spectral representation is 


u?=(my+m,.)* when 


mM 2+m.M 3 
<m,"+-mym,~, 


(A-1) 


my+m- 
and is the larger root of the quadratic equation 


A (p*)?+ Bw’? +C=0, 
where 
A=mz<’, 
mM 2+m.M? P 
B=—m?(m+m,.)°+]- 


— (m,?+-mym, | 


mr+m, 
C 
= , (A-3) 
(mp+m,.)* 


C=(M2m?—Mem2)(M?—M?+m?—m2) 
—m,?(M2— M3") (ms?—m.?), 
when 
mM 2+-m.M ;* 


->m2+mym,. (A-4) 
my+m, 
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We have investigated the effect that coordinate conditions and 
similar conditions will have on the formal properties of covariant 
theories. Two distinct types of coordinate conditions were in- 
cluded, those involving first derivatives of the field variables (such 
as the gauge condition of Lorentz and the coordinate conditions 
of De Donder) and those algebraic in the field variables (of which 
the Coulomb gauge is an example). 

We have found that with either type of coordinate condition we 
can construct a variational principle, or a Hamiltonian formalism, 
which leads to physically meaningful field equations if associated 
with appropriate initial conditions on a space-like hypersurface. 
Thus the existence of a properly set Cauchy problem is always 
assured. 

It had been found previously that the infinitesimal invariant 
transformations of covariant theories form a group and that the 


1. INTRODUCTION 

T is well known that electrodynamics may be de- 
veloped along three, formally different, lines: (a) 
without any gauge conditions, (b) with a Lorentz-type 
gauge condition on the four electromagnetic potentials, 
and (c) as a theory involving only the three components 
of the vector potential, the scalar potential being 
eliminated. In the present paper we shall examine the 
influence that similar restrictions in the choice of 

coordinate frame have on general-relativistic theories. 
This investigation was motivated by the circumstance 
that in the absence of any restrictions on the frame of 
reference, the variables in general-relativistic theories 
are usually not separable. A highly nonlinear system 
of partial differential equations that must be solved 
simultaneously represents a formidable challenge to the 
physicist who wishes to discuss properties of the solu- 
tions. If the problem can be simplified with the help 
of coordinate conditions, this approach ought to be 
investigated seriously.' Aside from the usefulness of 
coordinate conditions for the solution of the field 
equations of general relativity and similar theories, one 
may ask whether coordinate conditions may also facili- 
tate the discovery or construction of so-called observ- 
ables. We define observables as functions (or functionals) 
of field variables that are invariant with respect to co- 
ordinate transformations. Physically, they are the only 


* Most of this research was carried out while the second author 
was at Syracuse University. Some of the results formed his 
doctorate thesis, which was accepted by the Graduate School of 
Syracuse University in partial fulfillment of the requirements for 
that degree. Both authors’ work was supported in part by a 
grant by the National Science Foundation and by research con- 
tracts among the Office of Naval Research, the Air Force Office 
of Scientific Research, and Syracuse University. 

1T, De Donder, La Gravifique Einsteinienne (Gauthiers-Villars, 
Paris, 1921). 

2V. A. Fock, Revs. Modern Phys. 29, 325 (1957). 


coordinate (and similar) transformations represent a normal sub- 
group. The members of the resulting factor group are in one-to-one 
correspondence with the true observables of the theory, those 
dynamical variables which alone possess intrinsic significance 
without reference to a particular frame of description and whose 
commutator algebra is presumably reflected in the commutators 
of the corresponding Hilbert operators of the quantized theory. 
In this paper we have established the appropriate transformation 
groups (and their subgroups and factor groups) of a theory with 
either type of coordinate conditions. We have found that in any 
of these versions the theory will yield the same observables with 
the same commutator algebra. One may therefore hope that a 
quantization scheme based on a theory with subsidiary conditions 
will be free of the arbitrariness involved in the choice of particular 
conditions. 


quantities that lend themselves to observations in 
(conceptual) experiments that are constructed within 
the conceptual framework of the theory. Formally, 
observables are the generators of appropriately defined 
(infinitesimal) canonical transformations in a covariant 
theory.3 

The observables in a general-relativistic theory form 
a Lie algebra. In a corresponding quantum theory they 
are Hilbert operators and possess expectation values. 
Other field variables do not have these properties, be- 
cause they correspond to operations on quantum states 
that invariably lead outside the Hilbert space of 
physically permissible states. We are therefore con- 
cerned with the question whether in a theory that has 
been adorned with coordinate conditions, the observ- 
ables can still be identified as such and whether they 
form the same Lie algebra. The result of our examina- 
tion, to be detailed in what follows, is that the Lie 
group of a given theory can be reconstructed after the 
adoption of coordinate restrictions, and with it the 
observables. Unfortunately, there is a corollary to this 
result: The task of carrying out these constructions is 
not simplified by coordinate conditions, either. This 
finding, then, indicates that the adoption of coordinate 
conditions does not change the fundamentals of the 
problems involved in the quantization of general- 
relativistic problems. In some practical situations they 
may help. Our investigation includes both the Lorentz- 
type and the algebraic coordinate conditions. 

2. LORENTZ-TYPE CONDITIONS 

Consider a variational principle that is invariant 
with respect to a given group of transformations in- 

*P. G. Bergmann and I. Goldberg, Phys. Rev. 98, 531 (1955). 


‘Bergmann, Goldberg, Janis, and Newman, Phys. Rev. 103, 
807 (1956). 
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volving a number of arbitrary functions. Let the most 
general infinitesimal transformation law for the field 


variables y4 be*:*: 


bVA Ai wes . ) 
(2.1) 


where the é', the “descriptors” of the invariant trans- 
formation group, are » completely unrestricted func- 
tions, except that the requisite (finite) number of 
derivatives is assumed to exist. The coefficients ¢4;° 
are presumed to be given functions of the field vari- 
ables; the c4;, functions of the field variables and their 
first derivatives. The choice of these coefficients is 
somewhat restricted by the requirement that the in- 
finitesimal transformations form a group. : 

That the variational principle be invariant with 
respect to the transformations (2.1) means that under 
any of these infinitesimal transformations the La- 
grangian adds a complete divergence, 


) 2) 


It follows immediately that the field equations of the 
theory, 


64L=04L—(04°L) , 


QO= [4 
where 


dA=0/av ,, O ip=9 (OVA rs 


satisfy a number of differential identities, 


(c4,;?LA) eta" ya, pl4A—caL* 0. (2.4) 
Up to this point, we have in no way restricted the 
choice of frame. As a result, the field equations (2.3) 
do not contain the second time (2°) derivatives of all 
the field variables. Suppose we were to attempt an 
integration of the field equations throughout (three- 
dimensional) space along the time axis. If we already 
possess a solution valid from é to #, then in each space 
point we can choose arbitrary values for the second time 
derivatives of a number of field variables equal to the 
number of descriptors in the theory. The identities 
(2.4) permit us directly to specify which combinations 
of second time derivatives do not occur in the field 
equations. In these identities there occur terms with 
third time derivatives. The coefficients of these third 
time derivatives must vanish. They are 
Cav 109 BOT yp ooo + o> - s=Q). (2.5) 
On the other hand, the coefficients of the second time 
derivatives in the field equations are 


L4=0"0™Lijpt+:::. (2.6) 


5]. L. Anderson and P. G. Bergmann, Phys. Rev. $3, 1018 
(1951). 

6 P. G. Bergmann and R. Schiller, Phys. Rev. 89, 4 (1953). 
Earlier papers are quoted there. Equation (2.1) of the present 
paper is identical with Eqs. (2.2) and (2.3) of this reference. 
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The matrix of these coefficients is singular, and its n 
null vectors have the components c4,° (i=1, ---, ). 
Hence, we may form » linear combinations of the second 
time derivatives of the field variables, 
Ai=AAIG 4, (2.7) 
which are independent among themselves with respect 
to the null vectors c,4;°, i.e., their coefficients satisfy 
the determinant condition 
det|A,7} #0, ca°A*=Ay 2.8) 
Then these linear combinations of second time deriva- 
tives (2.7) may be chosen at will. More particularly, 
they may be chosen to be zero, and it is therefore 
possible to require that throughout space-time, certain 
expressions containing no higher than first time deriva- 
tives of the field variables should vanish. These require- 
ments, which are to be satisfied by the field in addition 
to the regular field equations (2.3), we shall write in 
the form 
0=Ci(ya,va, p) =C* (ya) +C4"(yp)ya,p. (2.9) 
They must satisfy a determinant condition analogous 
to Eq. (2.8), specifically 
det!C,;7| 40, C#=caPC". (2.10) 
We shall call this type of condition Lorents-type condi- 
tions, because they are a natural generalization of the 
Lorentz gauge condition of electrodynamics. Their 
choice is restricted in principle only by the inequality 
(2.10), though considerations of convenience may sug- 
gest their form in a particular theory. 

In close analogy to Fermi’s treatment of electro- 
magnetic theory, we may add a term to the Lagrangian 
L which makes it possible to satisfy the field equations 
of the covariant theory L4=0, together with the 
Lorentz-type conditions (2.9), (2.10), by solving a new 
variational principle with suitable initial conditions. 
Let a;;(y,«) be a square array of quantities symmetric 
in the subscripts and with nonvanishing determinant. 
Then the new Lagrangian 
(2.11) 


L’=L+ta;C'C (i, 7=1, ---,n) 


has the desired properties. The new field equations are 


(a;;C'04°C’) , 
(2.12) 


L’4= [4+4,C'd4C'+4044,,C'C'- 
eLA+yA. 


We shall examine the appearance of second time deriva- 
tives in these new equations. We have 
N= —ayCCIANG + - = - (2.13) 


If we form that linear combination of the new field 
equations which for the L4 is free of second time deriva- 
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tives, we get this time 


Ca L'A=caor4-44 ajCC LY et (2.14) 


By assumption, the coefficients C'”° are linearly inde- 
pendent of each other. ‘The determinants of a;; and of 
C;' are both nonzero; hence the m sets of coefficients of 
Ye (k=1, «++, ) are linearly independent of each other, 
and a fortiori nonzero. 

The new field equations (2.12) would be compatible 
with the original equations (2.3) if the conditions (2.9) 
were satisfied, because the additional terms \4 contain 
as factors the C’ themselves, or their first derivatives. 
We can obtain a set of » homogeneous second-order 
partial differential equations for these » conditions by 
forming with the new field equations the same expres- 
sions (2.4) which vanish identically in the 14. We 
shall not write these equations out, but merely state 
that the coefficients of the second time derivatives of 
the C? form a matrix with nonvanishing determinant. 
Hence, if we assume that at some time é) the C’ and 
their first time derivatives vanish everywhere, then they 
will continue to vanish at all other times. In other 
words, if the conditions C’, and their first time deriva- 
tives, vanish on some space-like hypersurface, then the 
solutions of Eqs. (2.12) satisfy both (2.3) and (2.9) 
throughout space-time. 

From what has been said, it follows that the matrix 
of coefficients 04°07°L’ no longer has the c,,° as null 
vectors, but the accidental appearance of new null 
vectors is not ruled out a priori. If necessary, such new 
singularities can be removed by an altered choice of 
the coefficients a;;. 

We shall give one example of this generalization of 
Fermi’s treatment. If we replace the usual Lagrangian 
of the theory of relativity’ by the expression 


! a p o p 
=(—g) x( 


polluy up) iva 


a B 
+4 grees }), (2.15) 
uvilpo 


then it is possible to set as the coordinate conditions 


0=CP — gg? (ga0,8— 2£a8, o) 


18 
g 


ap (2.16) 


af 


1 ape 
8 a 38 ape, «, 


and to obtain, besides, the field equations in quasi- 
separated form. 

To return to the Lagrangian (2.11), we may accept 
L’ as being equivalent to L only if the conditions (2.9) 
and their first time derivatives are set zero on some 
space-like hypersurface. If we go over to a Hamiltonian 


7P. G. Bergmann, /ntroduction to the Theory of Relativity 


(Prentice-Hall, Inc., New York, 1942), p. 196. 
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treatment, then the resulting Hamiltonian H’ and the 
associated canonical field equations will be equivalent 
to H and ils associated field equations only if the same 
coordinate conditions are satisfied. 

As a first step in our transition to the canonical for- 
malism, we shall introduce the momentum densities 
associated with L’. In a self-explanatory notation, we 


shall set 


nr’ A= 9A’ =949L 4-4..C 19 40Ci 
(Za8) 


=A + a,C'C? a0 


assuming, for the time being, that the conditions (2.9) 
need not be satisfied. If we now construct the Hamil- 
tonian density according to the usual procedures, we find 


H! =n! 4y4—L! = (w4+-4,C'C'%) 9 4—L—4a,C'C 
H- ajjC'(yaC? -3¢") (2.18) 
H + 1a; y iC? 10 1, Pi ie —( ag) F 


In previous papers, it had been pointed out that in 
any theory of the invariance type here considered, the 
expressions for the canonical momentum densities can 
not be solved uniquely with respect to the “‘velocities,”’ 
the ya, because the matrix of the partial derivatives 
(Or4/dyg) is singular; in fact, the sets of coefficients 
cave? form the null vectors of that matrix.5:® In the 
present modified theory, the corresponding derivatives 
are 
4A A 
+a, Ci”, 
OYB 


Or Or 
(2.19) 


0 Ys 


Because of the inequality (2.10), we are assured that 
the former null vectors form nonvanishing products 
with the second term on the right-hand side. Hence it 
is possible, in principle, to express the “velocity”? com- 
ponents in the Hamiltonian (2.18) uniquely in terms 
of the canonical variables and to arrive at an expression 
for the Hamiltonian density that is free of arbitrary 
functions. Accordingly, the grounds for the appearance 
of “constraints” in the Hamiltonian theory—the fact 
that the canonical momentum densities +4 are not 
algebraically independent of each other—are no longer 
present. 

Constraints do, however, reappear in that the condi- 
tions (2.9) must be introduced explicitly into the canoni- 
cal formalism. Our new “primary” constraints are 
precisely these conditions, and the “secondary” con- 
straints are their Poisson brackets with the Hamiltonian 
(2.18). Since in our present formulation the canonical 
formalism is entirely equivalent to the Lagrangian, the 
canonical field equations automatically provide for the 
vanishing of the second time derivatives of the condi- 
tions (2.9) once these conditions and their first time 
derivatives have been set equal to zero on one hyper- 
surface. The proof that there will be no tertiary con- 
straints in this theory is, therefore, almost trivial. 
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That the new “constraints,” i.e., the Lorentz-type 
conditions and their Poisson brackets with the Hamil- 
tonian, are equivalent to the primary and secondary 
constraints of the theory without conditions may be 
demonstrated immediately with the help of the defining 
Eqs. (2.17). We multiply these equations by c,,°: 


c 4:29’ 4A=c4°r4 +a, CFC. (2.20) 


The x4 satisfy the primary constraints 


caom4— K(ya,ya, s) =9. (2.21) 
Hence, the new momentum densities 7’4 obey the 
equations 

Caom’A— K5=anrC*C'. (2.22) 
By assumption, the determinants of the square arrays 
a;; and C;’ do not vanish [see Eq. (2.10) ]. It follows 
that to require that the conditions (2.9) be satisfied is 
equivalent to requiring that the ’4 satisfy the usual 
primary constraints. The equivalence of the correspond- 
ing secondary constraints in both forms of the theory is 
a straightforward consequence, because in both theories 
these are defined as Poisson brackets of the primary 
constraints with the Hamiltonian. 

Before concluding this section, we shall make a re- 
mark about the group of transformations with respect 
to which the theory with Lorentz-type conditions is 
invariant. Suppose we wish to characterize the group 
of infinitesimal transformations which does not modify 
the form of the conditions (2.9). Under this transforma- 
tion group the quantities C‘, considered as fixed func- 
tions of their arguments ya, ya, ,, remain equal to zero. 
We have 


5Ci ae dAC* By 4 + 94CiA Poy BYA, " 


+CiAtby 4 +C4% 74 =0. 


(2.23) 


These equations are a set of linear homogeneous second- 
order differential equations for the descriptors £*, equal 
in number to the descriptors. The coefficients of the 
second-order time derivatives of the descriptors, which 
appear only in the last term of Eq. (2.23), are non- 
singular, again according to Eq. (2.10): 


O=--- +14 4 PEF 00 
—_ *\2 +; 00- 


(2.24) 


Accordingly, these differential equations may be solved 
with respect to the second-order time derivatives of the 
descriptors. An individual solution is completely deter- 
mined if the descriptors and their first time derivatives 
are chosen on one space-like hypersurface ; these initial 
conditions are free of any further restrictions. 


3. ALGEBRAIC CONDITIONS 


Instead of adding to the Lagrangian a quadratic 
combination of first-order conditions, it is also possible 


AND A. JANIS 
to introduce, in a similar manner, algebraic conditions. 
Suppose we require that m algebraic functions of the 
field variables, D'(y4), vanish. These functions must 
be chosen so that they satisfy the determinantal 
inequality 


det|D#| #0, De=c4°d4D". (3.1) 
They may be introduced into the Lagrangian by means 


of a quadratic additional term, 


L'=L+}a;;D'D'. (3.2) 
It can be shown easily that this Lagrangian L’ yields 
equations that are equivalent to the original field 
equations if on one hypersurface the D‘ vanish. The 
modified field equations, 


L'4= 14+4,;D'd4Di+$D'D1d4a,,, (3.3) 
will then assure that the first and all following time 
derivatives of the D‘ will be zero as well. In detail, 
these expressions are 


(cay?L’4), paiva, pl’4—casL’4 
=}{[c4;°04(axD*D!) ], ,+(a%:a..D*D'), , 
~ 64,04 (ayD*D)} 
= (¢4;?a4,04D*D') ,+3(c4;°04a,D*D'),, 
+3(a°,a4.D*D'), ,—4¢4,04a,.D'D' —c4:a4,04D*D! 
= a41D;*D'+ D'(axD;*), 0 
+ (6,°c4;%a4,04D*D! +4364 ;°04a;,,D*D! 
+34? ,a,.D*D'), ,— 464,040, D'—caia,,04D*D' 


=(). (3.4) 
Only the first term of this combination of field equa- 
tions and their first derivatives contains the time 
derivative of an algebraic condition D‘ multiplied by a 
nonvanishing coefficient. 

The additional terms on the right-hand side of Eq. 
(3.3) contribute no time derivatives, and these equa- 
tions are, by themselves, not any simpler in their 
mathematical structure than the unmodified equations 
LA, They can be solved with respect to their highest 
(second) time derivatives if we add to them the twice- 
differentiated algebraic conditions D*. 

The implications of algebraic conditions become 
much clearer if we introduce a transformation of vari- 
ables that makes m of the field variables equal to the 
algrbraic conditions D‘. In other words, if these condi- 
tions are satisfied, then m of the field variables will 
vanish at all world points, and the number of de facto 
field variables is reduced by that number. Accordingly, 
we shall introduce new variables Y™, consisting of two 
classes, n* and Di, which are algebraically independent 
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functions of the original field variables y4, 


0(n?,D*)| 
det | 
| Oya | 


0. (3.5) 


It is very easy to show that the new field equations are 
linear combinations of the original field equations and 
that they satisfy similar differential identities. The 
equations themselves are 


Lu=OmyaL“, (3.6) 


and their identities may be written in the form 


(¢ M PL) P +a," plLu—cM—L v=0, 


Mp 


Cn 4 OAy™ vie 


oor Cai. 


If we separate in these identities the summations over 
the index M into separate summations over the indices 
a (belonging to the variables n*) and 7 (belonging to 
the D’), then Eq. (3.7) takes the form 


(DJL;), ot (c7;°L;), e+ (6% ’La), pt: +: =O 


f= D,. 
In other words, if we satisfy everywhere the field equa- 
tions L,, then the remaining field equations, L;, satisfy 
a set of m first-order linear and homogeneous equations. 
It is then sufficient to satisfy the 1; on one space-like 
hypersurface to assure that they will be satisfied every- 
where else. It is again essential for this result that the 
determinant of the D;’ does not vanish. 

We can draw this conclusion: If in the original action 
principle we introduce the new field variables Y™, if 
we then set the » variables D’ equal to zero, and if we 
vary only with respect to the remaining (.V—2) field 
variables n*, then the new field equations will be equiva- 
lent to the original field equations if we satisfy the 
field equations L; on one space-like hypersurface. All 
that is left of the variables we have “killed”’ is a set of 
n initial conditions. 

We shall now go over to the canonical formalism. If 
we operate with all \V field variables Y”, we obtain 
from the Lagrangian (3.2) the Hamiltonian 


H!=auY¥"—L(Y",Y",Y™. ,.)—4a,;,D'D’. (3.9) 
If we are to satisfy the conditions D’, then not only the 
D? but their time derivatives as well must vanish. 
From previous investigations® it is known that the 
Hamiltonian (3.9) is not a unique function of the canoni- 
cal field variables in the absence of conditions, because 
under the most general circumstances the Y™ are not 
unique functions of the canonical field variables, either. 
In the presence of the conditions D’, however, we shall 


8 Bergmann, Penfield, Schiller, and Zatzkis, Phys. Rev. 80, 81 
(1950). 
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be able to resolve this lack of uniqueness. The algebraic 
relationships between the canonical field variables that 
we have previously called the primary constraints are 
of the form 
gi=c™ fru — K; 
(3.10) 
= Dj'n;+c*$r,— K,;=0. 


They can be solved with respect to the variables 7;. 
Suppose now we wish to choose the Hamiltonian so that 
the time derivatives of the conditions D’ vanish. This 
requirement is equivalent to requiring that the Hamil- 
tonian should be free of the canonical momentum 
densities 2;. All that needs to be done is to obtain some 
expression for the Hamiltonian density (3.9) that is 
free of velocities, and then to eliminate the 7; wherever 
they may occur by means of the constraints (3.10). 
This procedure leads to a unique expression, no matter 
which particular expression for the Hamiltonian density 
is chosen as the point of departure. The resulting 
Hamiltonian density then is free of the 7;; hence the 
D? are constants of the motion. If they are set zero on 
one space-like hypersurface they will remain zero 
permanently. 

There is, of course, some difference between the 
Hamiltonian density obtained from L’, Eq. (3.1), and 
that obtained from the original Lagrangian L, even 
when in both expressions the 7; have been eliminated. 
That difference is the last term, —43a,;D'D’. Its effect 
is zero if the D’ have been set zero; otherwise this 
additional term will appear in the equations for the 
time dependence of the w;, and in the equations for 
those 7, whose conjugate * occur in the a,;. At any 
rate, if the D* are satisfied, then there is only one 
Hamiltonian density, the 2; occur nowhere in the 
system of the canonical field equations, and the total 
number of canonical field variables has been reduced by 
2n. As the result of this amputation, the primary con- 
straints have disappeared from the theory. 

The transformation law of the D? is 


6Di= by404Di= Dyt'+--- (3.11) 
Hence, if the D’ are satisfied, then there exists a well- 
defined transformation group that maintains them. 
The descriptors of the infinitesimal group satisfy n 
first-order differential equations, which can be solved 
with respect to their time derivatives; the members of 
the infinitesimal group may be characterized by the 
initial values of the descriptors £' at one space-like 
hypersurface, i.e., by a set of m arbitrary functions of 
the three spatial coordinates. On the other hand, we 
also have a set of m secondary constraints to satisfy, 
again on one hypersurface. 


4. TRUE OBSERVABLES 


We call true observables of a classical (i.e., non- 
quantum) theory those quantities that are in principle 
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measurable within the theory. For instance, in electro- 
statics the (scalar) electric potential at a given point 
in space and time with respect to infinity is observable, 
whereas in electrodynamics it is not, because of the 
freedom of gauge transformations. In order to make the 
concept of measurability more precise, let us say that 
the value of a true observable at a time ¢ can be pre- 
dicted (at least in principle) from a sufficient set of 
data at an earlier time éo.? Otherwise a quantity whose 
behavior is completely unpredictable within the frame- 
work of the theory is nevertheless measurable; but 
then one would search for a more complete theory, in 
which the quantity in question would also be predictable. 

A quantity can fail to be a true observable only 
within the framework of a theory possessing a group 
of invariant transformations which depend on arbitrary 
functions of the time. We shall now demonstrate that 
those quantities which are not themselves invariant 
under this group of transformations are not true ob- 
servables: Assume that at a time éo we have a sufficient 
set of data to enable us, by use of the field equations, 
to predict the future behavior of some quantity A. Let 
us perform an invariant transformation leaving the 
initial data unchanged, a procedure which is always 
possible because of the arbitrary time depencence of the 
functions on which the transformation depends. The 
field equations will also remain unchanged under this 
transformation, for that is what is meant by an in- 
variant transformation. If A is not invariant under this 
transformation, there will be some time ¢ at which the 
values of A before and after the transformation are not 
the same. But, since neither the field equations nor the 
initial data at the time ¢) change, the value predicted 
for A at the time ¢ cannot change. Hence, if A is not 
invariant it cannot be a true observable. 

Let us now consider a quantity A which is a true 
observable. We have seen that if we are given a suffi- 
cient set of data at one time, é, we can predict the 
development of A in the course of time. In other words, 
we may solve the field equations and their derivatives 
for all those time derivatives of A which are not deter- 
mined by the initial data. Accordingly, we can con- 
struct a constant of the motion whose value is equal to 
the value of A at the time éo; if we restrict ourselves to 
consideration of only those quantities which are con- 
stants of the motion, we lose no information about the 
true observables. 

Let us now specify that the field equations are to be 
derived from an action principle, so that it is possible 
to speak of the generator of a transformation.* Then 
the constants of the motion generate the group of all 
the invariant transformations’ of the theory, which 


® In quantum theory the same statement holds for the expecta 
tion value of a true observable; moreover, the uncertainty of this 
expectation value can be reduced below any fixed finite bound 
by a suitable selection of the data available at the time ¢. 

“10 Here, and in what follows, we mean infinitesimal transforma 
tions, thus ruling out discontinuous transformations such as 
parity, time reversal, etc. However, in quantum theory it is 
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include not only the transformations depending on 
arbitrary functions, which we have been discussing up 
to now, and which are, in fact, generated by zero gen- 
erators (at least, zero modulo the field equations), but 
also all the other invariant transformations generated 
by nonzero true observables. It may be shown‘ that 
the transformations generated by zero generators form 
a normal subgroup of all the invariant transformations, 
so that in order to obtain a relization of the true ob- 
servables we go to the generators of the factor group 
formed by using this subgroup as a normal divisor. 


5. TRUE OBSERVABLES IN THE PRESENCE 
OF COORDINATE CONDITIONS 


Before we show how to identify the true observables 
when the theory is modified by coordinate conditions, 
let us give a mathematical formulation to the ideas 
presented in the previous section. In what follows, we 
shall gain simplicity of notation by restricting ourselves 
to a particle theory with a finite number of degrees of 
freedom, rather than a field theory, and we shall con- 
sider Lagrangians which are at most quadratic in the 
velocities. 

We shall denote by £ the group of all the invariant 
transformations of the Lagrangian, L. The group £ 
may be defined as consisting of those transformations 
under which the change in the valve of the Lagrangian 
(for a given physical state) and the change in the form 
of the Lagrangian (as a function of the arguments 
Gk, Ge) are given by 


sL=Q, 


i’L=0, (5.1) 


respectively, where Q is an arbitrary function of the 
q. and g. In order to relate the requirements (5.1) 
to a condition on the transformation quantities 6g, we 
use the general relation between 6F and 6’F for an 
arbitrary function F(q,qx) : 


5'F = 6F —d'Fég,—90* Fd4,, 
(5.2) 
O*=0/dqx, O° =0/Aqe. 
The requirements (5.1) imply then that the generator 
C of such a transformation is related to the transforma- 
tion quantities 6g, by the equation® 


C+ L*igq.=0, (5.3) 


where L* stands for the left-hand sides of the equations 
of motion: 


d 
Ll = ok L——(0# 1 
dt 


(5.4) 


The subgroup of £ consisting of those transforma- 
tions which are generated by zero generators we shall 
meaningful to speak of an infinitesimal parity transformation, for 
example, as the transformation which takes (x,t) into ¥(x,!) 
+e/(—x, 1). Such infinitesimal transformations have no classical 
analogs. 
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call @. If we form the factor group £/@, the zero gen- 
erators merge into the identity element; the generators 
of the remaining elements are the true observables of 
the theory; and the relationship between the elements 
of £/C@ and the true observables is reversibly unique. 
The existence of nontrivial transformations in the 
subgroup @ (that is, the existence of a group of invariant 
transformations depending on arbitrary functions of 
the time) implies that the equations of motion cannot 
be solved for all of the accelerations (see Sec. 2) unless 
one is willing to introduce coordinate conditions. As in 
Secs. 2 and 3, we introduce a modified Lagrangian L’ 


which is quadratic in the coordinate conditions: 
L'=L+4aDipDe. 


We shall use D,,) to stand for either Lorentz-type or 
algebraic conditions; in the former case the D,,) are 
to be linear in the velocities ¢,, in the latter case they 
are to be independent of the ¢,. In either case the a‘**? 
shall depend only on the undifferentiated coordinates 
gq. (and possibly the time coordinate #). 

We determine the group of transformations that is 
to be considered within the framework of the modified 
theory as follows. First, if we are to maintain our co- 
the leave 


ordinate conditions, transformations must 


them invariant: 


6D , 0, 6D, 0. (5.6) 
Such transformations have been discussed in the closing 
paragraphs of Secs. 2 and 3. 

In the absence of coordinate conditions, one ordi- 
narily requires that the total change in the value of a 
Lagrangian be a time derivative Q, so that the varia- 
tion of the action integral may lead to the same physical 
results. But in the presence of coordinate conditions, to 
require that 5L’ be a total time derivative would be too 
severe, as the Lagrangian L’ will correspond to physical 
reality only when the coordinate conditions are satisfied ; 
that is, L’ is the Lagrangian only modulo the equations 


D,.,\=0. (5.7) 


The appropriate requirement is then that part of L’ 
which corresponds to the actual physical situation trans- 
form by a total time derivative. Considering the first 
Eq. (5.6), we have for the total change in the value of 
L’ the expression 


bL’=Q+3ba" DD a). (5.8) 

We have seen in Sec. 4 that we lose no information 
about the true observables if we restrict ourselves to 
invariant transformations of the Lagrangian, since the 
invariant transformations are generated by constants 
of the motion, and a constant of the motion can be 
constructed corresponding to every true observable. If 
our coordinate conditions are of the Lorentz type, the 


Lagrangian L’ is chosen in such a manner that the 


IN COVARIANT THEORIES 1197 
modified equations of motion can be solved explicitly 
for all of the accelerations; hence it is possible to con- 
struct a constant of the motion corresponding to any 
arbitrary function of the g, and q,. If the coordinate 
conditions are algebraic, we use them to reduce the 
number of coordinates in such a manner that the re- 
maining accelerations are determined by the modified 
equations of motion; as for the coordinates that have 
been eliminated, we shall see in the discussion at the 
end of this section that they carry no information about 
the true observables. Hence there is no loss in generality 
if we restrict ourselves to invariant transformations of 
the Lagrangian L’: 

7L'=0. (5.9) 
One might wonder, in view of the fact that 5L’ is nota 
total time derivative, whether it is still true that in- 
variant transformations are generated by ‘constants 
of the motion. We shall see in Eqs. (5.12) that this 
relationship still holds. 

We shall use the notation £’ for the group of trans- 
formations defined by Eqs. (5.6), (5.8), and (5.9). 

We shall now demonstrate that the group £’ is 
homomorphic to £/@, the factor group which we have 
used to define the true observables. This homomorphism 
implies" that there is a factor group of £’, say £'/6, 
which is isomorphic to £/@, where & denotes the trans- 
formations in £’ which map into the identity element 
of £/C. 

We shall begin by showing that £’ is a subgroup of 
£. We see from the definition (5.5) of the Lagrangian 
L’, together with the requirements (5.6), (5.8), and 
(5.9), which define the group £’, that under a trans- 
formation in £’ the original Lagrangian L transforms 
according to the equations 


5L=Q, FL=—38'a)D De. (5.10) 
If we fix the transformation properties of a‘"*) by re- 
quiring that 6’a°" 0, then we see that Eqs. (5.10) 
reduce to Eqs. (5.1), the defining equations for £. 

We define a mapping of £’ onto £/C as follows: We 
note that each element of the factor group £/C is a set 
of elements of £ which differ from one another by co- 
ordinate transformations, and each element of L 
appears in one and only one such set. Since £’ is a sub- 
group of £, we may define the mapping by associating 
with each element of £’ that element of £/C in which it 
appears. The law of group multiplication is obviously 
preserved under this mapping; so all that remains to be 
shown is that each element of £/@€ has at least one 
counter image in £’. To this end we choose an arbitrary 
element of £/C, and from the set of elements of £ 
which comprise it we choose an arbitrary transforma- 
tion. If this transformation leaves the coordinate condi- 
tions invariant, then it is a member of £’, and we have 
found a counter image. If it does not, i.e., if as a result 

1 See, for example, L. Pontrjagin, Topological Groups (Princeton 
University Press, Princeton, 1946), p. 11. 
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of the chosen transformation the D,,) change their 
values, then we shall multiply our first transformation 
by a coordinate transformation taking us into such a 
frame that the D;,,) resume their original set of values. 
The product of the two transformations will belong to 
£’; inasmuch as the original transformation differs 
from our product only by a coordinate transformation, 
the two belong to the same element of £/@C, and the 
proof is complete.” 

It remains to discuss the problem of finding the 
generators of the transformations in £’. From Eqs. 
(5.8) and (5.9), which specify the way the Lagrangian 
L’ is to transform under a transformation in £’, we have 


a*L’ dq, +0! L’ dq. = Q+ s0*a se bg, DinD ). (5.11) 
Differentiation by parts of the second term on the left- 
hand side of Eq. (5.11) yields 

C’+M*bq, =(), (5.12a) 
where 


C’= —Q0+0' L’bq:, 5.12b) 


and 
1 
(9*:L’)— 50*a ™ Dy, Da). 


(5.12c) 


( 
M*‘=0'L’— 
dt 


We may consider the equations M*=0 as an alternative 
form of the equations of motion. When the coordinate 
conditions are satisfied, we have M*=L*=L’*, Eqs. 
(2.12), (3.3). 

In the following discussion, it will be convenient to 
treat the two types of coordinate conditions separately. 

(A) Lorentz-type conditions —In this case, one may 
solve the modified equations of motion for all of the 
accelerations. Hence, given an arbitrary function of the 
gx and q,, say F(qi,gx), we can construct a C’(qx,gi,t), 
satisfying Eq. (5.12a), which reduces to F(g;,g,) at a 
specified time to. However, the transformations appear- 
ing in Eqs. (5.12) are not necessarily members of £’ 
unless we also impose the requirements (5.6), which 
express the invariance of the coordinate conditions 
under a transformation in £’. If Eqs. (5.6) are satisfied 
as well, then we should expect to find a connection 
between the generator C’ appearing in Eqs. (5.12) and 
the generator C appearing in Eq. (5.3). In fact, we can 
obtain this connection by noting that Eqs. (5.1) and 
(5.3) imply that 


(5.13) 


C=—0+0* Linn. 
Comparison of Eq. (5.13) with Eq. (5.12b) shows that 


C=C’—a Diy) 0* Day dqu- (5.14) 


Because not all the transformations satisfying Eqs. 
(5.12) satisfy the requirements (5.6), we must find 


2 Tt could, of course, happen that more than one transformation 
in £’ maps into each element of £/C. For example, in electro- 
magnetic theory with the Fermi form of the Lagrangian there 
are gauge transformations within the Lorentz gauge, and two 
transformations in L’ differing only by such a gauge change would 
map into the same element of £/@, 
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those linear combinations which do. We may obtain 
equations for the generators of these combinations as 
follows. 

Suppose we have found a complete set of modified 
constants of the motion, satisfying Eqs. (5.12) (e.g., 
the constants of the motion corresponding to all the 
gx and ¢,). Let us label the members of this set by a 
subscript, as C’4. Any function of the C’4, say F(C’,), 
is also a modified constant of the motion, since its time 
derivative is given by 


OF 3 
4==— M*5 iVky 
OC’ 4 OC’ 4 


where 64g, is the transformation generated by 
Hence 
OF " 
Fqr>= 6 Ak, 
OC’ 4 


(5.16) 


where b rq: is the transformation generated by F. If 
we require that F generate a transformation in £’, then 
5rqx must satisfy Eqs. (5.6), which may be rewritten 
in the form 

ID p)bge +0" Dr) bGx=0. (5.17) 


Finally, by substituting Eq. (5.16) into Eq. (5.17) and 
rearranging terms, we obtain the partial differential 
equation for F: 
2 7 OF 
(0*D,,\6 19h +0" Dib 4gx) 
OC's 
7 4 ork 

= 9" D.)M'5 190 Bg1 (5.18) 
OC’ 40C' 
(B) Algebraic conditions—As in Sec. 3, we may 
introduce a new set of coordinates such that the D,,) 
are among the new coordinates. We may then set the 
coordinates which are equal to the D;,) equal to zero, 
and consider only the remaining coordinates and the 
equations of motion obtained by varying with respect 
to them, provided that we impose certain initial condi- 
tions. These initial conditions are obtained from the 
equations of motion corresponding to the ‘‘zero”’ co- 
ordinates by simply setting these latter coordinates 
identically equal to zero, and requiring that what is 
left be satisfied at a particular time. We shall denote 
these conditions by D,,. 

Since the transformations in £’ leave the coordinate 
conditions invariant, it is clear that these transforma- 
tions preserve the separation of the coordinates into 
the “zero” coordinates and the remaining ones; that is, 
under a transformation in £’, the ‘“‘zero” coordinates 
are unchanged and the remaining coordinates trans- 
form among themselves. Furthermore, since these 
transformations also leave the form of the equations 
of motion unchanged, the D,,) will be left invariant. 
Hence, the group £’ may be characterized as those 
invariant transformations of the “reduced” Lagrangian 
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(i.e., the Lagrangian obtained by setting the prescribed 
number of coordinates equal to zero) which leave the 
initial conditions D;,) invariant. 

We may now proceed along lines analogous to the 
discussion given for Lorentz-type conditions. As in 
that case, we may construct constants of the motion 
corresponding to any arbitrary function of the g, and 
Gx, Where now k& runs over the reduced number of 
variables, since the “reduced” equations of motion can 
be solved for all of the remaining accelerations. We may 
also confirm that this process of reduction does not lose 
any information about the true observables: If for 
some C’ Eq. (5.12a) were to involve an M' belonging 
to one of the “zero” coordinates, then C’ would generate 
a transformation in which 6g; had a nonzero value, in 
violation of the conditions (5.6); hence the transforma- 
tion would not belong to £’, and C’ would not be a 
true observable. 

Again, if we have found a complete (reduced) set of 
constants of the motion, we may proceed to deduce the 
requirements to be imposed in order to preserve the 
conditions D,,). We shall again be led to equations of 
the form (5.18), where now we have D,,) instead of 
D,,), and the sums run only over the reduced variables. 


6. AN EXAMPLE 


One of the simplest Lagrangians exhibiting invari- 
ance under a group of transformations depending on an 
arbitrary function is 


L=4[ (¢gk+dA/dt)?— (kx A)*], (6.1) 
which is essentially the Lagrangian for the electro- 
magnetic field in k space. It is clearly invariant under 
the gauge transformation 


5A=Gk, 5¢=—dG/dt, (6.2) 


where G is an arbitrary function of the time. The 
equations of motion are 


Le=k’o+k- (dA/dt)=0, 


(6.3) 
LA=(k- A)k—#A-— (dg dt)k—@A/dF=0. 


It is well known that the true observables for this 
problem (that is, the gauge-invariant quantities) are 
the transverse parts of A and dA/dt. The combination 
ke+dA,/dt, where A, is the longitudinal part of A, is 
also gauge invariant, but it is clearly zero modulo the 


equations of motion. By way of illustration, let us 


obtain these true observables by the methods of Sec. 5. 
To illustrate the Lorentz-type coordinate condition, 
we use the Lorentz gauge itself, which is given by 
D=de/dit—k- A=0. (6.4) 

We then write the modified (Fermi) Lagrangian as 


L'=L-3D. 


(6.5) 
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We see that the modified equations of motion are 
Me=kh'ot+€¢/dP=0, 


(6.6) 
MA=—FRA—@A/d?P=0. 


As the first step in finding the true observables, we 
construct a complete set of modified constants of the 
motion. The constant of the motion corresponding to 
¢ is given by 

1 
C’ = 9— (dy/dl)t—s kh’ of + —k (de dt)P+--: 
x. 


(6.7) 


We see that 


dC’ ,/dt= (6.8) 


r —M*bz¢, 

where 

1 
BPP, (6.9) 


be¢ [— 


3! 


We obtain similar results for the modified constants of 
the motion corresponding to dg/dt, the three com- 
ponents of A, and the three components of dA/dé, giving 
a total of eight such constants with their corresponding 
transformations. 

We must now find those generators which generate 
leaving the gauge condition (6.4) 
the transformations must satisfy 


transformations 
invariant; that is, 
the equation 


i(d¢ dt)—k-5A=0. (6.10) 


It is easily found that the following six combinations 
of the generators such as (6.7) generate transformations 
satisfying Eq. (6.10): 
k¢ et C dAj/dt, 
C"agiate— RC’ Ay, (e) CAs, 


Cae (f 


(d) C'd 1o/dt, 
(6.11) 
C'dA3/dt. 


We shall show that the first two generate transforma- 
tions which map into the identity element of the factor 
group £/C, whereas the last four serve to identify the 
true observables of the theory. 

In order to show that the generators (6.11a) and 
(6.11b) generate transformations which map into the 
identity element of £/@, it is sufficient to show that 
under the correspondence indicated in Eq. (5.14) we 
obtain a quantity that is zero modulo the original 
equations of motion. In terms of the present example, 
Eq. (5.14) becomes 


C= C’+ (de di—k- A)ég. (6.12) 


If we put in for C’ in Eq. (6.12) the generator (6.11a), 
we obtain 


C= L*(k"— pkP+---). (6.13) 


We obtain a similar expression corresponding to the 
generator (6.11b). 

We find that for the remaining four generators the 
correspondence (6.12) reduces to C=C’. The four 
generators we thus obtain are simply the constants of 
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the motion corresponding to the transverse parts of A 
and dA/dt, the true observables of the theory. 

As an illustration of algebraic coordinate conditions, 
we may use the Coulomb gauge, which is given by 


D= ¢=0. (6.14) 


The ‘‘reduced” Lagrangian is then 
L’=}3[ (dA/dt)?— (kx A)*], 
and the corresponding equations of motion are 


M4=(k- A)k—PA—@A/df=0. (6.16) 


The initial condition which must be satisfied is seen to be 


D=k- (dA/dt)=0. (6.17) 


In analogy to our treatment of the Lorentz-type con- 
dition, we construct the modified the 
motion corresponding to the three components of A 
and the three components of dA/dt. If we then require 


that the condition D be left invariant, we see that the 
transformations must satisfy the equation 


k-5(dA/dt)=0. 


constants of 


(6.18) 


We find that the requirement (6.18) rules out only the 
one generator C’4,. Of the remaining five generators, 
jt is seen that C’a4,/dt is zero modulo the condition 
(6.17), which implies that the corresponding trans- 
formation maps into the identity element of £/C. Once 
again we are left with the transverse parts of A and 
dA/dt as the true observables. 


7. CONCLUSION 


The use of coordinate conditions leads to a suitable 
definition of true observables, but not to an actual 
prescription for obtaining them in a given theory. 
What we have done, in essence, is to replace one 
problem by another. Without coordinate conditions it 
is difficult to find constants of the motion; with co- 
ordinate conditions the construction of (modified) 
constants of the motion is almost trivial, but among 
them we must find those constants of the motion whose 
corresponding transformations leave the coordinate 
conditions invariant. In the example of the last section, 
we obtained these generators with little difficulty. How- 
ever, in a theory of greater formal complexity, such as 
general relativity, it would be necessary to solve Eqs. 
(5.18) by approximate means in order to obtain ex- 
pressions for the true observables. 

One possible approach might be to use an approxima- 
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tion method analogous to that used by Newman and 
Bergmann." They have shown how an approach 
analogous to that of Einstein, Infeld, and Hoffmann" 
(ETH) can be used to obtain the true observables in the 
canonical formalism. The original EIH method was 
designed to obtain the equations of motion for point 
singularities from the field equations of general rela- 
tivity. At each order of the expansion conditions on the 
singularities arise out of the solution for the previous 
order. Similarly, Newmann and Bergmann expand the 
Lagrangian in such a manner that the problem may be 
completely solved for the zeroth-order case. Then the 
true observables at each order are found from those of 
the previous order by a specified procedure. If the 
theory contains M true observables, for example, then 
at the pth order one would obtain Mp true observables, 
corresponding to the p terms in the expansion of each 
true observable to that order. If this scheme were to 
be applied to the formalism of the present paper, then 
it is a direct result of certain theorems proven by 
Newman and Bergmann that of the M(p+1) observ- 
ables at the (p+1) order, Mp of them are precisely 
those of the pth order. We are thus left with the problem 
of finding M new observables at each order. Since at 
each order the new variables enter only linearly, it is an 
easier task to find the observables in this stepwise 
fashion than to attempt to find the M exact observables 
all at once.!® 

In closing, we should like to mention one other 


approach to the problem of true observables, which is 


due to Komar'® and Géhéniau and Debever.'’ This 
method is based specifically on the properties of metric 
spaces. The essence of their approach is to label points 
in the space by the values of four independent scalars 
instead of the four conventional coordinates. If we 
then consider any other scalar as a function of the first 
four, it would be an invariant under transformations of 
the conventional coordinates. The systematic recon- 
struction of general relativity in terms of these ob- 
servables is being actively pursued at this time. 


3 E. Newman and P. G. Bergmann, Revs. Modern Phys. 29, 
443 (1957). 

4 See, for example, L. Infeld, Revs. Modern Phys. 29, 398 

1957), where earlier references are given. 

18 We should like to express thanks to Dr. Newman for pointing 
out the preceding line of argument. 

16 A. Komar, Phys. Rev. 99, 662(A) (1955); Bull. Am. Phys. 
Soc. Ser. IT, 3, 68 (1958); Phys. Rev. (to be published). 

17 J. Géhéniau and R. Debever, Jubilee of Relativity Theory, 
edited by A. Mercier and M. Kervaire (Birkhauser Verlag, Basel, 
1956), p. 101. 





= 


2 me Se a 





